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PREFACE 

This  book  is  a  development  from  courses  which  I  have  given  in 
Princeton  for  a  number  of  years.  During  this  time  I  have  come  to 
feel  that  more  would  be  accomplished  by  my  students  if  they  had  an 
introductory  treatise  written  in  English  and  otherwise  adapted  to  the 
use  of  men  beginning  their  graduate  work. 

Chapter  I  is  devoted  "to  the  theory  of  twisted  curves,  the  method 
in  general  being  that  which  is  usually  followed  in  discussions  of  this 
subject.  But  in  addition  I  have  introduced  the  idea  of  moving  axes, 
and  have  derived  the  formulas  pertaining  thereto  from  the  previously 
obtained  Frenet-Serret  formulas.  In  this  way  the  student  is  made 
familiar  with  a  method  which  is  similar  to  that  used  by  Darboux  in 
the  first  volume  of  his  Lefons,  and  to  that  of  Cesaro  in  his  Geometria 
Intrinseca.  This  method  is  not  only  of  great  advantage  in  the  treat- 
ment of  certain  topics  and  in  the  solution  of  problems,  but  it  is  valu- 
able in  developing  geometrical  thinking. 

The  remainder  of  the  book  may  be  divided  into  three  parts.  The 
first,  consisting  of  Chapters  II-VI,  deals  with  the  geometry  of  a  sur- 
face in  the  neighborhood  of  a  point  and  the  developments  therefrom, 
such  as  curves  and  systems  of  curves  defined  by  differential  equa- 
tions. To  a  large  extent  the  method  is  that  of  Gauss,  by  which  the 
properties  of  a  surface  are  derived  from  the  discussion  of  two  quad- 
ratic differential  forms.  However,  little  or  no  space  is  given  to  the 
algebraic  treatment  of  differential  forms  and  their  invariants.  In 
addition,  the  method  of  moving  axes,  as  defined  in  the  first  chapter, 
has  been  extended  so  as  to  be  applicable  to  an  investigation  of  the 
properties  of  surfaces  and  groups  of  surfaces.  The  -extent  of  the 
theory  concerning  ordinary  points  is  so  great  that  no  attempt  has 
been  made  to  consider  the  exceptional  problems.  For  a  discussion 
of  such  questions  as  the  existence  of  integrals  of  differential  equa- 
tions and  boundary  conditions  the  reader  must  consult  the  treatises 
which  deal  particularly  with  these  subjects. 

In  Chapters  VII  and  VIII  the  theory  previously  developed  is 
applied  to  several  groups  of  surfaces,  such  as  the  quadrics,  ruled 
surfaces,  minimal  surfaces,  surfaces  of  constant  total  curvature,  and 
surfaces  with  plane  and  spherical  lines  of  curvature. 
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The  idea  of  applicability  of  surfaces  is  introduced  in  Chapter  III 
as  a  particular  case  of  conformal  representation,  and  throughout  the 
book  attention  is  called  to  examples  of  applicable  surfaces.  However, 
the  general  problems  concerned  with  the  applicability  of  surfaces  are 
discussed  in  Chapters  IX  and  X,  the  latter  of  which  deals  entirely 
with  the  recent  method  of  Weingarten  and  its  developments.  The 
remaining  four  chapters  are  devoted  to  a  discussion  of  infinitesimal 
deformation  of  surfaces,  congruences  of  straight  lines  and  of  circles, 
and  triply  orthogonal  systems  of  surfaces. 

It  will  be  noticed  that  the  book  contains  many  examples,  and  the 
student  will  find  that  whereas  certain  of  them  are  merely  direct 
applications  of  the  formulas,  others  .  constitute  extensions  of  the 
theory  which  might  properly  be  included  as  portions  of  a  more  ex- 
tensive treatise.  At  first  I  felt  constrained  to  give  such  references  as 
would  enable  the  reader  to  consult  the  journals  and  treatises  from 
which  some  of  these  problems  were  taken,  but  finally  it  seemed  best 
to  furnish  no  such  key,  only  to  remark  that  the  Encyklopddie  der 
mathematiscken  Wissenschaften  may  be  of  assistance.  And  the  same 
may  be  said  about  references  to  the  sources  of  the  subject-matter  of 
the  book.  Many  important  citations  have  been  made,  but  there  has 
not  been  an  attempt  to  give  every  reference.  However,  I  desire  to 
acknowledge  my  indebtedness  to  the  treatises  of  Darboux,  Bianchi, 
and  Scheffers.  But  the  difficulty  is  that  for  many  years  I  have  con- 
sulted these  authors  so  freely  that  now  it  is  impossible  for  me  to  say, 
except  in  certain  cases,  what  specific  debts  I  owe  to  each. 

In  its  present  form,  the  material  of  the  first  eight  chapters  has 
been  given  to  beginning  classes  in  each  of  the  last  two  years;  and 
the  remainder  of  the  book,  with  certain  enlargements,  has  constituted 
an  advanced  course  which  has  been  followed  several  times.  It  is  im- 
possible for  me  to  give  suitable  credit  for  the  suggestions  made  and 
the  assistance  rendered  by  my  students  during  these  years,  but  I  am 
conscious  of  helpful  suggestions  made  by  my  colleagues,  Professors 
Veblen,  Maclnnes,  and  Swift,  and  by  my  former  colleague,  Professor 
Bliss  of  Chicago.  I  wish  also  to  thank  Mr.  A.  K.  Krause  for  making 
the  drawings  for  the  figures. 

It  remains  for  me  to  express  my  appreciation  of  the  courtesy 
shown  by  Ginn  and  Company,  and  of  the  assistance  given  by  them 
during  the  printing  of  this  book. 

LUTHER  PFAHLER  EISENHART 
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DIFFERENTIAL  GEOMETRY 


CHAPTER  I 

CURVES  IN  SPACE 

1.  Parametric  equations  of  a  curve.  Consider  space  referred  to 
fixed  rectangular  axes,  and  let  (.r,  y,  z)  denote  as  usual  the  coordi- 
nates of  a  point  with  respect  to  these  axes.  In  the  plane  z  =  0 
draw  a  circle  of  radius  r  and  center  (a,  b).  The  coordinates  of  a 
point  P  on  the  circle  can  be  expressed  in  the  form 

(1)  x  =  a  +  r  cos  u,     y  =  b  +  r  sin  w,     z  =  0, 

where  u  denotes  the  angle  which  the  radius  to  P  makes  with  the 
positive  x-axis.  As  u  varies  from  0°  to  360°,  the  point  P  describes 
the  circle.  The  quantities  a,  5,  r  determine  the  position  and  size 
of  the  circle,  whereas  u  determines  the  position  of  a  point  upon  it. 
In  this  sense  it  is  a  variable  or  parameter  for  the 
circle.  And  equations  (1)  are  called  parametric 
equations  of  the  circle. 

A  straight  line  in  space  is  determined  by  a 
point  on  it,  P0(a,  6,  c),  and  its  direction-cosines 
a,  £,  7.  The  latter  fix  also  the  sense  of  the  line. 
Let  P  be  another  point  on  the  line,  and  let  the 
distance  PQP  be  denoted  by  u,  which  is  positive 
or  negative.  The  rectangular  coordinates  of  P 
are  then  expressible  in  the  form 

(2)  x  =  a  +  ua,    y  =  b  +  u{3,    z  =  c  +  uy. 

To  each  value  of  u  there  corresponds  a  point 
on  the  line,  and  the  coordinates  of  any  point  on  the  line  are 
expressible  as  in  (2).  These  equations  are  consequently  parametric 
equations  of  the  straight  line. 

When,  as  in  fig.  1,  a  line  segment  PZ>,  of  constant  length  a,  per- 
pendicular to  a  line  OZ  at  Z>,  revolves  uniformly  about  OZ  as  axis, 
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FIG.  1 


CURVES  IN  SPACE 


and  at  the  same  time  D  moves  along  it  with  uniform  velocity,  the 
locus  of  P  is  called  a  circular  helix.  If  the  line  OZ  be  taken  for  the 
z-axis,  the  initial  position  of  PD  for  the  positive  z-axis,  and  the  angle 
between  the  latter  and  a  subsequent  position  of  PD  be  denoted  by 
w,  the  equations  of  the  helix  can  be  written  in  the  parametric  form 

(3)  x  =  a  cos  w,     y  =  a  sin  w,     z  =  bu, 

where  the  constant  b  is  determined  by  the  velocity  of  rotation  of 
PD  and  of  translation  of  D.  Thus,  as  the  line  PD  describes  a 
radian,  D  moves  the  distance  b  along  OZ. 

In  all  of  the  above  equations  u  is  the  variable  or  parameter. 
Hence,  with  reference  to  the  locus  under  consideration,  the  coordi- 
nates are  functions  of  u  alone.  We  indicate  this  by  writing  these 
equations 

The  functions  fv  /2,  /3  have  definite  forms  when  the  locus  is  a 
circle,  straight  line  or  circular  helix.  But  we  proceed  to  the  gen- 
eral case  and  consider  equations  (4),  when  /r  /2,  /3  are  any  func- 
tions whatever,  analytic  for  all  values  of  w,  or  at  least  for  a  certain 
domain.*  The  locus  of  the  point  whose  coordinates  are  given  by  (4), 
as  u  takes  all  values  in  the  domain  considered,  is  a  curve.  Equa- 
tions (4)  are  said  to  be  the  equations  of  the  curve  in  the  parametric 
form.  When  all  the  points  of  the  curve  do  not  lie  in  the  same  plane 
it  is  called  a  space  curve  or  a  twisted  curve ;  otherwise,  a  plane  curve. 
It  is  evident  that  a  necessary  and  sufficient  condition  that  a 
curve,  defined  by  equations  (4),  be  plane,  is  that  there  exist  a 
linear  relation  between  the  functions,  such  as 

where  a,  6,  c,  d  denote  constants  not  all  equal  to  zero.    This  con- 
dition is  satisfied  by  equations  (1)  and  (2),  but  not  by  (3). 
If  u  in  (4)  be  replaced  by  any  function  of  v,  say 

(6)  v  =  <f>(u), 

equations  (4)  assume  a  new  form, 

*  K.Lr.  in  case  «  is  supposed  to  be  real,  it  lies  on  a  segment  between  two  fixed  values: 
when  it  is  complex,  it  lies  within  a  closed  region  in  the  plane  of  the  complex  variable. 
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It  is  evident  that  the  values  of  z,  y,  z,  given  by  (7)  for  a  value 
of  r,  are  equal  to  those  given  by  (4)  for  the  corresponding  value 
of  u  obtained  from  (6).  Consequently  equations  (4)  and  (7)  define 
the  same  curve,  M  and  v  being  the  respective  parameters.  Since 
there  is  no  restriction  upon  the  function  <£,  except  that  it  be  ana- 
lytic, it  follows  that  a  curve  can  be  given  parametric  representation 
in  an  infinity  of  ways. 

2.  Other  forms  of  the  equations  of  a  curve.  If  the  first  of  equa- 
tions (4)  be  solved  for  u,  giving  u  =  <£(.*•),  then,  in  terms  of  r  as 
parameter,  equations  (7)  are 

(8)  x  =  x,     y  =  Ft(z),     z  =  Fs(x). 

In  this  form  the  curve  is  really  defined  by  the  last  two  equations, 
or,  if  it  be  a  plane  curve  in  the  x^-plane,  its  equation  is  in  the 
customary  form 

(9)  y  =/<*)• 

The  points  in  space  whose  coordinates  satisfy  the  equation 
y  =  F2(x)  lie  on  the  cylinder  whose  elements  are  parallel  to  the 
z-axis  and  whose  cross  section  by  the  .ry-plane  is  the  curve  y  =  F»(x). 
In  like  manner,  the  equation  z  =  F3(x)  defines  a  cylinder  whose 
elements  are  parallel  to  the  #-axis.  Hence  the  curve  with  the 
equations  (8)  is  the  locus  of  points  common  to  two  cylinders 
with  perpendicular  axes.  Conversely,  if  lines  are  drawn  through 
the  points  of  a  space  curve  normal  to  two  planes  perpendicular 
to  one  another,  we  obtain  two  such  cylinders  whose  intersection 
is  the  given  curve.  Hence  equations  (8)  furnish  a  perfectly  gen- 
eral definition  of  a  space  curve. 

In  general,  the  parameter  u  can  be  eliminated  from  equations  (4) 
in  such  a  way  that  there  result  two  equations,  each  of  which  in- 
volves all  three  rectangular  coordinates.  Thus, 

(10)  ^(JT,  y,2)=0,          4>2(x,  y.  z)  =  0. 

Moreover,  if  two  equations  of  this  kind  be  solved  for  y  and  z  as 
functions  of  .r,  we  get  equations  of  the  form  (8),  and,  in  turn,  of 
the  form  (4),  by  replacing  r  by  an  arbitrary  function  of  u.  Hence 
equations  (10)  also  are  the  general  equations  of  a  curve.  It  will 
be  seen  later  that  each  of  these  equations  defines  a  surface. 
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It  should  be  remarked,  however,  that  when  a  curve  is  defined 
as  the  intersection  of  two  cylinders  (8),  or  of  two  surfaces  (10),  it 
may  happen  that  these  curves  of  intersection  consist  of  several 
parts,  so  that  the  new  equations  define  more  than  the  original  ones. 

For  example,  the  curve  defined  by  the  parametric  equations 
(i)  x  =  M,        y  —  w2,        z  =  w3, 

is  a  twisted  cubic,  for  every  plane  meets  the  curve  in  three  points.    Thus,  the  plane 

ax  +  by  -f  cz  +  d  =  0 

meets  the  curve  in  the  three  points  whose  para  metric  .values  are  the  roots  of  the 
e^uation  cU3  +  6M2  +  au  +  d  =  o. 

This  cubic  lies  upon  the  three  cylinders 

y  =  x2,        z  =  x8,        y8  =  z2- 

The  intersection  of  the  first  and  second  cylinders  is  a  curve  of  the  sixth  degree, 
of  the  first  and  third  it  is  of  the  sixth  degree,  whereas  the  last  two  intersect  in  a 
curve  of  the  ninth  degree.  Hence  in  every  case  the  given  cubic  is  only  a  part  of 
the  curve  of  intersection  —  that  part  which  lies  on  all  three  cylinders. 

Again,  we  may  eliminate  u  from  equations  (i),  thus 

(")  xy  =  z,        1/2  =  xz, 

of  which  the  first  defines  a  hyperbolic  paraboloid  and  the  second  a  hyperbolic- 
parabolic  cone.  The  straight  line  y  =  0,  z  =  0  lies  on  both  of  these  surfaces, 
but  not  on  the  cylinder  y  =  x2.  Hence  the  intersection  of  the  surfaces  (ii)  consists 
of  this  line  and  the  cubic.  The  generators  of  the  paraboloid  are  defined  by 

x  -  a,       z  •=.  ay  ;        y  —  6,      z  =  bx  ; 

for  all  values  of  the  constants  a  and  6.  From  (i)  we  see  that  the  cubic  meets  each 
generator  of  the  first  family  in  one  point  and  of  the  second  family  in  two  points. 

3.  Linear  element.  By  definition  the  length  of  an  arc  of  a  curve 
is  the  limit,  when  it  exists,  toward  which  the  perimeter  of  an 
inscribed  polygon  tends  as  the  number  of  sides  increases  and  their 
lengths  uniformly  approach  zero.  Curves  for  which  such  a  limit 
does  not  exist  will  be  excluded  from  the  subsequent  discussion. 

Consider  the  arc  of  a  curve  whose  end  points  m,,,  mtt,  are  deter- 
mined by  the  parametric  values  w0  and  a,  and  let  mv  w2,  •  •  ,  be 
intermediate  points  with  parametric  values  u^  w2,  •  •  •.  The  length 
lk  of  the  chord  mkmt+l  is 


i  =  l,  2,3 
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By  the  mean  value  theorem  of  the  differential  calculus  this  is 


where  &  =  i/t  +  0, :(ut+l -  wt),  0<  0,  <  1 

and  the  primes  indicate  differentiation. 

As  denned,  the  length  of  the  arc  muma  is  the  limit  of  S/4,  as  the 
lengths  •nitmt+l  tend  to  zero.  From  the  definition  of  a  definite 
integral  this  limit  is  equal  to 


/' 

u 


"o 

Hence,  if  s  denotes  the  length  of  the  arc  from  a  fixed  point  (u0) 
to  a  variable  point  (M),  we  have 


s 

This  equation  gives  8  as  a  function  of  u.    We  write  it 

.1-2,  •  =*(«). 

and  from  (11)  it  follows  that 


which  we  may  write  in  the  form 
(14)  df^dJ 

As  thus  expressed  ds  is  called  the  element  of  length,  or  linear 
".t.  of  the  curve. 

In  the  preceding  discussion  we  have  tacitly  assumed  that  u  is 
real.  When  it  is  complex  we  take  equation  (11)  as  the  definition 
of  the  length  of  the  arc. 

If  equation  (12)  be  solved  for  u  in  terms  of  «,  and  the  result 
be  substituted  in  (4>.  the  resulting  equations  also  define  the  curve, 
and  *  is  the  parameter.  From  (11)  follows  the  theorem: 

eessary  and  sufficient  condition  that  the  parameter  u  be  the 
arc  measured  from  the  point  u  —  MO  ig 


An  exceptional  case  should  be  noted  here,  namely, 
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Unless //, /2', /3'  be  zero  and  the  curve  reduce  to  a  point,  at  least  one 
of  the  coordinates  must  be  imaginary.   For  this  case  s  is  zero.    H 
these  imaginary  curves  are  called  curves  of  length  zero,  or  mh-  • 
curves.    For  the  present  they  will  be  excluded  from  the  discussion. 
Let  the  arc  be  the  parameter  of  a  given  curve  and  s  and  s  +  e 
its  values  for  two  points  M(x,  y,  z)  and  M^(x^  yv  zj.    By  Taylor's 

theorem  we  have       , 

_  t     ,      ne 

(17) 


=2  +  z'e  +  z"--\  ----  , 
a 

where  an  accent  indicates  differentiation  with  respect  to  s. 

Unless  x1,  y',  z'  are  all  zero,  that  is,  unless  the  locus  is  a  point 
and  not  a  curve,  one  at  least  of  the  lengths  x^—x,  yl—y-l  zl—z  is 
of  the  order  of  magnitude  of  e.  If  these  lengths  be  denoted  by 
Sx,  8y,  8z,  and  e  by  8s,  then  we  have 


where  12  denotes  the  aggregate  of  terms  of  the  second  and  higher 
orders  in  8s.  Hence,  as  Ml  approaches  M  the  ratio  of  the  lengths 
of  the  chord  and  the  arc  MM1  approaches  unity  ;  and  in  the'  limit 
we  have  c?«2=  dx*+  dyz  +  dzz. 

4.  Tangent  to  a  curve.  The  tangent  to  a  curve  at  a  point  M  is 
the  limiting  position  of  the  secant  through  M  and  a  point  M^  of 
the  curve  as  the  latter  approaches  M  as  a  limit. 

In  order  to  find  the  equation  of  the  tangent  we  take  *  for  par- 
ameter and  write  the  expressions  for  the  coordinates  of  M^  in  the 
form  (17).  The  equations  of  the  secant  through  M  and  ;!/,  are 

X-x      Y-y      Z-z 

xi~x    yi-y    *!-* 

If  each  member  of  these  equations  be  multiplied  by  e  and  the 
denominators  be  replaced  by  their  values  from  (17),  we  have  in 
the  limit  as  J/x  approaches  M 
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!      If  a,  /8,  7  denote  the  direction-cosines  of  the  tangent  in  conse- 
quence of  (15),  we  may  take 
(19)  a  =  x\     ft  =  y',     7  =  2'. 

When  the  parameter  u  is  any  whatever,  these  equations  are  * 
f  f  f 

V          /  /T7~  /  /*/  o    .       s*t  -J    .       /»/o 


They  may  also  be  written  thus  : 

-I-  *-£  '-I- 

From  these  equations  it  follows  that,  if  the  convention  be  made 
that  the  positive  direction  on  the  curve  is  that  in  which  the  par- 
ameter increases,  the  positive  direction  upon  the  tangent  is  the 
same  as  upon  the  curve. 

A  fundamental  property  of  the  tangent  is  discovered  by  con- 
sidering the  expression  for  the  distance  from  the  point  M^  with 
the  coordinates  (17),  to  any  line  through  M.  We  write  the  equa- 
tion of  such  a  line  in  the  form 

/oox  x-x      Y-y  _Z-z 

~cT     ~T 

where  a,  b,  c  are  the  direction-cosines. 

The  distance  from  Ml  to  this  line  is  equal  to 

(23)  {[(to/-  ay')e+  £(&r"-  ay")S+  •   •  ]2  V 


Hence,  if  MMl  be  considered  an  infinitesimal  of  the  first  order, 
this  distance  also  is  of  the  first  order  unless 


in  which  case  it  is  of  the  second  order  at  least.  But  when  these 
equations  are  satisfied,  equations  (22)  define  the  tangent  at  M. 
Therefore,  of  all  the  lines  through  a  point  of  a  curve  the  tangent 
is  nearest  to  the  curve. 

*  Whenever  the  functions  z',  y',  z'  appear  in  a  'onnula  it  is  understood  that  the  arc  »  is 
the  parameter  :  otherwise  we  use  f{,  /£,  /3',  indicating  by  accents  derivatives  with  respect 
to  the  argument  u. 
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5.  Order  of  contact.    Normal  plane.    When  the  curve  is  such 
that  there  are  points  for  which 


x       y       z 

the  distance  from  Ml  to  the  tangent  is  of  the  third  order  at  least. 
In  this  case  the  tangent  is  said  to  have  contact  of  the  second  order, 
whereas,  ordinarily,  the  contact  is  of  the  first  order.  And,  in  gen- 
eral. the  tangent  to  a  curve  has  contact  of  the  nth  order  at  a  point, 
if  the  following  conditions  are  satisfied  for  n  =  2,  •  •  •  ,  n  —  1,  and  n  : 

/v-(")  1/(")  iy(.n) 

/oc\  _^  __  _JL  _  __*  __ 

\      '  x<n-l>       y<n-l)       z(n~l) 

When  the  parameter  of  the  curve  is  any  whatever,  equations 
(24),  (25)  are  reducible  to  the  respective  equations 

ft  fit          f"  f(»)  f(n)  f(n) 

J\     _  J  2    _  .  J  8     .  J  \  __       J  2  _       J  3 

fl    ~    -f'~    f    '  f(»-l)  ~~     f  («-l)  ~    /(«-!)' 

J\  J  -2  J%  J\  J  2  JS 

The  plane  normal  to  the  tangent  to  a  curve  at  the  point  of 
contact  is  called  the  normal  plane  at  the  point.  Its  equation  is 

(26)  (x-x)a  +  (Y-y){3+(Z-z)y  =  Q, 

where  a,  /3,  7  have  the  values  (20). 

EXAMPLES 

1.  Put  the  equations  of  the  circular  helix  (3)  in  the  form  (8). 

2.  Express  the  equations  of  the  circular  helix  in  terms  of  the  arc  measured  from 
a  point  of  the  curve,  and  show  that  the  tangents  to  the  curve  meet  the  elements  of 
the  circular  cylinder  under  constant  angle. 

3.  Show  that  if  at  every  point  of  a  curve  the  tangency  is  of  the  second  order, 
the  curve  is  a  straight  line. 

4.  Prove  that  a  necessary  and  sufficient  condition  that  at  the  point  (i0,  y0)  of 
the  plane  curve  y  =f(x)  the  tangent  has  contact  of  the  nth  order  is/"(z0)  =/'"(x0) 
=  •  •  •  =/(n)(a;o)  =  0  ;  also,  that  according  as  n  is  even  or  odd  the  tangent  crosses  the 
curve  at  the  point  or  does  not. 

5.  Prove  the  following  properties  of  the  twisted  cubic  : 

(a)  Of  all  the  planes  through  a  point  of  the  cubic  one  and  only  one  meets  the 
cubic  in  three  coincident  points  ;  its  equation  is  3u2x  —  Suy  +  z  —  u8  =  0. 

(6)  There  are  no  double  points,  but  the  orthogonal  projection  on  a  plane  ha.s  a 
double  point. 

(c)  Four  planes  determined  by  a  variable  chord  of  the  cubic  and  by  each  of 
four  fixed  points  of  the  curve  are  in  constant  cross-ratio. 
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6.  Curvature.  Radius  of  first  curvature.  Let  Jf,  M^  be  two 
points  of  a  curve,  A*  the  length  of  the  arc  between  these  points, 
and  A0  the  angle  between  the  tangents.  The  limiting  value  of 
A0/A*  as  J/!  approaches  J/,  namely  dd/ds,  measures  the  rate  of 
change  of  the  direction  of  the  tangent  at  M  as  the  point  of  con- 
tact moves  along  the  curve.  This  limiting  value  is  called  the 
first  curvature  of  the  curve  at  M,  and  its  reciprocal  the  radius  of 
first  curvature  ;  the  latter  will  be  denoted  by  p. 

In  order  to  find  an  expression  for  p  in  terms  of  the  quantities 
defining  the  curve,  we  introduce  the  idea  of  spherical  representa- 
tion as  follows.  We  take  the  sphere  *  of  unit  radius  with  center 
at  the  origin  and  draw  radii  parallel  to  the  positive  directions  of 
the  tangents  to  the  curve,  or  such  a  portion  of  it  that  no  two 
tangents  are  parallel.  The  locus  of  the  extremities  is  a  curve 
upon  the  sphere,  which  is  in  one-to-one  correspondence  with  the 
given  curve.  In  this  sense  we  have  a  spherical  representation,  or 
spherical  indicatrix,  of  the  curve. 

The  angle  A0  between  the  tangents  to  the  curve  at  the  points 
31.  J/j  is  measured  by  the  arc  of  the  great  circle  between  their 
representative  points  m,  ml  on  the  sphere.  If  Ao-  denotes  the 
length  of  the  arc  of  the  spherical  indicatrix  between  m  and  mlt 
then  by  the  result  at  the  close  of  §  3,  ^  fr  ,  j  9  •  « 

<10  A0-  '**       ^ 

—  =  lira  —  =  1. 
itcr  ACT 

Hence  we  have 

(27)  !  =  £, 

P      ds 

where  dcr  is  the  linear  element  of  the  spherical  indicatrix. 

The  coordinates  of  m  aite  the  direction-cosines  a,  /8,  7  of  the 

tangent  at  J/;  consequently 


? 

When  the  arc  *  is  the  parameter,  this  formula  becomes 
(28) 


*  Hereafter  we  refer  to  this  as  the  unit  sphere. 
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However,  when  the  parameter  is  any  whatever,  w,   we  have 
from  (12),  (13),  (20), 


and  W=f!f?+Xf!+fW. 

Hence  we  find  by  substitution 

(30) 


which  sometimes  is  written  thus  : 
l_(d"g)« 

^~ 

The  sign  of  p  is  not  determined  by  these  formulas.  We  make 
the  convention  that  it  is  always  positive  and  thus  fix  the  sense  of 
a  displacement  on  the  "spherical  indicatrix. 

7.  Osculating  plane.  Consider  the  plane  through  the  tangent  to 
a  curve  at  a  point  M  and  through  a  point  M^  of  the  curve.  The 
limiting  position  of  this  plane  as  M1  approaches  M  is  called  the 
osculating  plane  at  M.  In  deriving  its  equation  and  thus  establish- 
ing its  existence  we  assume  that  the  arc  s  is  the  parameter,  and 
take  the  coordinates  of  Mv  in  the  form  (17). 

The  equation  of  a  plane  through  'M  (z,  y,  z)  is  of  the  form 

(32)  (X-x)a  +  (Y-y)b  +  (Z-z)c  =  Q, 

X,  F,  Z  being  the  current  coordinates.    When  the  plane  passes 
through  the  tangent  at  M,  the  coefficients  a,  6,  c  are  such  that 

(33)  x'a  +  y'b  +  z'c  =  0. 

If  the  values  (17)  for  a;,,  //,,  zl  be  substituted  in  (32)  for  X,  Y,  Z, 

2 

and  the  resulting  equation  be  divided  by  —  ,  we  get 


where  77  represents  the  aggregate  of  the  terms  of  first  and  higher 
orders  in  e.    As  M^  approaches  M.  n 
limit  we  h  . 

(34)  x"a  -|-  y"b  4 
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11 


Eliminating  a,  5,  c  from  equations  (32),  (33),  (34)  we  obtain,  as 
the  equation  of  the  osculating  plane, 


(35) 


A'— a: 
a/ 

x" 


y' 


Z-z 

z'   !=o. 

z' 


ji 


y          2"    I 

From  this  we  find  that  when  the  curve  is  defined  by  equations  (4) 
in  terms  of  a  general  parameter  u,  the  equation  of  the  osculating 

Plane  is  X-x     Y-y     Z-z 

(36)  /;       /;       /;    =o. 

fll  f"  fl 

Jl  J-2  Js 

The  plane  defined  by  either  of  these  equations  is  unique  except 
when  the  tangent  at  the  point  has  contact  of  an  order  higher  than 
the  first.  In  the  latter  case  equations  (33),  (34)  are  not  independent, 
as  follows  from  (24);  and  if  the  contact  of  the  tangent  is  of  the  ?*th 
order,  the  equations  ,r)  ,r)i  (r)  _  Q 

for  all  values  of  r  up  to  and  including  n  are  not  independent  of 
one  another.  But  for  r  =  n+11  this  equation  and  (33)  are  inde- 
pendent, and  we  have  as  the  equation  of  the  osculating  plane  at  this 
singular  point,  Y_2.  Y_y  z_2 

y'         *'    =  o. 

When  a  curve  is  plane,  and  its  plane  is  taken  for  the  :ry-plane, 
the  equation  (35)  reduces  to  Z=  0.  Hence  the  osculating  plane 
of  a  plane  curve  is  the  plane  of  the  latter,  and  consequently  is  the 
same  for  all  points  of  the  curve.  Conversely,  when  the  osculating 
plane  of  a  curve  is  the  same  for  all  its  points,  the  curve  is  plane, 
for  all  the  points  of  the  curve  lie  in  the  fixed  osculating  plane. 


The  equation  of  the  osculating  plane  of   the   twisted  cubic  (§2)  is  readily 
reducible  to 


Z  -  u*  =  0. 
From  the  definition  of  the  osculating  pi 


where  A',  Y.  Z  are  current  coordina 

and  the  fact  that  the  curve  is  a  cubic,  it  follows  that  the  osculating  plane 

i'ie  curve  only  at  the  point  of  osculation.    As  equation  (i)  is  a  cubic  in  u,  it  fo' 

ec  planes  whkh 

i,  HI,  us  cfeBjtB  the  parameter  values  of  these  points, 
we  have 


lily 

. 
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By  means  of  these  relations  the  equation  of  the  plane  through  the  corresponding 
three  points  on  the  cubic  is  reducible  to 

(X  -  X0)3y0  -(Y-  2/0)3x0  +  (Z  -  z0)  =  0. 

This  plane  passes  through  the  point  (z0,  yo,  ZD)  5  hence  we  have  the  theorems  : 

The  points  of  contact  of  the  three  osculating  planes  of  a  twisted  cubic  through  a 
point  not  on  the  curve  lie  in  a  plane  through  the  point. 

The  osculating  planes  at  three  points  of  a  twisted  cubic  meet  in  a  point  which  lies 
in  the  plane  of  the  three  points. 

By  means  of  these  theorems  we  can  establish  a  dual  relation  in  space  by  mak- 
ing a  point  correspond  to  the  plane  through  the  points  of  osculation  of  the  three 
osculating  planes  through  the  point,  and  a  plane  to  the  point  of  intersection  of  the 
three  planes  which  osculate  the  cubic  at  the  points  where  it  is  met  by  the  plane. 
In  particular,  to  a  point  on  the  cubic  corresponds  the  osculating  plane  at  the  point, 
and  vice  versa. 

8.  Principal  normal  and  binormal.  Evidently  there  are  an  in- 
finity of  normals  to  a  curve  at  a  point.  Two  of  these  are  of  par- 
ticular interest  :  the  normal,  which  lies  in  the  osculating  plane  at 
the  point,  called  the  principal  normal',  and  the  normal,  which  is 
perpendicular  to  this  plane,  called  the  binormal. 

If  the  direction-cosines  of  the  binomial  be  denoted  by  \,  p,  v, 
we  have  from  (35) 

\  :  fji  :  v  =  (y'z"-  z'y")  :  (z'x"-  x'z")  :  (x'f-  y'x"). 
In  consequence  of  the  identity 


the  value  of  the  common  ratio  is  reducible  by  means  of  (19)  and 
(28)  to  ±p.*  We  take  the^posit^ve  direction  of  the  binormal  to 
be  such  that  this  ratio  shall  be-+p;  then 


(37)  X  =  p(y'z"-  z'y") 

When  the  parameter  u  is  general,  these  formulas  are 

(38)  x=^(/2'/3" 

or  in  other  form  : 

/oa'\   ^ 

(38)  X- 


»For  "Zx'x"=  0,  as  is  seen  by  diflVrcntiating  Sz/a     1  with  n.sl..>ct  to 
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By  definition  the  principal  normal  is  perpendicular  to  both  the 
tangent  and  binormal.  We  make  the  convention  that  its  positive 
direction  is  such  that  the  positive  directions  of  the  tangent,  prin- 
cipal normal  and  binormal  at  a  point  have  the  same  mutual  ori- 
entation as  the  positive  directions 
of  the  x-,  y-,  z-axes  respectively. 
These  directions  are  represented  in 
fig.  2  by  the  lines  J/T,  MC,  MB. 
Hence,  if  7,  m,  n,  denote  the  direc- 
tion-cosines of  the  principal  normal, 
we  have  * 


(39) 


a      P      7 
I      m     n 

\         LL          V 


=  +1, 


from  which  it  follows  that 


(40) 


=  /*7  —  v/3,      m  =  va  —  \y,     n  =  X/3  — 
=  fin  —    >H,      j,  =  yl  —  an,      v  =  am  — 


Substituting  the  values  of  a,  /3,  7:  X,  ^,  v  from  (19)  and  (37)  in  the 
expressions  for  /,  m,  n,  the  resulting  equations  are  reducible  to 

(41)  I  =  px",     m  =  pi/",     n  =  pz". 
Hence,  when  the  parameter  u  is  general,  we  have 

(42)  i=JL($fi'- 

or  in  other  form, 

(42')  I  =  '- 


—  d xd29  dsd^u  —  dud's  dsd2z  — 

—  >     m=* y        y — ,     n=  — 

tbf  cbf  dtr 


In  consequence  of  (29)  equations  (42)  may  be  written: 

/IQ\  7         t?'r  ^  ^7 

(4o)  L  —  p—i     m  —  p — »     i>  =  p— -•> 

ds  ds  ds 

or  by  means  of  (27), 

7      da  dp  dy 

t  =  -i—  >        in  =  —  ?        n  =  — —  • 
da-  dcr  do- 

Hence  the  tangent  to  the  spherical  indicatrix  of  a  curve  is  parallel 
to  the  principal  normal  to  the  curve  and  has  the  same  sense. 

*C.  Smith,  Solid  Geometry,  llth  ed.,  p.  31, 
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9.  Osculating  circle.  Center  of  first  curvature.  We  have  defined 
the  osculating  plane  to  a  curve  at  a  point  M  to  be  the  limiting 
position  of  the  plane  determined  by  the  tangent  at  M  and  by  a 
point  1/j  of  the  curve,  as  the  latter  approaches  M  along  the  curve. 
We  consider  now  the  circle  in  this  plane  which  has  the  same  tan- 
gent at  M  as  the  curve,  and  passes  through  Mt.  The  limiting  posi- 
tion of  this  circle,  as  Ml  approaches  M,  is  called  the  osculating  circle 
to  the  curve  at  M.  It  is  evident  that  its  center  CQ  is  on  the  prin- 
cipal normal  at  M.  Hence,  with  reference  to  any  fixed  axes  in  space, 
the  coordinates  of  (70,  denoted  by  XQ,  F0,  Z0,  are  of  the  form 

X=x  +  rl,     Y=     +  rm,     Z=  z  +  rn, 


where  the  absolute  value  of  r  is  the  radius  of  the  osculating  circle. 
In  order  to  find  the  value  of  r,  we  return  to  the  consideration 
of  the  circle,  when  Ml  does  not  have  its  limiting  position,  and  we 
let  X,  y,  Z\  lp  Wj,  wx;  rl  denote  respectively  coordinates  of  the  cen- 
ter of  the  circle,  the  direction-cosines  of  the  diameter  through  M 
and  tro  radius.  If  x^  yv  zl  be  the  coordinates  of  Jfx,  they  have  the 
values  (17),  and  since  M1  is  on  the  circle,  we  have 

XIY  =  2(r^-  ex'-  \  e2x"-  •  •)*. 

If  we  notice  that  *Lx'll  =  0,  and  after  reducing  the  above  equation 
divide  through  by  e2,  we  have 


where  rj  involves  terms  of  the  first  and  higher  orders  in  e.    In  the 

limit  rl  becomes  r,  £2;"^  becomes  S.c'7,  that  is  -,  and  this  equation 
reduces  to 


so  that  r  is  equal  to  the  radius  of  curvature.  On  this  account  the 
osculating  circle  is  called  the  circle  of  curvature  and  its  center  the 
center  of  first  curvature  for  the  point.  Since  r  is  positive  the  center 
of  curvature  is  on  the  positive  half  of  the  principal  normal,  and 
consequently  its  coordinates  are 

(44)  X0=x  +  pl,     Y9=y  +  pm,     Z0=  z  +  pn. 


CENTER  OF  CURVATURE  15 

The  line  normal  to  the  osculating  plane  at  the  center  of  curva- 
ture is  called  the  polar  line  or  polar  of  the  curve  for  the  corre- 
sponding point.  Its  equations  are 

X-x-pl  =Y-y-  pm  =  Z-z-pn 
\  n  v 

In  fig.  2  C  represents  the  center  of  curvature  and  CP  the  polar 
line  for  J/. 

A  curve  may  be  looked  upon  as  the  path  of  a  point  moving  under  the  action  of 
a  system  of  forces.  From  this  point  of  view  it  is  convenient  to  take  for  parameter 
the  time  which  has  elapsed  since  the  point  passed  a  given  position.  Let  t  denote  this 
parameter.  As  £  is  a  function  of  a,  we  have 

dx  _  dx  ds  _     ds      dy  _    ds      dz  _     ds 
Tt~  da  dt~  a~dt'     dt~    ~dt      ~dt~^~dt 

Hence  the  rate  of  change  of  the  position  of  the  point  with  the  time,  or  its  velocity, 

ds 
may  be  represented  by  the  length  —  laid  off  on  the  tangent  to  the  curve.  In  like 

dt 
manner,  by  means  of  (41),  we  have 

dty_fl^  _ 

+  '  T 


From  this  it  is  seen  that  the  rate  of  change  of  the  velocity  at  a  point,  or  the 
acceleration,  may  be  represented  by  a  vector  in  the  osculating  plane  at  the  point, 
through  the  latter  and  whose  components  on  the  tangent  and  principal  normal 


EXAMPLES 
\J  Prove  that  the  curvature  of  a  plane  curve  defined  by  the  equation  3/(z,  y)dx 


tPs       .  1  /ds\a 
—  and  -  I— ) 
dp         p\dtl 

ie  ( 

(r  V       r.V  \  cW  c  V 

— -  +  —  J-^V2—  -3/2— -  ,«|l 

c y       ex  I  ex  cy 


2.  Show  that  the  normal  planes  to  the  curve, 

z  =  asiu2u,     y  =  a  -sin  u  cosu,     z  =  acosu, 
pass  through  the  origin,  and  find  the  spherical  indicatrix  of  the  curve. 

3.  The  straight  line  is  the  only  real  curve  of  zero  curvature  at  every  point. 

4.  Derive  the  following  properties  of  the  twisted  cubic: 

(a)  In  any  plane  there  is  one  line,  and  only  one,  through  which  two  osculating 
planes  can  be  drawn. 

(b)  Four  fixed  osculating  planes  are  cut  by  the  line  of  intersection  of  any  two 
osculating  planes  in  four  points  whose  cross-ratio  is  constant. 

(c)  Four  planes  through  a  variable  tangent  and  four  fixed  points  of  the  curve 
are  in  constant  cross-ratio. 

(d)  What  is  the  dual  of  (c)  by  the  results  of  §  7  ? 
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5.  Determine  the  form  of  the  function  <t>  so  that  the  principal  normals  to  the 
curve  x  =  w,  y  =  sin  u,  z  =  $  (u)  are  parallel  to  the  yz-plane. 

6.  Find  the  osculating  plane  and  radius  of  first  curvature  of 

x  —  a  cos  u  +  b  sin  u,    y  —  a  sin  u  +  b  cos  u,    z  —  c  sin  2  u. 

10.  Torsion.  Frenet-Serret  formulas.  It  has  been  seen  that,  un- 
less a  curve  be  plane,  the  osculating  plane  varies  as  the  point 
moves  along  the  curve.  The  change  in  the  direction  depends 
evidently  upon  the  form  of  the  curve.  The  ratio  of  the  angle  A#x 
between  the  binomials  at  two  points  of  the  curve  and  their  curvi- 
linear distance  As  expresses  our  idea  of  the  mean  change  in  the 
direction  of  the  osculating  plane.  And  so  we  take  the  limit  of 
this  ratio,  as  one  point  approaches  the  other,  as  the  measure  of 
the  rate  of  this  change  at  the  latter  point.  This  limit  is  called 
the  second  curvature,  or  torsion,  of  the  curve,  and  its  inverse  the 
radius  of  second  curvature,  or  the  radius  of  torsion.  The  latter 
will  be  denoted  by  r. 

In  order  to  establish  the  existence  of  this  limit  and  to  find  an 
expression  for  it  in  terms  of  the  functions  defining  the  curve, 
we  draw  radii  of  the  unit  sphere  parallel  to  the  positive  binomials 
of  the  curve  and  take  the  locus  of  the  end  points  of  these  radii  as 
a  second  spherical  representation  of  the  curve.  The  coordinates  of 
points  o£  this  representative  curve  on  the  sphere  are  X,  /*,  v.  Pro- 
ceeding in  a  manner  similar  to  that  in  §  6,  we  obtain  the  equation 

1      d<r* 

(46)          " 


where  da~l  is  the  linear  element  of  the  spherical  indicatrix  of  the 
binomials. 

In  order  that  a  real  curve  have  zero  torsion  at  every  point,  the  cosines  X,  /*,  v 
must  be  constant.  By  a  change  of  the  fixed  axes,  which  evidently  has  no  effect 
upon  the  form  of  the  curve,  the  cosines  can  be  given  the  values  X  =  1,  n  =.  v  =  0. 
It  follows  from  (40)  that  a  —  0,  and  consequently  x  =  const.  Hence  a  necessary 
and  sufficient  condition  that  the  torsion  of  a  real  curve  be  zero  at  every  point  is 
that  the  curve  be  plane. 

In  the  subsequent  discussion  we  shall  need  the  derivatives  with 
respect  to  «  of  the  direction-cosines  «,  $,  7;  I,  m,  n;  X,  /*,  v.  We 
deduce  them  now.  From  (41)  we  have 

(47)  a>=1-,     p=™,     y  =  n. 


...  .;T->KKRET  FORMULAS 


IT 


=  0, 
'  =  0. 


In  order  to  find  the  values  of  X',  /*',  i/,  we  differentiate  with 
respect  to  «  the  identities, 

X-  +  ,t2  +  i^  =  l,  aX  +  fa 

and,  in  consequence  of  (47),  obtain 

XX'  +  /*/*'  +  vv'  =  0,         «X'  +  £// 
From  these,  by  (40),  follows  the  proportion 

X':/i':  v  —  1:  m-.n, 

and  the  factor  of  proportionality  is  ±  I/T,  as  is  seen  from  (46). 
The  algebraic  sign  of  r  is  not  determined  by  the  latter  equation. 
We  fix  its  sign  by  writing  the  above  proportion  thus  : 


(48) 


„ ,     I         i     m 

X  =  -i      u,  =  — ,      v  = 


If  the  identity  /  =  ny  —  vft  be  differentiated  with  respect  to  * 
the  result  is  reducible  by  (40),  (47),  and  (48)  to 

(49) 

Similar  expressions  can  be  found  for  m'  and  n'.  Gathering  to- 
gether these  results,  we  have  the  following  formulas  fundamental  in 
the  theory  of  twisted  curves,  and  called  the  Frenet-Serret  formulas  : 

,  _l       01  _m 
/  P 


(50) 


,      n 
7  =-, 

P 


ji /  **         \  ' 

\P      r) 

,      I         ,     m  ,n 

X  =  -•>     p.  =  —,  v <  =-• 
T                T  r 


— i —  i ' 

P         T) 


As  an  example,  we  derive  another  expression  for  the  torsion. 
If  the  equation  \  =  p(y'z"  —  z'y") 

be  differentiated  with  respect  to  *.  the  result  may  be  written 


If  this  equation  and  similar  ones  for  m/r,  n/r  be  multiplied  by  J,  m, 
n  respectively  and  added,  we  have,  in  consequence  of  (50)  and  (41), 

/       - 

y"    < 

.,-'"     y'"     /" 


(51) 
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The  last  three  of  equations  (50)  give  the  rate  of  change  of  the 
direction-cosines  of  the  osculating  plane  of  a  curve  as  the  point  of 
osculation  moves  along  the  curve.  From  these  equations  it  follows 
that  a  necessary  and  sufficient  condition  that  this  rate  of  change 
at  a  point  be  zero  is  that  the  values  of  s  for  the  point  make  the 
determinant  in  equation  (51)  vanish.  At  such  a  point  the  osculat- 
ing plane  is  said  to  be  stationary. 

11.  Form  of  curve  in  the  neighborhood  of  a  point.  The  sign  of 
torsion.  We  have  made  the  convention  that  the  positive  directions 
of  the  tangent,  principal  normal,  and  binormal  shall  have  the  same 
relative  orientation  as  the  fixed  x-,  y-,  z-axes  respectively.  When  we 
take  these  lines  at  a  point  Jf0  for  axes,  the  equations  of  the  curve 
can  be  put  in  a  very  convenient  form.  If  the  coordinates  be  ex- 
pressed in  terms  of  the  arc  measured  from  MQ,  we  have  from  (19) 
and  (41)  that  for  s  =  0 

y  ~~p' 

When  the  values  of  I  and  X  from  (41)  and  (37)  are  substituted  in 
the  fourth  of  equations  (50),  we  obtain 

x'      1  o' 

/co\                             ~tn  _               .     /7/V      Ja,n\      '    ™" 
(o<£)  x          -  — (y  z  —  z  y  ) x". 

P  T  p 

From  this  and  similar  expressions  for  y'"  and  z'"  we  find  that 
for  «  =  0  ^  /  -, 

P*  P2  pr 

Hence,  by  Maclaurin's  theorem,  the  coordinates  x,  y,  z  can  be  ex- 
pressed in  the  form      /  -. 

•*•  a     . 


<53>  ..-,, 

i 

z  = 


a  i 

b  pr 

where  p  and  T  are  the  radii  of  first  and  second  curvature  af  ^» 
point  8  =  0,  and  the  unwritten  terms  are  of  the  fourth  and  higher 
powers  in  «. 

From  the  last  of  these  equations  it  is  seen  that  for  sufficiently 
small  values  of  s  the  sign  of  z  changes  with  the  sign  of  s  unless 
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I/T  =  0  at  J/0.  Hence,  unless  the  osculating  plane  is  stationary  at 
a  point,  the  curve  crosses  the  plane  at  the  point.*  Furthermore, 
when  a  point  moves  along  a  curve  in  the  positive  direction,  it 
passes  from  the  positive  to  the  negative  side  of  the  osculating 
plane  at  a  point,  or  vice  versa,  according  as  the  torsion  at  the 
latter  is  positive  or  negative.  In  the  former  case  the  curve  is 
said  to  be  sinistrorsum,  in  the  latter  deztrormm. 

As  another  consequence  of  this  equation,  we  remark  that  as  a 
variable  point  M  on  the  curve  approaches  J/0,  the  distance  from  M 
to  the  osculating  plane  at  3/0  is  of  the  third  order  of  magnitude  in 
comparison  with  MMy  By  means  of  the  other  equations  (53)  we 
find  that  the  distance  to  any  other  plane  through  M0  is  of  the 
second  order  at  most.  Hence  we  have  the  theorem : 

Tlie  osculating  plane  t<>  a  twisted  curve  at  an  ordinary  point  is 
crossed  by  the  curve,  and  of  all  the  planes  through  the  point  it  lies 
nearest  to  the  curve. 

From  the  second  of  (53)  it  is  seen  that  y  is  positive  for  suffi- 
ciently small  values  of  «,  positive  or  negative.  Hence,  in  the 
neighborhood  of  an  ordinary  point,  the  curve  lies  entirely  on  one 
side  of  the  plane  determined  by  the  tangent  and  binonnal  —  on 
the  side  of  the  positive  direction  of  the  principal  normal. 

These  properties  of  a  twisted  curve  are  discovered,  likewise, 
from  a  consideration  of  the  projections  upon  the  coordinate  planes 
of  the  approximate  curve,  whose  equations  consist  of  the  first 
terms  in  (53).  The  projection  on  the  osculating  plane  is  the 
parabola  x  =  s,  y  =  s2/2  p,  wh'ose  axis  is  the  principal  normal 
to  the  curve.  On  the  plane  of  the  tangent  and  binomial  it  is 
the  cubic  a-  = s,  z  =  —  «8/6  />T,  which  has  the  tangent  to  the 
curve  for  an  inflectional  tangent.  And  the  curve  projects  upon 
the  plane  of  the  binormal  and  principal  normal  into  the  semi- 
cubical  parabola  y  =  «2/2  p,  z  =  —  «3/6  /or,  with  the  latter  for 
cuspidal  tangent. 

These  results  are  represented  by  the  following  figures,  which  picture  the  pro- 
jection of  the  curve  upon  the  osculating  plane,  normal  plane,  and  the  plane  of  the 
tangent  and  binormal.  In  the  third  figure  the  heavy  Hut  corresponds  to  the  case 
where  T  is  positive  and  the  dotted  line  to  the  ca  r  is  negative. 

*  This  result  can  be  derived  readily  by  geometrical  considerations. 
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The  preceding  results  serve  also  to  give  a  means  of  determining  the  variation  in 
the  osculating  plane  as  the  point  moves  along  the  curve.  By  means  of  (50)  the 
direction-cosines  X,  /x,  v  can  be  given  the  form 


FIG.  3 


where  the  subscript  null  indicates  the  value  of  a  function  for  s  =  0  and  the  un- 
written terms  are  of  the  second  and  higher  terms  in  s.  If  the  coordinate  axes  are 
those  which  lead  to  (53),  the  values  of  X,  /*,  v  for  the  point  of  parameter  5s  are 

X-0         -—         -1 

to  within  terms  of  higher  order,  and  consequently  the  equation  of  this  osculating 
plane  at  this  point  MI  is  3g 

TO 

If  we  put  F  =  po,  we  get  the  z-coordinate  of  the  point  in  which  this  plane  is  cut  by 
the  polar  line  for  the  point  8  =  0;  it  is  —  p0ds/r0.  Hence,  according  as  TO  is  positive 
or  negative  at  JVf,  the  osculating  plane  at  the  near-by  point  MI  cuts  the  polar  line  for 
M  on  the  negative  or  positive  side  of  the  osculating  plane  at  M. 

12.  Cylindrical  helices. 

As  another  example  of  the  use  of  formulas  (50)  we  derive  several  properties  of 
cylindrical  helices.  By  definition,  a  cylindrical  helix  is  a  curve  which  lies  upon  a 
cylinder  and  cuts  the  elements  of  the  cylinder  under  constant  angle.  If  the  axis  of 
z  be  taken  parallel  to  the  elements  of  the  cylinder,  we  have  y  =  const.  Hence, 
from  (50),  y  v 

P      T~ 
from  which  it  follows  that  the  cylindrical  helices  have  the  following  properties : 

The  principal  normal  is  perpendicular  to  the  element  of  the  cylinder  at  the  point, 
and  consequently  coincides  with  the  normal  to  the  cylinder  at  the  point  (§  22). 
The  radii  of  first  and  second  curvature  are  in  constant  ratio. 
Bertram!  has  established  the  converse  theorem  :  Every  curve  whose  radii  of  first 
and  second  curvature  are  in  constant  ratio  is  a  cylindrical  helix.    In  order  to  prove 
it,  we  put  T  =  icp,  and  remark  from  (60)  that 

d/3 


da_    d\ 
ds         ds 


_ 
ds         ds 


dy  _    dv 
ds        ds' 


from  which  we  get      a  =  K\  +  a,     /3  =  KH  +  6,     y  =  KV  +  c, 
where  a,  6,  c  are  constants.    From  these  equations  we  find 

a2  +  V*  +  ca  =  1  +  At2,        aa  +  6/3  +  cy  =  1. 
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Hence  the  tangents  to  the  curve  make  the  constant  angle  cos- 1  — =  with  the 

a  b  c  Vl  +  /c* 

lines  whose  direction-cosines  are  — '    '      •  Consequently  the  curve  is  a  cylindrical 

Vi  +  «2 
helix,  and  the  elements  of  the  helix  have  the  above  direction. 


EXAMPLES 

1.  Find  the  length  of  the  curve  z  =  a  (u  —  sin  u),  y  =  a  cosu,  between  the  points 
for  which  u  has  the  values  —  v  and  it  ;  show  that  the  locus  of  the  center  of  curva- 
ture is  of  the  same  form  as  the  given  curve. 

2.  Find  the  coordinates  of  the  center  of  curvature  of 

z  =  acos«,     2/  =  asinu,     z  =  acos2«. 

3.  Find  the  radii  of  curvature  and  torsion  of 

x  =  a  (u  —  sinu),    y  =  a  (1  —  cosu),     z  =  bu. 

4.  If  the  principal  normals  of  a  curve  are  parallel  to  a  fixed  plane,  the  curve 
is  a  cylindrical  helix. 

5.  Show  that  the  curve  x  =  eu,  y  =  e~u,  z  =  \2  u  is  a  cylindrical  helix  and  that 
the  right  section  of  the  cylinder  is  a  catenary  ;  also  that  the  curve  lies  upon  a  cylin- 
der whose  right  section  is  an  equilateral  hyperbola.  Express  the  coordinates  in  terms 
of  the  arc  and  find  the  radii  of  first  and  second  curvature. 

6.  Show  that  if  0  and  <f>  denote  the  angles  which  the  tangent  and  binormal  to  a 

sin  0  dO      T 

curve  make  with  a  nxed  line  in  space,  then  -  -  =  -  . 

sin  <p  d<p      p 

7.  When  two  curves  are  symmetric  with  respect  to  the  origin,  their  radii  of 
first  curvature  are  equal  and  their  radii  of  torsion  differ  only  in  sign. 

8.  The  osculating  circle  at  an  ordinary  point  of  a  curve  has  contact  of  the  sec- 
ond order  with  the  latter  ;  and  all  other  circles  which  lie  in  the  osculating  plane 
and  are  tangent  to  the  curve  at  the  point  have  contact  of  the  first  order. 

9.  A  necessary  and  sufficient  condition  that  the  osculating  circle  at  a  point  have 
contact  of  the  third  order  is  that  p'  =  0  and  I/T  =  0  at  the  point  ;  at  such  a  point 
the  circle  is  said  to  superosculate  the  curve. 

10.  Show  that  any  twisted  curve  may  be  defined  by  equations  of  the  form 


where  p  and  T  aiv  the  radii  of  first  and  second  curvature  at  the  point  8  =  0. 
11.  When  the     .  •  of  a  curve  are  in  the  form  (4),  the  torsion  is  given  by 

I  -t    fi     f-2     ft 

r  =  -%-'*'    f*     f* 
f{"  ft"  fi" 

where  0  has  the  signifies  n<  'ion  (12). 
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12.  The  locus  of  the  centers  of  curvature  of  a  twisted  curve  of  constant  first 
curvature  is  a  curve  of  the  same  kind. 

13.  When  all  the  osculating  planes  of  a  curve  pass  through  a  fixed  point,  the 
curve  is  plane. 

14.  Determine  f(u)  so  that  the  curve  x  =  a  COSH,  y  =  asinn,  z  =/(«)  shall  be 
plane.    What  is  the  form  of  the  curve  ? 

13.  Intrinsic  equations.  Fundamental  theorem.  Let  C1  and  C2  be 
two  curves  defined  in  terms  of  their  respective  arcs  s,  and  let  points 
upon  each  with  the  same  values  of  s  correspond.  We  assume, 
furthermore,  that  at  corresponding  points  the  radii  of  first  curva- 
ture have  the  same  value,  and  also  the  radii  of  second  curvature. 
We  shall  show  that  Cl  and  C2  are  congruent. 

By  a  motion  in  space  the  points  of  the  two  curves  for  which 
*  =  0  can  be  made  to  coincide  in  such  a  way  that  the  tangents, 
principal  normals,  and  binormals  to  them  at  the  point  coincide 
also.  Hence  if  we  use  the  notation  of  the  preceding  sections  and 
indicate  by  subscripts  1  and  2  the  functions  of  (7X  and  (72,  we  have, 
when  s  =  0, 

(54)  x  =  x       a  =  a       1=1       X=X 

and  other  similar  equations. 

The  Frenet-Serret  formulas  for  the  two  curves  are 

da.      I.       dl.          la. 

i  —      /    i  .     -.  - _- 


ds       p       ds          \p       T/        ds       T 

ds      p       ds         \p       r  I        ds  ~  T 

the  functions  without  subscripts  being  the  same  for  both  curves. 
If  the  equations  of  the  first  row  be  multiplied  by  «2,  I.,,  X2  respec- 
tively, and  of  the  second  row  by  «t,  l^  Xt,  and  all  added,  we  have 


(55)  j  («i*,+ 

and  consequently  a^  + l^  +  \\2  =  const. 

This  constant  is  equal  to  unity  for  s  =  0,  as  is  seen  from  (54),  and 
hence  for  all  values  of  *  we  have 
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Combining  this  equation  with  the  identities 


we  obtain  (a,  -  a.,)2  +  (^  -  J2)2  +  (\  -  X2)2  =  0. 

Hence  al  =  a2,  lv  =  £,,  Xj  =  X,.  Moreover,  since  in  like  manner 
A  =  &'  7i  =  72»  we  have 

s".-*.>=°-  s<^)=0'  l(r--z')=0- 

Consequently  the  differences  x1—  xa,  y^—y^  zl—^.2  are  constant. 
But  for  8  =  0  they  are  zero,  and  so  we  have  the  theorem  : 

Two  curves  whose  radii  of  first  and  second  curvature  are  the  same 
functions  of  the  arc  are  congruent. 

From  this  it  follows  that  a  curve  is  determined,  to  within  its 
position  in  space,  by  the  expressions  for  the  radii  of  first  and  second 
curvature  in  terms  of  the  arc.  And  so  the  equations  of  a  curve 
may  be  written  in  the  form 


They  are  called  its  intrinsic  equations. 

We  inquire,  conversely,  whether  two  equations  (56),  in  which  /t 
and/,  are  any  functions  whatever  of  a  parameter  s,  are  intrinsic 
equations  of  a  curve  for  which  s  is  the  length  of  arc. 

In  answering  this  question  we  show,  in  the  first  place,  that  the 
equations 

d><      '•       dc          /u      w\      dw      v 

:r  =  ~'    ^=-(-  +  -  '    -r-~ 

ds      p       as          \p      r/       ds      T 
admit  of  three  sets  of  solutions,  namely  : 
(58)  u  =  a,  v  =  I,  w  =  X  ;   u  =  /3,  v  =  w,  w  =  n  ;   u  =  7,  v  =  n,  w  =  v; 

which  are  such  that  for  each  value  of  s  the  quantities  a,  /8,  7; 
L  ?/?,  w  ;  X,  /i,  v  are  the  direction-cosines  of  three  mutually  perpen- 
dicular lines.  In  fact,  we  know  *  that  a  system  (57)  admits  of  a 
unique  set  of  solutions  whose  values  for  s  =  0  are  given  arbitra- 
rily. Consequently  these  equations  admit  of  three  sets  of  solutions 

*  Picard,  Traite  d'  Analyse,  Vol.  II,  p.  313;  Goursat,  Cours  d'  Analyse  Mathtmatique, 
Vol.  II,  p.  356. 
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whose  values  for  s  =  0  are  1,  0,  0  ;  0,  1,  0  ;  0,  0,  1  respectively. 
By  an  argument  similar  to  that  applied  to  equation  (55)  we  prove 
that  for  all  values  of  *  the  solutions  (58)  satisfy  the  conditions 

(59)  aft  +  Im  +  X/u,  =  0,     fty  +  mn  +  pv  =  0,     ya  +  nl+  v\  =  0. 
In  like  manner,  since  it  follows  from  (57)  that 

du        dv         dw      f. 
u  —  +v  —  +  w—-  =  <), 
as         as          as 

we  prove  that  these  solutions  satisfy  the  conditions 

(60)  «2+Z2+X2  =  l,     /32+™2+/i2  =  l,     72+w2+i>2  =  l. 

But  the  conditions  (59),  (60)  are  equivalent  to  (40),  and  conse- 
quently the  three  sets  of  functions  a,  /3,  7;  I,  m,  n;  X,  p,  v  are 
the  direction-cosines  of  three  mutually  perpendicular  lines  for  all 
values  of  s. 

Suppose  we  have  such  a  set  of  solutions.    For  the  curve 


(61)  x  =  I 


ads,     y= 

the  functions  a,  /3,  7  are  the  direction-cosines  of  the  tangent,  and 
since  ds*=  dx*  +  dy2  +  dz2,  s  measures  the  arc  of  the  curve.  From 
(61)  and  the  first  of  (57)  we  get 


Hence  if  p  be  positive  for  all  values  of  s,  it  is  the  radius  of  curva- 
ture of  the  curve  (61),  and  Z,  m,  n  are  the  direction-cosines  of  the 
principal  normal  in  the  positive  sense.  In  consequence  of  (40)  the 
functions  X,  p,  v  are  the  direction-cosines  of  the  binomial ;  hence 
from  (50)  and  the  third  of  (57)  it  follows  that  T  is  the  radius  of 
torsion  of  the  curve.  Therefore  we  have  the  following  theorem 
fundamental  in  the  theory  of  curves : 

Q-iven  any  two  analytic  functions,  /j(«),/2(«),  of  which  the  former 
is  positive  for  all  values  of  s  within  a  certain  domain  ;  there  exists  a 
curve  for  which  p  =/!(«),  r  =/2(«),  and  s  is  the  arc,  for  values  of  s  in 
the  given  domain.  The  determination  of  the  curve  reduces  to  the  find- 
ing of  three  sets  of  solutions  of  equations  (57),  satisfying  the  conditions 
(59),  (60),  and  to  quadratures. 
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We  proceed  now  to  the  integration  of  equations  (57).   Since  each 
set  of  integrals  of  the  desired  kind  must  satisfy  the  relation 

(62)  *+iN-.V-l, 

we  introduce  with  Darboux  *  two  functions  cr  and  to,  defined  by 
u  +  iv 


(63) 


1  —  w      u  —  i>." 

u  —  iv      1  +  w          1 


1  —  w      u  +  iv          a) 


It  is  evident  that  the  functions  a-  and  —  -  are  conjugate  imaginaries. 
Solving  for  M,  i»,  «?,  we  get 

1  —  (TO)  .  1  +  era)  (T  +  CD 

(64)  w  = »     v  =  i 1     w  = 

a  —  o>  a-  —  CD  cr —  a) 

If  these  values  be  substituted  in  equations  (57),  it  is  found  that 
the  functions  a  and  &)  are  solutions  of  the  equation 

(65)  Mi—ie-j-v. 

as      2  T      p         2r 

And  conversely,  any  two  different  solutions  of  (65),  when  substi- 
tuted in  (64),  lead  to  a  set  of  solutions  of  equations  (57)  satisfying 
the  relation  (62).  Our  problem  reduces  then  to  the  integration  of 
equation  (65). 

14.    Riccati  equations.    Equation  (65)  may  be  written 

(66)  ^  =  £  +  2  J/0  +  X0\ 

ds 

where  L,  J/,  X  are  functions  of  ».  This  equation  is  a  generalized 
form  of  an  equation  first  studied  by  Riccati,f  and  consequently 
is  named  for  him.  As  Riccati  equations  occur  frequently  in  the 
theory  of  curves  and  surfaces,  we  shall  establish  several  of  their 
properties. 

Theorem.  When  a  particular  integral  of  a  Riccati  equation  is 
known,  the  general  integral  can  be  obtained  by  two  quadrature*. 

*  Lerons  sur  la  Thtorie  General?  des  Surfaces.  Vol.  I,  p.  22.  \Ve  shall  refer  to  this 
treatise  frequently,  and  for  brevity  give  our  references  the  form  Darboux,  I,  22. 

t  Cf.  Forsyth,  Differential  Equations,  chap,  v  ;  also  Cohen,  Differential  Equations, 
pp.  173-177. 
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Let  0l  be  a  particular  integral  of  (66).    If  we  put  0  = 
the  equation  for  the  determination  of  <f>  is 

(67)  ^-+2(M+N01)(f>  +  N=Q. 

ds 

As  this  equation  is  linear  and  of  the  first  order,  it  can  be  solved  by 
two  quadratures.  Since  the  general  integral  of  (67)  is  of  the  form 
<f>  =/.,  (s)  +  afz  («),  where  a  denotes  the  constant  of  integration,  the 
general  integral  of  equation  (66)  is  of  the  form 

(68) 


alt  +  S 
where  P,  $,  R,  S  are  functions  of  s. 

Theorem.   When  two  particular  integrals  of  a  Riccati  equation  are 
known,  the  general  integral  can  be  found  by  one  quadrature. 

Let  01  and  02  be  two  solutions  of  equation  (66).    If  we  effect  the 
substitution  9  =  —  h  02,  the  equation  in  -^  is 


If  this  equation  and  (67)  be  multiplied  by  I/T/T  and  !/</>  respec- 
tively,   and   subtracted,   the    resulting    equation    is    reducible    to 

Consequently  the  general  integral  of 


(Zo 

(66)  is  given  by 


where  a  is  the  constant  of  integration. 

Since  equation  (68)  may  be  looked  upon  as  a  linear  fractional 
substitution  upon  a,  four  particular  solutions  6V  02,  #3,  #4,  corre- 
sponding to  four  values  ax,  a2,  a3,  a4  of  a,  are  in  the  same  cross-ratio 
as  these  constants.  Hence  we  have  the  theorem  : 

The  cross-ratio  of  any  four  particular  integral  "'  ..... 
equation  is  constant. 

From  this  it  follows  that  if  three  pai  tu'-ilar  integrals  arc  known,' 
the  general  integral  can  be  obtained  without  quadrature. 
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15.  The  determination  of  the  coordinates  of  a  curve  defined  by 
its  intrinsic  equations.  We  return  to  the  consideration  of  equation 
(65)  and  indicate  by 


six  particular  integrals  of  this  equation.    From  these  we  obtain 
three  sets  of  solutions  of  equations  (57),  namely 

' 


(71) 


a  = 


*  *. 


and  similar  expressions  in  o-0,  co.2;  <r3,  co3  respectively  for  /8,  w,  /*; 
7,  w,  y.  These  expressions  satisfy  the  conditions  (60).  In  order 
that  (59)  also  may  be  satisfied  we  must  have 


<T.  —  0V      CO.  —  <T, 


<T.  —  CO,.      CO.  —  CO, 


which  is  reducible  to 
(72) 


=  1,2,3 


Hence  each  two  of  the  three  pairs  of  constants  ap  6t ;  an,  b., ;  a3,  63, 
form  a  harmonic  range. 

When  the  values  (70)  for  <r,.,  <».  are  substituted  in  the  expressions 
for  a,  /:?,  7,  it  is  found  that 


(73) 


a  = 


+ 


V+ 


a. - 


where,  for  the  sake  of  brevity,  we  have  put 


(74) 


2  (P.V  — 
KS-PQ 

PS-QR' 
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The  coefficients  of  U,  V,  and  W  in  (73)  are  of  the  same  form  as 
the  expressions  (71)  for  a,  I,  X  ;  /3,  w,  /*  ;  7,  w,  v.  Moreover,  the 
equations  of  condition  (59)  are  equivalent  to  (72).  Hence  these 
coefficients  are  the  direction-cosines  of  three  fixed  directions  in 
space  mutually  perpendicular  to  one  another.  If  lines  through  the 
origin  of  coordinates  parallel  to  these  three  lines  be  taken  for  a  new 
set  of  axes,  the  expressions  for  a,  /3,  7  with  reference  to  these  axes 
reduce  to  ?7,  F,  Irrespectively.*  These  results  may  be  stated  thus^ 

If  the  general  solution  of  equation  (65)  be 

(68)  0  =  aP  +  Q, 

aR  +  S 

the  curve  whose  radii  of  first  and  second  curvature  are  p  and  r 
respectively  is  given  by 


~    /          ^  ^"      /  VK  ~        /       Jg  _        '        I  V" —   -">      /        I         Vg  ^       I         -J 

•*/  —     I  T~ —  (_to«  (J  —    I     I  *  (*o« 

n<k-t 


PS-QR 

It  must  be  remarked  that  the  new  axes  of  coordinates  are  not 
necessarily  real,  so  that  when  it  is  important  to  know  whether  the 
curves  are  real  it  will  be  advisable  to  consider  the  general  formulas 
(73).  An  example  of  this  will  be  given  later. 

We  shall  apply  the  preceding  results  to  several  problems. 

When  the  curve  is  plane  the  torsion  is  zero,  and  conversely.   For  this  case  equa- 
tion (65)  reduces  to  —  =  —  0,  of  which  the  general  integral  is 
ds         p 

-if- 
$  =  ae    J  P  =  ae~ t<7, 

where  a  is  an  arbitrary  constant,  and  by  (27)  <r  is  the  measure  of  the  arc  of  the 
spherical  indicatrix  of  the  tangent.    This  solution  is  of  the  form  (08),  with 

Therefore  the  coordinates  are  given  by 
(75)  x  =  Jcos  ff  ds,    y  =  fsin  ads,     z  =  0. 

Hence  the  coordinates  of  any  plane  curve  can  be  put  in  this  form. 
*  This  is  the  same  thing  as  taking 

t  Scheffers,  Anwendung  der  Differential  und  Integral  Rechnung  auf  Geometric, 
Vol.  I,  p.  219.    Leipsic,  1902. 
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We  have  seen  that  cylindrical  helices  are  characterized  by  the  property  that  the 
radii  of  first  and  second  curvature  are  in  constant  ratio.  If  we  put  T  =  pc,  equation 
(65)  may  be  -written 

-  =  —  (1  -  2  c8  -  6*). 
ds      2rV 

Two  particular  integrals  are  the  roots  of  the  equation  0*  +  2  c6  —  1  =  0.    These 
roots  are  real  and  unequal  if  c  is  real  ;  we  consider  only  this  case,  and  put 


(76)  01  = 

From  (69)  it  follows  that  the  general  solution  of  the  above  equation  is 

-  0l 


where  we  have  put 

_0z-0l  r  da  _  Vc2  +  1   rds 

(<e)  i  —  —  -  —  l   —  —  -  — 

2      J    r  c        J    p 

Since  <r  and  --  in  (63)  are  conjugate  imaginary,  if  we  take 


ae»  -  1  6e"  -  1 

then  a  and  6  must  be  such  that 


ae"  -  1  &oe-  "02  -  0i 

where  b0  denotes  the  conjugate  imaginary  of  b.    This  reduces,  in  consequence  of 

(7fl)ft° 


One  solution  of  this  is  given  by  taking  x  and  0  for  a  and  6;  we  put  03  —  x. 
6s  =  0.  If  these  values  be  substituted  in  (72).  we  get  a,-  +  6,  =  0,  where  t  =  1,  2.  "So 
that  equation  (79)  becomes  6,*,-0  =  0*,  where  j  =  1.  2.  The  solutions  of  this  equation 
are  bi  =  0i,  63  =  -  i*i.  From  (77)  P  =  ei'02.  Q  =  -  0i,  R  =  «•'',  S  =  -  1,  so  that 


U  =  —   -  (0**<  -  Ote-"),     F  = 


v  c*  +  1 


When  the  foregoing  values  are  substituted  in  (73),  and  the  resulting  values  of 
a,  ft  7  in  (61),  we  get 


(80)  x  =  —==  |  cos  t  ds,     y  =  -  /sin  t  ds,     z  =  — 

+  1  J  Vc2  +  l  J  Vc8 


Vc2 


From  the  last  of  these  expressions  we  find  that  the  tangent  to  the  curve  makes 
a  constant  angle  with  the  z-axis  —  the  direction  of  the  elements  of  the  cylinder. 
And  the  cross-section  of  the  cylinder  is  defined  by 


/f 
cos  £  ds\.       2/i  =  I  si 
J 

where  81  denotes  the  arc  of  this  section  measured  from  a  point  of  it.    If  p\  denotes 
the  radius  of  curvature  of  the  right  section,  we  find  that  pc2  =  pi(c2  +  1). 
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EXAMPLES 

1.  Find  the  coordinates  of  the  cylindrical  helix  whose  intrinsic  equations  are 

p  =  T  =  s. 

2.  Show  that  the  helix  whose  intrinsic  equations  are  p  =  T  =  (s2  +  4)/Vi  lies 
upon  a  cylinder  whose  cross-section  is  a  catenary. 

3.  Establish  the  following  properties  for  the  curve  with  the  intrinsic  equations 
p  =  as,  T  =  bs,  where  a  and  6  are  constants  : 

(a)  the  Cartesian  coordinates  are  reducible  to  x=Aeht  cost,  y=Aehtsin  t,  z  =  Be?», 
where  A,  J5,  h  are  functions  of  a  and  6; 

(6)  the  curve  lies  upon  a  circular  cone  whose  axis  coincides  with  the  z-axis  and 
cuts  the  elements  of  the  cone  under  constant  angle. 

16.  Moving  trihedral.  In  §  11  we  took  for  fixed  axes  of  refer- 
ence the  tangent,  principal  normal,  and  binormal  to  a  curve  at  a 
point  M0  of  it,  and  expressed  the  coordinates  of  any  other  point  of 
the  curve  with  respect  to  these  axes  as  power  series  in  the  arc  8 
of  the  curve  between  the  two  points.  Since  M0  is  any  point  of  the 
curve,  there  is  a  set  of  such  axes  for  each  of  its  points.  Kence, 
instead  of  considering  only  the  points  whose  locus  is  the  curve, 
we  may  look  upon  the  moving  point  as  the  intersection  of  three 
mutually  perpendicular  lines  which  move  along  with  the  point, 
the  whole  figure  rotating  so  that  in  each  position  the  lines  coin- 
cide with  the  tangent,  principal  normal,  and  binormal  at  the  point. 
We  shall  refer  to  such  a  configuration  as  the  moving  trihedral. 
In  the  solution  of  certain  problems  it  is  of  advantage  to  refer  the 
curve  to  this  moving  trihedral  as  axes.  We  proceed  to  the  con- 
sideration of  this  idea. 

With  reference  to  the  trihedral  at  a  point  Jf,  the  direction- 
cosines  of  the  tangent,  principal  normal,  and  binormal  at  M 
have  the  values 


As  the  trihedral  begins  to  move,  the  rates  of  change  of  these 

functions  with  *  are  found  from  the  Frenet  formulas   (50)   to 
have  the  values 

^  _  n    ^?  -  1    ^1  _  n  .  dl  _      1    dm  _  n 

—  :U,         —    ,        —  u;  —  —        ,  —  r—  —  u, 

as  an      p     as  as         p     as 

dn  _      1  .     d\      n    dp      1  dv      n 

—  —         j     —  -  —  U,   —  -  =  —  i  -  _-  =  0. 

as          T       as  as      r  ds 
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Let  f,  77,  £  denote  coordinates  referring  to  the  axes  at  J/,  and 
£',  ?/,  £'  those  with  reference  to  the  axes  at  M',  and  let  J/Jf'  =  As 
(see  fig.  4).  Since  the  rate  of  change  of  a  is  zero  and  a  =1  at  31, 
the  cosine  of  the  angle  between  the  £-  and  f'-axes  is  1  to  within 
terms  of  higher  than  the  first  order  in  As.  Likewise  the  cosine  of 
the  angle  between  the  f-  and  T/'-axes  is  —  AS//D.  We  calculate  the 
cosines  of  the  angles  between  all 
the  axes,  and  the  results  may  be 
tabulated  as  follows : 


r 


(81) 


1 

As 

0 

As 

1 

As 

P 

T 

0 

As 

T 

1 

y 


Let  P  be  a  point  whose  coordinates  with  respect  to  the  trihedral 
at  M  are  £,  tj,  f.  Suppose  that  as  31  describes  the  given  curve  C, 
P  describes  a  path  F.  It  may  happen  that  in  this  motion  P  is  fixed 
relatively  to  the  moving  trihedral,  but  in  general  the  change  in  the 
position  of  P  will  be  due  not  only  to  the  motion  of  the  trihedral 
but  also  to  a  motion  relative  to  it.  In  the  latter  general  case,  if  P' 
denotes  the  point  on  F  corresponding  to  31'  on  C,  the  coordinates 
of  P'  relative  to  the  axes  at  M  and  M'  may  be  written 


Thus  A2#  indicates  the  variation  of  a  function  6  relative  to  the 
moving  trihedral,  and  At0  the  variation  due  to  the  latter  and  to 
the  motion  of  the  trihedral. 

To  within  terms  of  higher  order  the  coordinates  of  M'  are 
(As,  0,  0)  with  respect  to  the  axes  at  J/,  and  with  the  aid  of  (81) 
the  equations  of  the  transformation  of  coordinates  with  respect 
to  the  two  axes  are  expressible  thus  : 


As 

-- 

P 
A« 


A  « 
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These  reduce  to 


_ 
As       As  ?  As       As 


,      ,          a  , 

As        As  "•         /?  r 

In  the  limit  as  J/'  approaches  M  these  equations  become 


/QO\  _4_i  ,,  */. 

\°   /          "5  --  "J~"T"!  --  »     ~T  =  ~T~H  ---  r—  i      -p  =  —  ---  > 
as      as  p       as      as      p      T      as      ds      r 

thus  -T-  denotes  the  absolute  rate  of   change  of  0,  and  -r-  that 
as  as 

relative  to  the  trihedral.* 

If  t  denotes  the  distance  between  P  and  a  point  Pl  (fr  77^  £), 
that  is  t2  =  (^1-f)2  +  (77i-77)2+^i_^  we  find  by  meang  of  the 

formulas  (82)  that  ,        ~ 


If  a,  5,  c  denote  the  direction-cosines  of  PPt  with  respect  to 
the  axes  at  Jf,  then 


When  we  express  the  condition  that  £,  T;^  ^  as  well  as  &  77,  f 
satisfy  equations  (82),  we  are  brought  to  the  following  fundamental 
relations  between  the  variations  of  a,  6,  c  : 


ds      ds      p        ds      ds      p      r'       ds      ds      T 

If  the  point  P  remains  fixed  in  space  as  M  moves  along  the 
curve,  the  left-hand  members  of  equations  (82)  are  zero  and 
the  equations  reduce  to 

ds      p  ds          \p      T/  ds~  r . 

Moreover,  t.he  direction-cosines  of  a  line  fixed  in  spacs    satisfy 

the  equations 

da  _              db_      /a  c\  dc 

d*     p          ds         \p  T/  ds~ 

*  Cf.  Cesaro,  Lezioni  di  Geometria  Intrinseca,  pp.  122-128.    Naplts,  1896. 
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These  are  the  Frenet-Serret  formulas,  as  might  have  been 
expected. 

We  shall  show  that  the  solution  of  these  equations  carries  with 
it  the  solution  of  (84).  Suppose  we  have  three  sets  of  solutions 
of  (85).  I,  X;  /3,  w,  ft;  7,  w,  z>,  whose  values  for  s  =  0  are 

(86)  1,     0,     0;         0,     1,     0;         0,     0,     1. 

They  are  the  direction-cosines,  with  respect  to  the  moving  trihedral 
with  vertex  JW,  of  three  fixed  directions  hi  space  mutually  perpen- 
dicular to  one  another.  Let  0  be  a  fixed  point,  and  through  it 
draw  the  lines  with  the  directions  just  found.  Take  these  lines 
for  coordinate  axes  and  let  2:,  y,  z  denote  the  coordinates  of  31 
with  respect  to  them.  If  f,  77,  £  denote  the  coordinates  of  0 
with  respect  to  the  moving  trihedral,  then  —  £,  —  77,  —  £  are  the 
coordinates  of  31  with  respect  to  the  trihedral  with  vertex  at 
0  and  edges  parallel  to  the  corresponding  edges  of  the  trihedral 
at  M.  Consequently  we  have 


(87)  77  =  -  (k-  +  my  +  m), 


If  these  values  be  substituted  in  (84)  and  we  take  account  of 
(50)  and  (85),  we  find  that  the  equations  are  identically  satisfied. 
If  £o>  fo'  to  denote  the  values  of  f,  77,  £  f or  *  =  0,  it  follows  from 
(86)  and  (87)  that  they  differ  only  in  sign  from  the  initial  values 
of  x,  y,  z.  Hence  if  we  write,  in  conformity  with  (21), 

(88)        x=Cads-^     y=C'/3ds-T]Q,    \=>f'jds-^ 

and  substitute  these  values  in  (87),  they  become  the  general  solu- 
tion of  equations  (84).  We  have  seen  that  the  solution  of  equa- 
tions (85)  reduces  to  the  integration  of  the  Riccati  equation  (65). 

17.  Illustrative  examples.  As  an  example  of  the  foregoing  method  we  consider 
the  curve  which  is  the  locus  of  a  point  on  the  tangent  to  a  twisted  curve  C  at  a 
constant  distance  a  from  the  point  of  contact. 

The  coordinates  of  the  point  MI  of  the  curve  with  reference  to  the  axes  at  M 
are  a,  0,  0.  In  this  case  equations  (82)  reduce  to 

<fa  ds      P'      ds  ~ 
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Hence  if  Si  denotes  the  length  of  arc  of  <7i  from  the  point  corresponding  to  a  =  0 
on  C.  we  have 


and  the  direction-cosines  of  the  tangent  to  Ci  with  reference  to  the  moving  axes 
are  given  by 


Hence  the  tangent  to  C\  is  parallel  to  the  osculating  plane  at  the  corresponding 
point  of  C. 

By  means  of  (83)  we  find 


8a\  _  d  I        f. 

~~r~ :=  ~j~  I      ^^ 

as      GCS  \  "x/ot^ 


a2p' 


(a2  +  p2)       p  Va2  +  p2 

Proceeding  in  like  manner  with  ^i  and  7x,  and  making  use  of  (ii),  we  have 
dai  _      a?pp'  a  Spi  _    —  apV  P 


5si  ~  (a2  +  p2)2      a2  -|-  p2  Ss  ~~  (a2  +  p2)2 

STI  __        ap 
5s!  ~      T  (a2  +  p2)  ' 

From  these  expressions  and  (27')  we  obtain  the  following  expression  for  the  square 
of  the  first  curvature  of  C\  : 


/;: ;\  "    —         "         /      ~rr        _  Jl     .  ~  f 

Pi2      a2  +  p2  \a2  +  p2       /      T2  (a2  +  p2)* 
The  direction-cosines  of  the  principal  normal  of  Ci  are 

By  means  of  (40)  we  derive  the  following  expressions  for  the  direction-cosines  of 
the  binormal : 

Ct2ppi  O2P2Pl  ft  aPP'    \  Pi 

Mi  = 


{-.          app'   \ 

—  { 1 

\        a2  +  p2/ 


T(a2  +  p2)*  r(a2  ^p2)3  V       a2  +  P2/Va2  +  p2 

In  order  to  find  the  expression  for  TI,  the  radius  of  torsion  of  Ci,  we  have  only  to 
substitute  the  above  values  in  the  equation 


We  leave  this  calculation  to  the  reader  and  proceed  to  an  application  of  the 
preceding  results. 

We  inquire  whether  there  is  a  curve  C  such  that  C\  is  a  straight  line.  The 
necessary  and  sufficient  condition  is  that  I/pi  be  zero  (Ex.  3,  p.  15).  From  (iii)  it 
follows  that  we  must  have 


a2  + 
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From  the  second  of  these  equations  it  follows  that  C  must  be  plane,  and  from 
the  former  we  get,  by  integration, 

Iog(a2  +  p2)  =  — +  c, 
a 

where  c  is  a  constant  of  integration.    If  the  point  s  =  0  be  chosen  so  that  we  may 
take  c  =  log  a2,  this  equation  reduces  to 


If  e  denotes  the  angle  which  the  line  d  makes  with  the  £-axis,  we  have,  from  (i), 

** 

Si- 


677      a  1 

tan0  =  —  =  -  =  — • — 


Differentiating  this  equation  with  respect  to  s,  we  can  put  the  result  in  the  form 

*?__!. 

ds~~~p' 
consequently  (§  6), 

(89)  -e=f^  =  ff. 

J   p 

When  these  values  are  substituted  in  equations  (75),  we  obtain  the  coordinates  of  C 
in  the  form 

//  _2»  _  » 

\  1  —  e    a  ds,  y  —  ae   °, 

or,  in  terms  ol  0, 

(90)  x  =  —  a    log  tan-  +  cos0  ,  ?y  =  asin0. 

The  curve,  with  these  equations,  is  called  the  tractrix.  As  just  seen,  it  possesses 
the  property  that  there  is  associated  with  it  a  straight  line  such  that  the  segments 
of  the  tangents  between  the  points  of  tangency  and  points  of  intersection  with  the 
given"  line  are  of  constant  length. 

Theorem.  The  orthogonal  trajectories  of  the  osculating  plane  of  a  twisted  curve  can 
be  found  by  quadratures. 

With  reference  to  the  moving  axes  the  coordinates  of  a  point  in  the  osculating 
plane  are  (£,  i>,  0).  The  necessary  and  sufficient  condition  that  this  point  describe 
an  orthogonal  trajectory  of  the  osculating  plane  as  3/  moves  along  the  given  curve 

is  that  —  and  —  in  (82)  be  zero.    Hence  we  have  for  the  determination  of  £  and  17 
ds         ds 

the  equations  df  dr> 

17  +  p  =  0,  [-  £  =  0, 

where  a  is  given  by  (89).    Eliminating  £,  we  have 


Hence  T;  can  be  found  by  quadratures  as  a  function  of  a-,  and  consequently  of  a, 
and  then  |  is  given  directly. 
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Problem.  Find  a  necessary  and  sufficient  condition  that  a  curve  lie  upon  a  sphere. 

If  £»  *7)  f  denote  the  coordinates  of  the  center,  and  E  the  radius  of  the  sphere, 
we  have  £2  +  i;8  -f  f 2  =  fi2.  Since  the  center  is  fixed,  the  derivatives  of  £,  ij,  f  are 
given  by  (84).  Consequently,  when  we  differentiate  the  above  equation,  the  result- 
ing equation  reduces  to  f  =  0,  which  shows  that  the  normal  plane  to  the  curve 
at  each  point  passes  through  the  center  of  the  sphere.  If  this  equation  be  differen- 
tiated, we  get  rj  =  p ;  hence  the  center  of  the  sphere  is  on  the  polar  line  for  each 
point.  Another  differentiation  gives,  together  with  the  preceding,  the  following 
coordinates  of  the  center  of  the  sphere : 

(91)  £  =  0,        ,  =  p,        f  =  -rp'. 

When  the  last  of  these  equations  is  differentiated  we  obtain  the  desired  condition 

(92)  £  +  (TP')'=O. 

Conversely,  when  this  condition  is  satisfied,  the  point  with  the  coordinates  (91)  is 
fixed  in  space  and  at  constant  distance  from  points  of  the  curve.  A  curve  which 
lies  upon  a  sphere  is  called  a  spherical  curve.  Hence  equation  (92)  is  a  necessary 
and  sufficient  condition  that  a  curve  be  spherical. 


EXAMPLES 

1.  Let  C  be  a  plane  curve  and  Ci  an  orthogonal  trajectory  of  the  normals  to  C. 
Show  that  the  segments  of  these  normals  between  C  and  C\  are  of  the  same  length. 

2.  Let  C  and  Ci  be  two  curves  in  the  same  plane,  and  say  that  the  points  corre- 
spond in  which  the  curves  are  met  by  a  line  through  a  fixed  point  P.    Show  that 
if  the  tangents  at  corresponding  points  are  parallel,  the  two  curves  are  similar 
and  P  is  the  center  of  similitude. 

8.  The  locus  of  the  point  of  projection  of  a  fixed  point  P  upon  the  tangent  to 
a  curve  C  is  called  the  pedal  curve  of  C  with  respect  to  P.  Show  that  if  r  is  the 
distance  from  P  to  a  point  M  on  C,  and  0  the  angle  which  the  line  PM  makes 
with  the  tangent  to  C  at  3/,  the  arc  Si  and  radius  of  curvature  pi  of  the  pedal 
curve  are  given  by  2 

•t  =  I  —  ds.         pi  = , 

J  P  2r-psin0 

where  s  and  p  are  the  arc  and  the  radius  of  curvature  of  C. 

4.  Find  the  intrinsic  and  parametric  equations  of  a  plane  curve  which  is  such 
that  the  segment  on  any  tangent  between  the  point  of  contact  and  the  projection 
of  a  fixed  point  is  of  constant  length. 

5.  Find  the  intrinsic  equation  of  the  plane  curve  which  meets  under  constant 
angle  all  the  lines  passing  through  a  fixed  point. 

6.  The  plane  curve  which  is  such  that  the  locus  of  the  mid-point  of  the  seg- 
ment of  the  normal  between  a  point  of  the  curve  and  the  center  of  curvature  is 
a  straight  line  is  the  cycloid  whose  intrinsic  equation  is  p2  +  a2  =  a2. 

7.  Investigate  the  curve  which  is  the  locus  of  the  point  on  the  principal  normal 
of  a  given  curve  and  at  constant  distance  from  the  latter. 
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18.  Osculating  sphere.  Consider  any  curve  whatever  referred 
to  its  moving  trihedral.  The  point  whose  coordinates  have  the 
values  (91)  lies  on  the  normal  to  the  osculating  plane  at  the 
center  of  curvature,  that  is,  on  the  polar  line.  Consequently 
the  moving  sphere  whose  center  is  at  this  point,  and  whose 
radius  is  V/j2  +  r2ph\  cuts  the  osculating  plane  in  the  osculating 
circle.  This  sphere  is  called  the  osculating  sphere  to  the  curve  at 
the  point.  We  shall  derive  the  property  of  this  sphere  which 
accounts  for  its  name. 

When  the  tangent  to  a  curve  at  a  point  M  is  tangent  likewise 
to  a  sphere  at  this  point,  the  center  of  the  sphere  lies  in  the  normal 
plane  to  the  curve  at  M.  If  E  denotes  its  radius  and  the  curve  is 
referred  to  the  trihedral  at  J/,  the  coordinates  of  the  center  C  of  the 
sphere  are  of  the  form  (0,  yv  zj  and  y*  +  z?  =  R*.  Let  P(x,  y,  z) 
be  a  point  of  the  curve  near  J/,  and  Q  the  point  in  which  the  line 
CP  cuts  the  sphere.  If  PQ  be  denoted  by  8,  we  have,  from  (53), 


which  reduces  to 


Hence  8  is  of  the  second  order,  in  comparison  with  JlfP,  unless 
yl  =  />,  that  is,  unless  the  center  is  on  the  polar  line  ;  then  it  is 
of  the  third  order  unless  z1  =  —  p'r,  in  which  case  the  sphere  is 
the  osculating  sphere.  Hence  we  have  the  theorem  : 

The  osculating  sphere  to  a  curve  at  a  point  has  contact  with  the 
curve  of  the  third  order;  other  spheres  with  their  centers  on  the 
polar  line,  and  tangent  to  the  curve,  have  contact  with  the  curve  of 
the  second  order;  all  other  spheres  tangent  to  the  curve  at  a  point 
have  contact  of  the  first  order. 

The  radius  of  the  osculating  sphere  is  given  by 


and  the  coordinates  of  the  center,  referred  to  fixed  axes  in  space,  are 
(94)       xl  =  J-  +  pi  —  p'r\,     yl  =  y  +  pm  —  p'r/i^     z^= 


, 
pn  —  p  TV. 
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Hence  when  p  is  constant  the  centers  of  the  osculating  sphere 
and  the  osculating  circle  coincide.  Then  the  radius  of  the  sphere  is 
necessarily  constant.  Conversely,  it  follows  from  the  equation  (93) 
IP  that  a  necessary  and  sufficient  condition  that  R  be  con- 
stant is 
\pi  a 


that  is,  either  the  curvature  is  constant,  or  the  curve 
is  spherical. 

If  equations  (94)  be  differentiated  with  respect  to  «, 

we  get 


(95) 


'i=-A*[;+V/]i 


2  =  — 


From  these  expres- 
sions it  is  seen  that 
the  center  of  the 
osculating  sphere  is 
fixed  only  in  case 
of  spherical  curves. 
Also,  the  tangent  to 
the  locus  of  the  cen- 
ter is  parallel  to  the 
binormal.  Combin- 
ing this  result  with 
a  previous  one,  we 
have  the  theorem: 
The  polar  line  for  a  point  on  a  curve  is  tangent  to  the  locus  of  the 
center  of  the  osculating  sphere  to  the  curve  at  the  corresponding  point. 

This  result  is  represented  in  fig.  5,  in  which  the  curve  is  the 
locus  of  the  points  M\  the  points  (7,  Clf  C2,  •  •  •  are  the  correspond- 
ing centers  of  curvature  ;  the  planes  MCN,  M^C^N^  •  •  •  are  normal 
to  the  curve  ;  the  lines  CP,  C^P^  •  •  •  are  the  polar  lines  ;  and  the 
points  Pj  Pr  P2,  •  •  •  are  the  centers  of  the  osculating  spheres. 


FIG.  5 
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19.  Bertrand  curves.  Bertrand  proposed  the  following  problem  : 
To  determine  the  curves  whose  principal  normals  are  the  principal 
normals  of  another  curve.  In  solving  this  problem  we  make  use  of 
the  moving  trihedral.  We  must  find  the  necessary  and  sufficient 
condition  that  the  point  J/t  (|  =  0,  ij  =  k,  £  =  0)  generate  a  curve  Cl 
whose  principal  normal  coincides  with  the  7^-axis  of  the  moving 
trihedral.  Since  the  point  M^  remains  on  the  moving  ?/-axis,  we 
have  rf|  =  d£=  0.  And  since  J/:  tends  to  move  at  right  angles  to 
this  axis,  Srj  =  0.  Now  equations  (82)  reduce  to 

(96)  ^  =  1-*,          f  =  0,          *?  =  -*. 

as  p  as  ds         r 

From  the  second  we  see  that  k  is  a  constant.  Moreover,  if  a  denotes 
the  angle  which  the  tangent  at  Ml  makes  with  the  tangent  at  Jtf, 
we  have,  from  the  first  and  third  of  these  equations, 

S£  Jcp 

tan  QJ  =  — -  =  —         — , 
or  d£      r  (k  —  p) 

Q_.  sin  to      cos  ft>  _  sin  o> 

(»<)  = — - — 

*  p  T  k 

We  have  seen  (§  11)  that  according  as  T  is  positive  or  negative, 
the  osculating  plane  to  a  curve  at  a  point  31'  near  J/  cuts  the 
polar  line  for  M  below  or  above  the  osculating  plane  at  M.  From 
these  considerations  it  follows  that  when  T  >  0,  o>  is  in  the  third, 
fourth,  or  first  quadrants  according  as  k>  p,  Q<k< p,  or  &  <  0  ; 
and  when  r  <  0,  o>  is  in  the  second,  first,  or  fourth  quadrant, 
accordingly.  It  is  readily  found  that  these  results  are  consistent 
with  equation  (97). 

By  means  of  (97)  it  is  found  from  (96)  that 


ds      \\ds/      \ds/  J          rsino) 

the  negative  sign  being  taken  so  that  the  left-hand  member  may 
be  positive. 

Thus  far  we  have  expressed  only  the  condition  that  the  locus 
of  Ml  cut  the  moving  q-axis  orthogonally,  but  not  that  this  axis 
shall  be  the  principal  normal  to  the  curve  Cl  also.  For  this  we 
consider  the  moving  trihedral  for  Cl  and  let  at,  b^  cr  denote  the 
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direction-cosines  with  respect  to  it  of  a  fixed  direction  in  space, 
as  MVD  in  fig.  6.    They  satisfy  equations  similar  to  (85),  namely 


FIG.  6 


If  a,  5,  c  are  the  direction-cosines  of  the 
same  direction,  with  respect  to  the  mov- 
ing trihedral  at  M,  we  must  have  al  =  a  cos  &>  +  c  sin  o>, 
i  =  J,  ^  =  _  a  sin  &>  +  c  cos  ro,  for  all  possible  cases, 
as  enumerated  above.    When  these  values  are  sub- 
stituted in  the  above  equations,  we  get,  by  means 
of  (98), 


[ 


cos  ft)      sin  cu 
-  H r 


k 


PJT  sin  a) 


\  da>       n 
(c  cos  ft)  —  a  sin  to)  —  =  0, 

ds 
sin  a)  .  sin  o)      cos  col 

~7T   "V. 


~r  sin  ft)      cos  <u      sin  a)"]         fsii 

+  - U+    — , 

kp  Pl  rl    J         I    k 

k        1 1  •  dot      A 

-  o  +  (c  sm  &)  +  a  cos  &))  -—  =  0. 
T,T  sin  to  a« 

1  -i  « 


COS  ft) 


Since  these  equations  must  be  true  for  every  fixed  line,  the  coeffi- 
cients of  a,  6,  c  in  each  of  these  equations  must  be  zero.  The 
resulting  equations  of  condition  reduce  to 

k* 


(100) 


<u  =  const., 


TT    = 


sin  ft) 


sin  a)      cos  ft)      sin  ft)      A 
I       -      =  0. 

Pi  Ti  * 


Since  w  is  a  constant,  equation  (97)  is  a  linear  relation  between 
the  first  and  second  curvatures  of  the  curve  C.  And  the  last  of 
equations  (100)  shows  that  a  similar  relation  holds  for  the  curve  Cr 
Conversely,  given  a  curve  C  whose  first  and  second  curvatures 
satisfy  the  relation 
(101)  ~  +  f  =  4 

where  A,  B,  C  are  constants  different  from  zero ;  if  we  take 


COt  ft)  = » 

A 
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and  for  p^  and  TI  the  values  given  by  (100),  equations  (99)  are  sat- 
isfied identically,  and  the  point  (0,  k,  0)  on  the  principal  normal 
generates  the  curve  Cv  conjugate  to  C.  We  gather  these  results 
about  the  curves  of  Bertrand  into  the  following  theorem: 

A  necessary  and  sufficient  condition  that  the  principal  normals 
of  one  curve  be  the  principal  normals  of  a  second  is  that  a  linear 
relation  exist  between  the  first  and  second  curvatures;  the  distance 
between  corresponding  points  of  the  two  curves  is  constant,  the  oscu- 
lating planes  at  these  points  cut  under  constant  angle,  and  the  torsions 
of  the  two  curves  have  the  same  sign. 

We  consider,  finally,  several  particular  cases,  which  we  have 
excluded  in  the  consideration  of  equation  (101). 

When  (7  =  0  and  A  =£  0,  the  ratio  of  p  and  r  is  constant.  Hence 
the  curve  is  a  helix  and  its  conjugate  is  at  infinity.  When  .4  =  0, 
that  is,  when  the  curve  has  constant  torsion,  the  conjugate  curve 
coincides  with  the  original.  When  A  =  C  =  Q,  k  is  indeterminate ; 
hence  plane  curves  admit  of  an  infinity  of  conjugates,  —  they  are 
the  curves  parallel  to  the  given  curve.  The  only  other  curve 
which  has  more  than  one  conjugate  is  a  circular  helix,  for  since 
p  and  T  are  constant,  A/C  can  be  given  any  value  whatever ;  both 
the  given  helix  and  the  circular  helices  conjugate  to  it  are  traced 
on  circular  cylinders  with  the  same  axis. 

20.  Tangent  surface  of  a  curve.  For  the  further  discussion  of 
the  properties  of  curves  it  is  necessary  to  introduce  certain  curves 
and  surfaces  which  can  be  associated  with  them.  However,  in  con- 
sidering these  surfaces  we  limit  our  discussion  to  those  properties 
which  have  to  do  with  the  associated  curves,  and  leave  other  con- 
siderations to  their  proper  places  in  later  chapters. 

The  totality  of  all  the  points  on  the  tangents  to  a  twisted  curve  C 
constitute  the  tangent  surface  of  the  curve.  As  thus  defined,  the  sur- 
face consists  of  an  infinity  of  straight  lines,  which  are  called  the 
generators  of  the  surface.  Any  point  P  on  this  surface  lies  on  one 
of  these  lines,  and  is  determined  by  this  line  and  the  distance  t  from 
P  to  the  point  M  where  the  line  -ouches  the  curve,  as  is  shown  in 
fig.  7.  If  the  coordinates  .r,  y,  ;  of  M  are  expressed  in  terms  of  the 
arc  «,  the  coordinates  of  P  art  given  by 

(102)  t-z  +  Jt,     '  zty  +  tft,     $=z  ,'zt, 
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where  the  accents  denote  differentiation  with  respect  to  s.    When 
the  equations  of  the  curve  have  the  general  form 

the  coordinates  of  P  can  be  expressed  thus : 


(103) 
where 


t=fs(u)+vf'(u), 


v  = 


From  this  it  is  seen  that  v  is  equal  to  the  distance  MP  only  when  « 

is  the  parameter. 

As  given  by  equations  (102)  or  (103),  the  coordinates  of  a  point 

on  the  tangent  surface  are  functions  of  two  parameters.  A  rela- 
tion between  these  parameters, 
such  as 


defines  a  curve  which  lies  upon 
the  surface.  For,  when  this 
equation  is  solved  for  t  in  terms 
of  s  and  the  resulting  expres- 

sion is  substituted  in  (102),  the  coordinates  £,  77,  £  are 
functions  of  a  single  parameter,  and   consequently  the 
locus  of  the  point  (f,  ?;,  £)  is  a  curve  (§  1). 

By  definition,  the  element  of  arc  of  this  curve  is  given  by 
da*  =  d%*  +  d  rf  +  d%  2.  This  is  expressible  by  means  of  (102)  and 
(41)  in  the  form 


da*  =    \  +  -   ds2  +  2dsdt  +  dt\ 


(105) 


where  t  is  supposed  to  be  the  expression  in  s  obtained  from  (104), 
and  p  is  the  radius  of  curvature  of  the  curve  (7,  of  which  the  sur- 
face is  the  tangent  surface.  This  result  is,  true  whatever  be  the 
relation  (104).  Hence  equuti<  <i  105)  gives  the  element  of  length 
of  any  curve  on  the  surface,  and  da-  is  called  the  linear  element  of 
the  surface. 

According  as  t  in  equations  (10?)  has  a  positive  or  negative 
value,  the  point  ^  s  on  the  portion   \f  the  tangent  drawn  in  the 
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positive  direction  from  the  curve  or  in  the  opposite  direction.  It 
is  now  our  purpose  to  get  an  idea  of  the  form  of  the  surface  in  the 
neighborhood  of  the  curve. 

In  consequence  of  (53)  equations  (102)  can  be  written 


1  p' 


2f> 


r=  - 


6  pr 

The  plane  f  =  0  cuts  the  surface  in  a  curve  F.    The  point  J/0  of  (7, 

at  which  s  =  0,  is  also  a  point  of  F.    From  the  above  expression 

for  f  it  is  seen  that  for  points  of  F  near 

J/0  the  parameters  «  and  t  differ  only  in 

sign.    Hence,  neglecting  powers  of  *  and 

t  of  higher  orders,  the  equations  of  F  in 

the  neighborhood  of  J/0  are 


By  eliminating  t  from  the  last  two  equu- 
tions,  we  find  that  in  the  neighborhood  of 
J/o  the  curve  F  has  the  form  of  a  semi- 
cubical  parabola  with  the  7/-axis,  that  is 
the  principal  normal  to  C,  for  cuspidal 
tangent.  Since  any  point  of  the  curve  C 
can  be  taken  for  J/0,  we  have  the  theorem  : 

The  tangent  surface  of  a  curve  consists  of  two  sheets,  corresponding 
respectively  to  positive  and  negative  values  of  t,  which  are  tangent  to 
one  another  along  the  curve,  and  thus  form  a  sharp  edge. 

On  this  account  the  curve  is  called  the  edge  of  regression  of  the 
surface.  An  idea  of  the  form  of  the  surface  may  be  had  from  fig.  8. 

21.  Involutes  and  evolutes  of  a  curve.  When  the  tangents  of  a 
curve  C  are  normal  to  a  curve  Cr  the  latter  is  called  an  involute  of 
C,  and  C  is  called  an  evolute  of  Cr  As  thus  defined,  the  involutes 
of  a  twisted  curve  lie  upon  its  tangent  surface,  and  those  of  a 
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plane  curve  in  its  plane.  The  latter  is  only  a  particular  case  of  the 
former,  so  that  the  problem  of  finding  the  involutes  of  a  curve  is 
that  of  finding  the  curves  upon  the  tangent  surface  which  cut  the 
generators  orthogonally. 

We  write  the  equations  of  the  tangent  surface  in  the  form 

£  =  x  +  at,     i]  =  y  +  fit,     £=z  +  yt. 

Assuming  that  *  is  the  parameter  of  the  curve,  the  problem  reduces 
to  the  determination  of  a  relation  between  t  and  «  such  that 


By  means  of  (50)  this  reduces  to  dt  +  ds  =  Q,  so  that  t  =  c  —  s, 
where  c  is  an  arbitrary  constant.  Hence  the  coordinates  xv  y^  zl 
of  an  involute  are  expressible  in  the  form 

(106)     xv  =  x  +  <*(<?  —  «),     yl  =  y  +  ^(c  —  s),     zl=  z  +  y(c  —  s~). 

Corresponding  to  each  value  of  c  there  is  an  involute ;  consequently 
a  curve  has  an  infinity  of  involutes.  If  two  involutes  correspond 
to  values  cv  and  c?2  of  c,  the  segment  of  each  tangent  between  the 
curves  is  of  length  cl—  c2.  Hence  the  involutes  are  said  to  form  a 

system  of  parallel  curves  on  the 
tangent  surface. 

When  « is  known  the  involutes 
are  given  directly  by  equations 
(106).  Hence  the  complete  de- 
termination of  the  involutes  of  a 
,c  given  curve  requires  one  quad- 
rature at  most. 

From  the  definition  of  t  and 
its  above  value,  an  involute  can 
be  generated  mechanically  in  the  following  manner,  as  represented 
in  fig.  9.  Take  a  string  of  length  c  and  bring  it  into  coincidence 
with  the  curve,  with  one  end  at  the  point  «  =  0 ;  call  the  other 
end  A.  If  the  former  point  be  fixed  and  the  string  be  unwound 
gradually  from  the  curve  beginning  at  A,  this  point  will  trace  out 
an  involute  on  the  tangent  surface. 

By  differentiating  equations  (106),  we  get 

,        n(c  —  s) 

—  u.*,     dz.  =  — — 

P 


FIG.  9 


, 
dx,  = 


, 
as, 


,        m(c— 

ay.  =  —  - 


, 
ds. 
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Hence  the  tangent  to  an  involute  is  parallel  to  the  principal  nor- 
mal of  the  curve  at  the  corresponding  point,  and  consequently  the 
tangents  at  these  points  are  perpendicular  to  one  another. 

As  an  example  of  the  foregoing  theory,  we  determine  the  involutes  of  the  cir- 
cular helix,  whose  equations  are 

x  =  a  cos  H,    y  =  a  sin  u,    z  =  an  cot  0, 

where  a  is  the  radius  of  the  cylinder  and  0  the  constant  angle  which  the  tangent  to 
the  curve  makes  with  axis  of  the  cylinder.  Xow 

—  sinu,  cosu,  cot0 

a  =  a  cosec  6  •  it,        a,  /3,  y  =  -  •  -- 

cosec  e 

Hence  the  equations  of  the  involutes  are 

Zi  =  o  cos  u  +  (au  —  c  sin  0)sin  u,     y\  =  a.  sin  u  —  (au  —  c  sin  6)  cos  u,     Zi  =  c  cos  6, 

From  the  last  of  these  equations  it  follows  that  the  involutes  are  plane  curves 
whose  planes  are  normal  to  the  axis  of  the  cylinder,  and  from  the  expressions  for 
Xi  and  j/i  it  is  seen  that  these  curves  are  the  involutes  of  the  circular  sections  of 
the  cylinder. 

We  proceed  to  the  inverse  problem  : 
Criven  a  curve  C,  to  find  ih  evolutes. 

The  problem  reduces  to  the  determination  of  a  succession  of 
\ngrmals  to  C  which  are  tangent  to  a  curve  C'0.    If  J/0  be  the  point 
on  C0  corresponding  to  M  on  C,  it  lies  in  the  normal  plane  to  C  at 
3f,  and  consequently  its  coordinates  are  of  the  form 


where  p  and  q  are  the  distances  from  M0  to  the  binormal  and  prin- 
cipal normal  respectively.  These  quantities  p  and  q  must  be  such 
that  the  line  J/"0J/  is  tangent  to  the  locus  of  J/,  at  this  point,  that 
is,  we  must  have 


where  *  denotes  a  factor  of  proportionality.     When  the  above 
values  are  substituted  in  these  equations,  we  get 


p 

and  two  other  equations  obtained  by  replacing  a,  7,  X  by  y8,  wz,  p 
and  7,  H,  v.    Hence  the  expressions  in  parentheses  vanish.    From 
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the  first  it  follows  that  p  is  equal  to  p  ;  consequently  M0  lies  on 
the  polar  line  of  C  at  M.    The  other  equations  of  condition  can  be 

written 

dp      a  da      p 

Jl  +  *  +  /MCa»0,  JL-r  +  qK==0. 

as      T  as      r 

Eliminating  /c,  we  get 


/ds 
—  »  and  obtain  by 


-  =  tan  (CD  +  c), 
P 

where  c  is  the  constant  of  integration.  As  c  is  arbitrary,  there  is 
an  infinity  of  evolutes  of  the  curve  C;  they  are  defined  by  the 
following  equations,  in  which  c  is  constant  for  an  evolute  but 
changes  with  it: 

x0  =  x  +  lp  +  \p  tan  (to  -f  <?),         y0  =  y  +  mp  +  up  tan  (to  +  c), 
20  =  3  -f-  w/a  +  vp  tan  (o)  +  c). 

From  the  definition  of  q  it  follows  that  q/p  is  equal  to  the  tangent 
of  the  angle  which  MM0  makes  with  the  principal  normal  to  C  at  M. 
Calling  this  angle  0,  we  have  0  =  w  +  c.  The  foregoing  results  give 
the  following  theorem  : 

A  curve  C  admits  of  an  infinity  of  evolutes  ;  when  each  of  the 
normals  to  C,  which  are  tangent  to  one  of  its  evolutes,  is  turned 
through  the  same  angle  in  the  corresponding  normal  plane  to  C,  these 
new  normals  are  tangent  to  another  evolute  of  C. 

In  fig.  5  the  locus  of  the  points  E  is  an  evolute  of  the  given 
curve. 

Each  system  of  normals  to  C  which  are  tangent  to  an  evolute  C0 
constitute  a  tangent  surface  of  which  C0  is  the  edge  of  regression. 
Hence  the  evolutes  of  C  are  the  edges  of  regression  of  an  infinity 
of  tangent  surfaces,  all  of  which  pass  through  C. 

From  the  definition  of  u  it  follows  that  u  is  constant  only  when  the  curve  C 
is  plane.  In  this  case  we  may  take  w  equal  to  zero.  Then  when  c  =  0  we  have 
the  evolute  Co  in  the  plane  of  the  curve.  The  other  evolutes  lie  upon  the  right 
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cylinder  formed  of  the  normals  to  the  plane  at  points  of  Co,  and  cut  the  elements 
of  the  cylinder  under  the  constant  angle  90°  —  <j,  and  consequently  are  helices. 
Hence  we  have  the  theorem : 

The  evolutes  of  a  plane  curve  are  the  helices  traced  on  the  right  cylinder  whose 
base  -is  the  plane  evolute.  Conversely,  every  cylindrical  helix  is  the  evolute  of  an 
infinity  of  plane  curves. 

EXAMPLES 

1.  Find  the  coordinates  of  the  center  of  the  osculating  sphere  of  the  twisted 
cubic. 

2.  The  angle  between  the  radius  of  the  osculating  sphere  for  any  curve  and  the 
locus  of  the  center  of  the  sphere  is  equal  to  the  angle  between  the  radius  of  the 
osculating  circle  and  the  locus  of  the  center  of  curvature. 

3.  The  locus  of  the  center  of  curvature  of  a  curve  is  an  evolute  only  when  the 
curve  is  plane. 

4.  Find  the  radii  of  first  and  second  curvature  of  the  curve  x  =  a  sin «  cos  M, 
y  =  ocos2u,  z  =  asinw.    Show  that  the  curve  is  spherical,  and  give  a  geometrical 
construction.    Find  its  evolutes. 

5.  Derive  the  properties  of  Bertrand  curves  (§  19)  without  the  use  of  the  moving 
//  trihedral. 

6.  Find  the  involutes  and  evolutes  of  the  twisted  cubic. 

7.  Determine  whether  there  is  a  curve  whose  binomials  are  the  binormals  of  a 
'     second  curve. 

8.  Derive  the  results  of  §  21  by  means  of  the  moving  trihedral. 

22.  Minimal  curves.  In  the  preceding  discussion  we  have  made 
exception  of  the  curves,  defined  by 

x  =/t  (u),         y  =/2  (u),         z  =/8  (M), 
when  these  functions  satisfy  the  condition 
(107)  //2+/2'2+/3'2=0. 

As  these  imaginary  curves  are  of  interest  in  certain  parts  of  the 
theory  of  surfaces,  we  devote  this  closing  section  to  their  discussion. 
The  equation  of  condition  may  be  written  in  the  form 

/f  +  flL  /3 

-/!      fi-ifl 

where  v  is  a  constant  or  a  function  of  u.  These  equations  are 
equivalent  to  the  following: 

(io8)  //:/iV;=!^:,.(!±^:, 
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At  most,  the  common  ratio  is  a  function  of  w,  say  /  (u).  And  so 
if  we  disregard  additive  constants  of  integration,  as  they  can  be 
removed  by  a  translation  of  the  curve  in  space,  we  can  replace 
the  above  equations  by 

(109)       x 


We  consider  first  the  case  when  v  is  constant  and  call  it  a.  If 
we  change  the  parameter  of  the  curve  by  replacing  I  f(u)  du  by  a 
new  parameter  which  we  call  w,  we  have,  without  loss  of  generality, 

1-a2  .1  +  a2 

(110)  x  =  — 2 — u>          y  =  l — o~w'          z  =  au. 

For  each  value  of  a  these  are  the  equations  of  an  imaginary 
straight  line  through  the  origin.  Eliminating  a,  we  find  that  the 
envelope  of  these  lines  is  the  imaginary  cone,  with  vertex  at  the 
origin,  whose  equation  is 

(111)  z2+/+z2=0. 

Every  point  on  the  cone  is  at  zero  distance  from  the  vertex,  and 
from  the  equations  of  the  lines  it  is  seen  that  the  distance  between 
any  two  points  on  a  line  is  zero.  We  call  these  generators  of  the 
cone  minimal  straight  lines.  Through  any  point  in  space  there  are 
an  infinity  of  them ;  their  direction-cosines  are  proportional  to 
1-a2  t.l+a2 

where  a  is  arbitrary.  The  locus  of  these  lines  is  the  cone  whose 
vertex  is  at  the  point  and  whose  generators  pass  through  the  circle 
at  infinity.  For,  the  equation  in  homogeneous  coordinates  of  the 
sphere  of  unit  radius  and  center  at  the  origin  is  ar2  +  y2  +  «2  =  w2, 
so  that  the  equations  of  the  circle  at  infinity  are 

Hence  the  cone  (111)  passes  through  the  circle  at  infinity. 

We  consider  now  the  case  where  v  in  equations  (109)  is  a  function 
of  u.  If  we  take  this  function  of  u  for  a  new  parameter,  and  for 
convenience  call  it  w,  equations  (109)  may  be  written  in  the  form 

/1          -  2  /^"l  _i._       2  /* 

-F(u)du,    y  =  i  I  -^-F(u)du,    z=  I  uF 
4  J         2  J 
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where,  as  is  seen  from  (108),  F(u)  can  be  any  function  of  u  different 
from  zero. 

If  we  replace  F(u)  by  the  third  derivative  of  a  function  f(u), 
thus  F(u)=f'"(u)i  equations  (112)  can  be  integrated  by  parts  and  put 
in  the  form 


/"I  1  O\  ^  *"     t-t       .  2\    _/*///      \  •       -/V>      \      i       •/•/      \ 

y  =  -  (1  4-  u)f  (u)  —  lUJ  (u)  +  l/(w), 

z  =  uf"(u)-f'(u). 

Since  F  must  be  different  from  zero,  f(u)  can  have  any  form  other 
than  cjj?+  c2u  +  c3,  where  c^  c2,  cs  are  arbitrary  constants. 

EXAMPLES 

1.  Show  that  the  tangents  to  a  minimal  curve  are  minimal  lines,  and  that  a 
curve  whose  tangents  are  minimal  lines  is  minimal. 

2.  Show  that  the  osculating  plane  of  a  minimal  curve  can  be  written  (JE"  —  x)A 
"+  (T-  y)  B  +  (Z  -  z)  C  =  0,  where  A2  +  B2  +  C2  =  0.    A  plane  whose  equation  is 

of  this  sort  is  called  an  isotrapic  plane. 

3.  Show  that  through  each  point  of  a  plane  two  minimal  straight  lines  pass 
which  lie  in  the  latter. 

4.  Determine  the  order  of  the  minimal  curves  for  which  the  function /in  (113) 
satisfies  the  condition  4/"'/T  —  5/iv2  =  0. 

5.  Show  that  the  equations  of  a  minimal  curve,  for  which/  in  (113)  satisfies  the 
condition  4/"'/v  —  o/iv2  =  a/'"3,  where  a  is  a  constant,  can  be  put  in  the  form 

8  8  .  8t, 

z  =  -  cos  t .    y  =  -  sin  t .     z  =  —  t. 
a  a  a 

GENERAL  EXAMPLES 

1.  Show  that  the  equations  of  any  plane  curve  can  be  put  in  the  form 

//» 
cos  <f>j(<f>)  d$,        y=  I  sin  <f>  f(d>)d<t> 
J 

and  determine  the  geometrical  significance  of  <f>. 

2.  Prove  that  the  necessary  and  sufficient  condition  that  the  parameter  u  in  the 
equations  z  =/j  (w),  y  =/2(u)  have  the  significance  of  <f>  in  Ex.  1  is 

3.  Prove  that  the  general  protective  transformation  transforms  an  osculating 
plane  of  a  curve  into  an  osculating  plane  of  the  transform. 

4.  The  principal  normal  to  a  curve  is  normal  to  the  locus  of  the  centers  of 
curvature  at  the  points  where  p  is  a  maximum  or  minimum. 
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5.  A  certain  plane  curve  possesses  the  property  that  if  C  be  its  center  of  curva- 
ture for  a  point  P,  Q  the  projection  of  P  on  the  x-axis,  and  T  the  point  where  the 
tangent  at  P  meets  this  axis,  the  area  of  the  triangle  CQT  is  constant.   Find  the 
equations  of  the  curve  in  terms  of  the  angle  which  the  tangent  forms  with  the  x-axis. 

6.  The  binormal  at  a  point  M  of  a  curve  is  the  limiting  position  of  the  common 
perpendicular  to  the  tangents  at  M  and  M',  as  M'  approaches  M. 

7.  The  tangents  to  the  spherical  indicatrices  of  the  tangent  and  binormal  of  a 
twisted  curve  at  corresponding  points  are  parallel. 

8.  Any  curve  upon  the  unit  sphere  serves  for  the  spherical  indicatrix  of  the 
binormal  of  a  curve  of  constant  torsion.    Find  the  coordinates  of  the  curve. 

9.  The  equations 

r  Idk  -  kdl  r  Ml  -  Idh  r  kdh  -  hdk 

X  =  a,  I  »       V  a:  A  I  1       Z  =  d  I  » 

J  h*  +  A?  +  P  J  h*  +  fc«  +  P  J  A*  +  *»  -(-  P 

where  a  is  constant  and  h,  k,  I  are  functions  of  a  single  parameter,  define  a  curve 
whose  radius  of  torsion  is  a. 

10.  If,  in  Ex.  9,  we  have 

h  =  cos/x0  —  -\/£cosX0,     k  =  sinM0  +  -\/£sinX0,     I  =  2  [  - )  cos  — -t-£  0 , 

\  A  \  A  \\/  2 

where  X  and  /*  are  constants  whose  ratio  is  commensurable,  the  integrands  are 
expressible  as  linear  homogeneous  functions  of  sines  and  cosines  of  multiples  of  0, 
and  consequently  the  curve  is  algebraic. 

11.  Equations  (1)  define  a  family  of  circles,  if  a,  6,  r  are  functions  of  a  parameter 
t.  Show  that  the  determination  of  their  orthogonal  trajectories  requires  the  solution 
of  the  Riccati  equation, 

*.!*!,..  .l*tt-* 

dt      r  dt        2rdT 
where  6  —  tan  u/2. 

12.  Find  the  vector  representing  the  rate  of  change  of  the  acceleration  of  a 
moving  point. 

13.  When  a  curve  is  spherical,  the  center  of  curvature  for  the  point  is  the  foot 
of  the  perpendicular  upon  the  osculating  plane  at  the  point  from  the  center  of  the 
sphere. 

t  14.  The  radii  of  first  and  second  curvature  of  a  curve  which  lies  upon  a  sphere 
and  cuts  the  meridians  under  constant  angle  are  in  the  relation  1  +  ar  +  bp2r  =  0, 
where  a  and  b  are  constants. 

15.  An  epitrochoidal  curve  is  generated  by  a  point  in  the  plane  of  a  circle  which 
rolls,  without  slipping,  on  another  circle,  whose  plane  meets  the  plane  of  the  first 
circle  under  constant  angle.  Find  its  equations  and  show  that  it  is  a  spherical  curve. 

16.  If  two  curves  are  in  a  one-to-one  correspondence  with  the  tangents  at 
corresponding  points  parallel,  the  principal  normals  at  these  points  are  parallel 
and  likewise  the  binomials ;  two  curves  so  related  are  said  to  be  deducible  from 
one  another  by  a  transformation  of  Combescure. 

17.  If  two  curves  are  in  a  one-to-one  correspondence  and  the  osculating  planes 
at  corresponding  points  are  parallel,  either  curve  can  be  obtained  from  the  other 
by  a  transformation  of  Combescure. 
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18.  Show  that  the  radius  of  the  osculating  sphere  of  a  curve  is  given  by 
R*  =  r-p*  [z'"2  +  y"'2  +  z""2]  —  T2,  where  the  prime  denotes  differentiation  with 
respect  to  the  arc. 

19.  'At  corresponding  points  of  a  twisted  curve  and  the  locus  of  the  center  of 
its  osculating  sphere  the  principal  normals  are  parallel,  and  the  tangent  to  one 
curve  is  parallel  to  the  binormal  to  the  other  ;  also  the  product  of  the  radii  of 
torsion  of  the  two  curves  is  equal  to  the  product  of  the  radii  of  first  curvature, 
or  to  within  the  sign,  according  as  the  positive  directions  of  the  principal  normals 
are  the  same  or  different. 

20.  Determine  the  twisted  curves  which  are  such  that  the  centers  of  the  spheres 
osculating  the  curve  of  centers  of  the  osculating  spheres  of  the  given  curve  are  points 
of  the  latter. 

21.  Show  that  the  binormals  to  a  curve  do  not  constitute  the  tangent  surface 
of  another  curve. 

22.  Determine  the  directions  of  the  principal  normal  and  binomial  to  an  involute 
of  a  given  curve. 

23.  Show  that  the  equations 

x  =  aj(j>{u)sinudu,       y  =  a  C  <f>  (u)  cos  u  du,      z  =  a  C<p  (u)  $  (u)  du, 

where  <f>  (u)  =  (1  +  f*  +  f*)*  (1  +  ^)~l  and  ^  (u)  is  any  function  whatever,  define  a 
curve  of  constant  curvature. 

24.  Prove  that  when  $  (u)  =  tan  u,  in  example  23,  the  curve  is  algebraic. 

25.  Prove  that  in  order  that  the  principal  normals  of  a  curve  be  the  binor- 

mals of  another,  the  relation  at  —  |  --  )  =  -  must  hold,  where  a  and  6  are  con- 

\p«      T2/      p 

slants.    Show  that  such  curves  are  defined  by  equations  of  example  23  when 


(1  +  V2)  *(1  +  1*  + 

26.  Let  \i,  m,  *i  be  the  coordinates  of  a  point  on  the  unit  sphere  expressed  as 
functions  of  the  arc  <TI  of  the  curve.    Show  that  the  equations 

Z  =  ekf  Xld<ri  ~~  *  cot  u 
y  =  ekfndffi  -  k  cot 

z  =  ekj  »idffi  —  k  cot  u 

where  k  and  u  are  constant,  e  —  ±  1,  and  the  primes  indicate  differentiation  with 
respect  to  «TI,  define  a  Bertrand  curve  for  which  p  and  T  satisfy  the  relation  (97)  ; 
show  also  that  Xlt  m,  v^  are  the  direction-cosines  of  the  binormal  to  the  conjugate 
curve. 


CHAPTER  II 

CURVILINEAR  COORDINATES  ON  A  SURFACE.    ENVELOPES 

23.  Parametric  equations  of  a  surface.  In  the  preceding  chapter 
we  have  seen  that  the  coordinates  of  a  point  on  the  tangent  surface 
of  a  curve  are  expressible  in  the  form 


(1)     *  = 
where 


£=/„(«*), 


are  the  equations  of  the  curve,  and  v  is  proportional  to  the  distance 
between  the  points  (£,  77,  f  ),  (a:,  #,  z)  on  the  same  generator.  Since 
the  coordinates  of  the  surface  are  expressed  by  (1)  as  functions  of 

two  independent  parameters  u,  v, 
the  equations  of  the  surface  may 
be  written 

y  -/,<«,»), 

=/3(w,  v). 

Consider  also  a  sphere  of  radius 
a  whose  center  is  at  the  origin  0 
(fig.  10).  If  v  denotes  the  angle, 
measured  in  the  positive  sense, 
which  the  plane  through  the  z-axis 
and  a  point  M  of  the  sphere  makes 
with  the  22-plane,  and  u  denotes  the  angle  between  the  radius  OM 
and  the  positive  z-axis,  the  coordinates  of  M  may  be  written 


FIG.  10 


(3) 


x  =  a  sin  u  cos  v, 


y  =  a  sin  u  sin  v, 


z  —  a  cos  u. 


Here,  again,  the  coordinates  of  any  point  on  the  sphere  are  ex- 
pressible as  functions  of  two  parameters,  and  the  equations  of  the 
sphere  are  of  the  form  (2)*. 


*  Notice  that  in  this  case  /s  is  a  function  of  u  alone. 
62 
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In  the  two  preceding  cases  the  functions  fv  /2,  fs  have  par- 
ticular forms.  We  consider  the  general  case  where  fv  /2,  f3  are 
any  functions  of  two  independent  parameters  M,  7',  analytic  for  all 
values  of  u  and  v,  or  at  least  for  values  within  a  certain  domain. 
The  locus  of  the  point  whose  coordinates  are  given  by  (2)  for  all 
values  of  u  and  v  in  the  domain  is  called  a  turf  ace.  And  equa- 
tions (2)  are  called  parametric  equations  of  the  surface. 

It  is  to  be  understood  that  one  or  more  of  the  functions  /  may 
involve  a  single  parameter.  For  instance,  any  cylinder  may  be 
defined  by  equations  of  the  form 


If  we  replace  u  and  v  in  (2)  by  independent  functions  of  two 
other  parameters  u^  i\,  thus 

(4)  «  =  *;(«!.  »i).         v  =  *"*(*»  vj* 
the  resulting  equations  may  be  written 

(5)  x  =  ^  (w,,  v,),         y  =  </>2  (wlf  Wj),         2  =  <£,  (MI,  vt). 

If  particular  values  of  ul  and  vr  be  substituted  in  (4)  and  the  result- 
ing values  of  u  and  v  be  substituted  in  (2),  we  obtain  the  values 
of  x,  y^  z  given  by  (5),  when  ul  and  vt  have  been  given  the  par- 
ticular values.  Hence  equations  (2)  and  (5)  define  the  same  sur- 
face, provided  that  F1  and  .F2  are  of  such  a  form  that  ^,  <£2,  08 
satisfy  the  general  conditions  imposed  upon  the  .F's.  Hence  the 
equations  of  a  surface  may  be  expressed  in  parametric  form  in 
the  number  of  ways  of  the  generality  of  two  arbitrary  functions. 

Suppose  the  first  two  of  equations  (2)  solved  for  u  and  v  in 
terms  of  x  and  #,  and  let  u  =  Fl(z,  y),  v  =  /T2(z,  y)  be  a  set  of 
solutions.  When  these  equations  are  taken  as  equations  (4), 
equations  (5)  become 

x  =  x,         y  =  y,          z  =/(ar,  y), 
which  may  be  replaced  by  the  single  relation, 

(6)  *=/(*,  y). 

If  there  is  only  one  set  of  solutions  of  the  first  two  of  equations  (2), 
equation  (6)  defines  the  surface  as  completely  as  (2).  If,  however, 
there  are  n  sets  of  solutions,  the  surface  would  be  defined  by  n 
equations,  z  =f{(x,  y}. 
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It  may  be  said  that  equation  (6)  is  obtained  from  equations  (2) 
by  eliminating  u  and  v.  This  is  a  particular  form  of  elimination, 
the  more  general  giving  an  implicit  relation  between  x,  y,  z,  as 

(7)  F(x,y,z)=0. 

If  we  have  a  locus  of  points  whose  coordinates  satisfy  a  relation 
of  the  form  (6),  it  is  a  surface  in  the  above  sense.  For,  if  we  take 
x  and  y  equal  to  any  analytic  functions  of  u  and  v,  namely  /t  and 
/2,  and  substitute  in  (6),  we  obtain  z  =/8(w,  v). 

In  like  manner  equation  (7)  may  be  solved  for  2,  and  one  or  more 
equations  of  the  form  (6)  obtained,  unless  z  does  not  appear  in  (7). 
In  the  latter  case  there  is  a  relation  between  x  and  y  alone,  so  that 
the  surface  is  a  cylinder  whose  elements  are  parallel  to  the  z-axis, 
and  its  parametric  equations  are  of  the  form 

x  =/i  (w)'      y  =/a  (w)>      z  =/8  (u"> v)- 

Hence  a  surface  can  be  denned  analytically  by  equations  (2), 
(6),  or  (7).  Of  these  forms  the  last  is  the  oldest.  It  was  used 
exclusively  until  the  time  of  Monge,  who  proposed  the  form  (6); 
the  latter  has  the  advantage  that  many  of  the  equations,  which 
define  properties  of  the  surface,  are  simpler  in  form  than  when 
equation  (7)  is  used.  The  parametric  method  of  definition  is  due 
to  Gauss.  In  many  respects  it  is  superior  to  both  of  the  other 
methods.  It  will  be  used  almost  entirely  in  the  following 
treatment. 

24.  Parametric  curves.  When  the  parameter  u  in  equations  (2) 
is  put  equal  to  a  constant,  the  resulting  equations  define  a  curve  on 
the  surface  for  which  v  is  the  parameter.  If  we  let  u  vary  continu- 
ously, we  get  a  continuous  array  of  curves  whose  totality  consti- 
tutes the  surface.  Hence  a  surface  may  be  considered  as  generated 
by  the  motion  of  a  curve.  Thus  the  tangent  surface  of  a  curve  is 
described  by  the  tangent  as  the  point  of  contact  moves  along  the 
curve ;  and  a  sphere  results  from  the  revolution  of  a  circle  about 
a  diameter. 

We  have  just  seen  that  upon  a  surface  (2)  there  lie  an  infinity 
of  curves  whose  equations  are  given  by  equations  (2),  when  u  is 
constant,  each  constant  value  of  u  determining  a  curve.  We  call 
them  the  curves  u  =  const,  on  the  surface.  In  a  similar  way, 
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there  is  an  infinite  family  of  curves  v  =  const.*  The  curves  of 
these  two  families  are  called  the  parametric  curves  for  the  given 
equations  of  the  surface,  and  u  and  v  are  the  curvilinear  coordinates 
of  a  point  upon  the  surface.f  We  say  that  the  positive  direction 
of  a  parametric  curve  is  that  in  which  the  parameter  increases. 
If  we  replace  v  in  equations  (2)  by  a  function  of  w,  say 

(8)  f  =  <£(«), 

the  coordinates  x,  y,  z  are  functions  of  a  single  parameter  t/,  and 
consequently  the  locus  of  the  point  (a:,  y,  z)  is  a  curve.  Hence 
equation  (8)  defines  a  curve  on  the  surface  (2).  For  example, 
the  equation  v  =  au  defines  a  helix  on  the  cylinder 

x  =  a  cos  w,         y  —  a  sin  w,         z  =  v. 
Frequently  equation  (8)  is  written  in  the  implicit  form, 

(9)  F(u,  v)  =  0. 

Conversely,  any  curve  upon  the  surface  is  defined  by  an  equation 
of  this  form.  For,  if  t  be  the  parameter  of  the  curve,  both  u  and  v  in 
equations  (2)  are  functions  of  t;  thus  u=<f>l(t),  v  =  (f>a(t).  Elimi- 
nating t  between  these  equations,  we  get  a  relation  such  as  (9). 

We  return  to  the  consideration  of  the  change  of  parameters, 
defined  by  equations  (4).  To  a  pair  of  values  of  ul  and  i\  there 
correspond  unique  values  of  u  and  v.  On  the  contrary,  it  may 
happen  that  another  pair  of  values  of  wx  and  vl  give  the  same 
values  of  u  and  r.  But  the  values  of  x,  y,  z  given  by  (5)  will  be 
the  same  in  both  cases  ;  this  follows  from  the  manner  in  which 
these  equations  were  derived.  On  this  account  when  equations  (4) 
are  solved  for  ul  and  i\  in  terms  of  u  and  i>,  and  there  is  more 
than  one  set  of  solutions,  we  must  specify  which  solution  will 
be  used.  We  write  the  solution 

(10)  M^fc^w,  r),         VI==<|>S(M,  v). 

In  terms  of  the  original  parameters,  the  parametric  lines  u^  =  const. 
and  vl=  const,  have  the  equations, 


*  On  the  sphere  defined  by  equations  (3)  the  carves  v  =  const,  are  meridians  and 
u=  const,  parallels. 

+  When  a  plane  is  referred  to  rectangular  coordinates,  the  parametric  lines  are  the 
two  families  of  straight  lines  parallel  to  the  coordinate  axes. 
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where  a  and  b  denote  constants.  Unless  u  or  v  is  absent  from 
either  of  these  equations  the  curves  are  necessarily  distinct  from 
the  parametric  curves  u  =  const,  and  v  =  const.  Suppose,  now,  that 
v  does  not  appear  in  ^l ;  then  ul  is  constant  when  u  is  constant, 
and  vice  versa.  Consequently  a  curve  wx  =  const,  is  a  member  of 
the  family  of  curves  u  =  const.  Hence,  when  a  transformation  of 
parameters  is  made  by  means  of  equations  of  the  form 


Or  M^V),  »!=,(«*), 

the  two  systems  of  parametric  curves  are  the  same,  the  difference 
being  in  the  value  of  the  parameter  which  is  constant  along  a  curve. 

EXAMPLES 

1.  A  surface  which  is  the  locus  of  a  family  of  straight  lines,  which  meet  another 
straight  line  orthogonally  and  are  arranged  according  to  a  given  law,  is  called  a 
right  conoid ;  its  equations  are  of  the  form  x  =  u  cos  i>,  y  =  u  sin  v,  z  =  <f>(v).    Show 
that  when  <p  (o)  =  a  cot »  +  b  the  conoid  is  a  hyperbolic  paraboloid. 

2.  Find  the  equations  of  the  right  conoid  whose  axis  is  the  axis  of  z,  and  which 

y3      z2 

passes  through  the  ellipse  x  —  a, 1 —  =  1. 

o2      e2 

3.  When  a  sphere  of  radius  a  is  defined  by  (3),  find  the  relation  between  u  and 
»  along  the  curve  of  intersection  of  the  sphere  and  the  surface  x*  +  y*  +  z*  =  ^  a4. 
Show  that  the  curves  of  intersection  are  four  great  circles. 

4.  Upon  the  surface  x  =  v «2  +  £  cos v,  y  =  vu>  +  £  sin »,  z  =  u,  determine  the 
curves  whose  tangents  make  with  the  z-axis  the  angle  tan-1  V2.    Show  that  two 
of  these  curves  pass  through  every  point,  and  find  their  radii  of  first  and  second 
curvature. 

25.  Tangent  plane.  A  tangent  line  to  a  curve  upon  a  surface 
is  called  a  tangent  line  to  the  surface  at  the  point  of  contact.  It  is 
evident  that  there  are  an  infinity  of  tangent  lines  to  a  surface  at  a 
point.  We  shall  show  that  all  of  these  lines  lie  in  a  plane,  which 
is  called  the  tangent  plane  to  the  surface  at  the  point. 

To  this  end  we  consider  a  curve  C  upon  a  surface  and  let 
M(XJ  y,  z)  be  the  point  at  which  the  tangent  is  drawn.  The 
equations  of  the  tangent  are  (§  4) 

f-s = v-y _ Z~z _ ^ 

dx          dy          dz 
ds  ds  ds 
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where  f,  77,  £  are  the  coordinates  of  a  point  on  the  line,  depending 
for  their  values  upon  the  parameter  X.  If  the  equation  in  curvi- 
linear coordinates  of  the  curve  C  is  #  =  <£(?/),  the  above  equations 

mav  be  written 

fc  -v  icx  ,    ,,cx\du 

t  —  z  =  \[ H  <t> —    — » 

\0»         cv)  ds 

'.          cv/  ds 

£  —  2  =  M—  +  <£'  — )  — , 
cu  as 

where  the  prime  indicates  differentiation.  In  order  to  obtain  the 
locus  of  these  tangent  lines,  we  eliminate  <f>'  and  \  from  these 
equations.  This  gives 

,£  —  *    i)  —  y    (T— 


(11) 


ex 
cu 
te 
cv 


cu 


cv 


cu    I  =  0, 
cz 


which  evidently  is  the  equation  of  a  plane  through  the  point  M. 
The  normal  to  this  plane  at  the  point  of  contact  is  called  the 
norjnal  to  the  surface  at  the  point. 

As  an  example,  we  find  the  equation  of  the  tangent  plane  to  the  tangent  surface 
of  a  curve  at  any  point.  If  the  values  from  (1)  be  substituted  in  equation  (11), 
the  resulting  equation  is  reducible  to 


=o. 


Hence  the  equation  of  the  tangent  plane  is  independent  of  r,  and  depends  only 
upon  K.    In  consequence  of  (I,  36)  *  we  have  the  theorem : 

The  tangent  plane  to  the  tangent  surface  of  a  curve  is  the  same  at  all  points  of  a 
generator;  it  is  the  osculating  plane  of  the  curve  at  the  point  where  the  generator 
touches  the  curve. 

When  the  surface  is  defined  by  an  equation  of  the  form  F(z,  y,  z)  =  0,  we 
imagine  that  z,  y,  z  are  functions  of  u  and  t,  and  differentiate  with  respect  to 
the  latter.  This  gives 

cF  ex      cF  cy      cF  tz  cF  ex      cF  cy       cF  cz 

1 _-| —  o    1 ±.^ —  Q 

cz  cu   cy  cu   cz  cu       cz  CD   cy  ro   cz  cv 


*  In  references  of  this  sort  the  Roman  numerals  refer  to  the  chapter. 
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By  means  of  these  equations  the  equation  (11)  of  the  tangent  plane  can  be  given 
the  form 


When  the  Monge  form  of  the  equation  of  a  surface,  namely  z  =  f(x,  y),  is  used, 
it  is  customary  to  put 

<'«>  S  =  »        !  =  * 

Consequently  the  equation  of  the  tangent  plane  is 

(15)  (£  -x)p  +  (i-y)q-(t-z)  =  0. 

In  the  first  chapter  we  found  that  a  curve  is  defined  by  two  equations  of  the  form 

(16)  F!(X,  y,  z)  =  0,  Fa(x,y,«)  =  0. 

Hence  a  curve  is  the  locus  of  the  points  common  to  two  surfaces.    The  equa- 
tions of  the  tangent  to  the  curve  are 


dx  dy  dz 

where  dx,  dy,  dz  satisfy  the  relations 

— -  dx  +  — -  dy  -\ dz  =  0,         : — -  dx  -\ dy  ^ dz  =  0. 

dx  dy  dz  dx  dy  dz 

Consequently  the  equations  of  the  tangent  can  be  put  in  the  form 

\         /  ti  E*       2  E1  a  XT*       a  1?  £  XT'       a  t1  ^I^HE1  n'C'ai?  S  XT'       a  Z71 


dy     dz        dz    dy        dz    dx        dx     dz        dx    dy 

Comparing  this  result  with  (13),  we  see  that  the  tangent  line  to  a  curve  at  a  point  M 
is  the  intersection  of  the  tangent  planes  at  M  to  two  surfaces  which  intersect  along 
the  curve. 

EXAMPLES 

1.  Show  that  the  volume  of  the  tetrahedron  formed  by  the  coordinate  planes  and 
the  tangent  plane  at  any  point  of  the  surface  x  =  u,  y  =  v,  z  —  as/uv  is  constant. 

2.  Show  that  the  sum  of  the  squares  of  the  intercepts  of  the  axes  by  the  tan- 
gent plane  to  the  surface 

x  =  u3  sin8B,        y  =  u3  cos'u,        z  =  (a2  -  u2)', 
at  any  point  is  constant. 

3.  Given  the  right  conoid  for  which  <f>(v)  =  a  sin  2  v.    Show  that  any  tangent 
plane  to  the  surface  cuts  it  in  an  ellipse,  and  that  if  perpendiculars  be  drawn 
to  the  generators  from  any  point  the  feet  of  the  perpendiculars  lie  in  a  plane 
ellipse. 
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4.  Show  that  the  tangent  planes,  at  points  of  a  generator,  to  the  right  conoid  for 
which  <£  (c)  =  a  Vtan  u,  meet  the  plane  z  =  0  in  parallel  lines. 

5.  Find  the  equations  of  the  tangent  to  the  curve  whose  equations  are 

ox2  +  by2  +  cz*  =  1, 


6.  Find  the  equations  of  the  tangent  to  the  curve  whose  equations  are 

z(x  +  z)  (x  -  a)  =  a3,        z(y  +  z)  (y  -  a)  =  a3, 
and  show  that  the  curve  is  plane. 

7.  The  distance  from  a  point  M'  of  a  surface  to  the  tangent  plane  at  a  near-by 
point  M  is  of  the  second  order  when  MM'  is  of  the  first  order  ;  and  for  other  planes 
through  M  the  distance  from  M'  is  ordinarily  of  the  first  order. 

26.  One-parameter  families  of  surf  aces.    Envelopes.   An  equation 
of  the  form 

(18)  F(xtytzta)=0 

dafines  an  infinity  of  surfaces,  each  surface  being  determined  by  a 
value  of  the  parameter  a.  Such  a  system  is  called  a  one-parameter 
familyofjsurface*.  For  example,  the  tangent  planes  to  the  tangent 
surface  of  a  twisted  curve  form  such  a  family. 

The  two  surfaces  corresponding  to  values  a  and  a'  of  the  param- 
eter meet  in  a  curve  whose  equations  may  be  written 

,  ,,  a)  =  0,          ^(*,  '' 


a  —  a 

As  a'  approaches  a,  this  curve  approaches  a  limiting  form  whose 
equations  are 

(19)  F(*,y,z,a)=0,          ?f  <*•»«•  ")-0. 

The  curve  thus  denned  is  called  the  characteristic  of  the  surface  of 
parameter  a.  As  a  varies  we  have  a  family  of  these  characteristics, 
and  their  locus,  called  the  envelope  of  the  family  of  surfaces,  is  a 
ice  v/hov  equation  is  obtained  by  eliminating  a  from  the  two 
ec  done  I  This  elimination  maybe  accomplished  by  solving 

tl     second  of  (19)  for  a,  thus: 

a=<f>(xt  y,  z), 

ai        al  ig  in  the  first  with  the  result 

Fx,    ,  2,<=  0. 
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The  equation  of  the  tangent  plane  to  this  surface  is 

(20) 


For  a  particular  value  of  a,  say  <z0,  equations  (19)  define  the  curve 
in  which  the  surface  F(x,  y,  z,  a0)  =  0  meets  the  envelope  ;  and  from 
the  second  of  (19)  it  follows  that  at  all  points  of  this  curve  equa- 
tion (20)  of  the  tangent  plane  to  the  envelope  reduces  to 

dF  ,  dF  .  dF  ... 


This,  however,  is  the  equation  of  the  tangent  plane  to  the  surface 
F(x,  y,  z,  a0)  =  0.  If  we  say  that  two  surfaces  with  the  same  tan- 
gent plane  at  a  common  point  are  tangent  to  one  another,  we  have : 

The  envelope  of  a  family  of  surfaces  of  one  parameter  is  tangent 
to  each  surface  along  the  characteristic  of  the  latter. 

The  equations  of  the  characteristic  of  the  surface  of  parameter  a l  are 
(21)  J^y^aJ-O,  (— )      =0. 

\          /a  =  «i 

This  characteristic  meets  the  characteristic  (19)  in  the  point  whose 
coordinates  satisfy  (19)  and  (21),  or,  what  is  the  same  thing,  equa- 
tions (19)  and 

F(x,y,z,al}-F(x,y,z,a} 

=  u, 


al —  a  a1  —  a 

As  al  approaches  a,  this  point  of  intersection  approaches  a  limiting 
position  whose  coordinates  satisfy  the  three  Aquations 

da  8a2 

If  these  equations  be  solved  for  a:,  y,  z,  we  have 
(23)  *-/»,        y  =/,(*),        *  =  /». 

These  are  parametric  equations  of  a  curve,  which  is  called  the 
edge  of  regression  of  the  envelope. 

\ 
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The  direction-cosines  of  the  tangent  to  the  edge  of  regression 

dx    du    dz      T . 

are  proportional  to  — ,  — ^»  — -.    If  we  imagine  that  a-,  v,  z  in  (19) 
da    da    da 

are  replaced  by  the  values  (23),  and  we  differentiate  these  equa- 
tions with  respect  to  a,  we  get,  in  consequence  of  (22), 

• 

cF  dx      cF  du      cF  dz  1  T       -, 

i     v      I     —  Q  X      " 

cx  da      cy  da      cz  da  <j> 

rF_dx 

j     ' 


ca  cx  da 
From  these  we  obtain 


dy       c2F  dz  _ 
ca  cy  da      ca  cz  da 


dx   dy   dz 
da'  da    da 

dF       dF      dF 

dx        dy       dz 
c-F      c-F      c2F 

ca  cx   ca  cy   ca  cz 

But  from  (17)  it  follows  that  the  minors  of  the  right-hand  mem- 
ber are  proportional  to  the  direction-cosines  of  the  tangent  to  the 
curve  (19).  Hence  we  have  the  theorem: 

The  characteristics  of  a  family  of  surfaces  of  one  parameter  are 
tangent  to  the  edge  of  regression. 

27.  Developable  surfaces.  Rectifying  developable.  A  simple  ex- 
ample of  a  family  of  surfaces  of  one  parameter  is  afforded  by  a 
family  of  planes  of  one  parameter.  Their  envelope  is  called  a 
developable  surface ;  the  full  significance  of  this  term  will  be 
shown  later  (§  43).  The  characteristics  are  straight  lines  which 
are  tangent  to  a  curve,  the  edge  of  regression.  When  the  edge  of 
regression  is  a  point,  the  surface  is  a  cone  orjyvjjnjler,  according 
as  the  is  at  a  finite  or  infinite  distance.  We  exclude  this 

case  f  present  and  assume  that  the  coordinates  x,  y,  z  of  a 

point  .n  K  edge  of  regression  are  expressed  in  terms  of  the  arc  «. 

We  may  write  the  equation  of  the  plane 

(24)  (x-x)a+(Y-y)b  +  (Z-z)c  =  Q, 

where  a,  fi,  c  also  are  functions  of  *.  The  characteristics  are  defined 
by  tbi<  .^qiiation  and  its  derivative  with  respect  to  «,  namely: 

(25)  '  +  (Y-y)V+(Z-z)c'-ax'-by'-cz'=Q. 
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Since  these  equations  define  the  tangent  to  the  curve,  they  must 
be  equivalent  to  the  equations 


X-x     Y—y  ^Z-z 

x'  y'  z' 

Hence  we  must  have 

(26)  ax'  +  by'  +  cz'  =  Q,         a'x'+  Vy'+  c'z'=0. 

If  the  first  of  these  equations  be  differentiated  with  respect  to  s, 
the  resulting  equation  is  reducible,  in  consequence  of  the  second 


From  this  equation  and  (26)  we  find 

a:b:c  =  (u'z"-  z'y")  :  (z'x"-  x'z"}  :  (x'y"-  y'x"}. 

x* 

Hence  by  (§  7)  we  have  the  theorem  : 

On  the  envelope  of  a  one-parameter  family  of  planes  the  planes 
osculate  the  edge  of  regression. 

We  leave  it  to  the  reader  to  prove  that  the  edge  of  regres- 
sion of  the  osculating  planes  of  a  twisted  curve  is  the  curve 
itself. 

The  envelope  of  the  plane  normal  to  the  principal  normal  to 
a  curve  at  a  point  of  the  curve  is  called  the  rectifying  develop- 
able of  the  latter.  We  shall  find  the  equations  of  its  edge  of 
regression. 

The  equation  of  this  plane  is 

(27)  (X 


If  we  differentiate  this  equation  with  respect  to  the  arc  of  the  curve, 
and  make  use  of  the  Frenet  formulas  (I,  50),  we  obtain 

(28)  <^,    + 


From  these  equations  we  derive  the  equations  of  the  character- 
istic in  the  form 
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t  being  the  parameter  of  points  on  the  characteristic.  In  order  to 
find  the  value  of  t  corresponding  to  the  point  where  the  character- 
istic touches  the  edge  of  regression,  we  combine  these  equations 
with  the  derivative  of  (28)  with  respect  to  s,  namely  : 


and  obtain  (^  -  ~}t  +  -  =  0. 

\rp-      pr2/        p 

Hence  the  coordinates  of  the  edge  of  regression  of  the  rectifying 
developable  are 

(29)   f= 


rp  —  pr  rp  —  pr  rp  —  pr 

Problem.  Under  what  conditions  does  the  equation  F(x,  y,  z)  =  0  define  a  devel- 
opable surface  ? 

We  assume  that  x,  y,  z  are  functions  of  two  parameters  u,  r,  such  that  the  curves 
u  =  const,  are  the  generators,  and  v  =  const,  are  any  other  lines.  The  equation  of 
the  tangent  plane  is 


This  equation  should  involve  u  and  be  independent  of  o.    Its  characteristic  is 
given  by  (i)  and 

(ii)  A*  +  B**  +  C*=Q, 

cu          cu         du 

where  we  have  put,  for  the  sake  of  brevity, 

f-F  c-F  c-F       SF 

A  =  (X-x)C--  +  (Y-y)±-   -  +  (Z-2)^  '£-, 

ex*  cxcy  .        ?xdz      dx 


ex  cy  cy-  cy  cz  cy 

r2F  r-F  r-F  rF 

C=(X-x)-  -+(Y-y)±--+(Z-z)c-  ^- 

-    c  x  cz  cy  cz  cz*  cz 

Since  equation  (i)  is  independent  of  c,  we  have 
(iii) 


CV  CV  CV 


Comparing  equations  (ii)  and  (iii)  with  (13),  we  see  that 

cF  cF  cF 

A-\—  =  Q,         B-X—  =  0,         C-X—  =  0, 
ex  cy  dz 
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where  X  denotes  a  factor  of  proportionality.   If  we  eliminate  X  —  z,  Y  —  y,  Z  —  z, 
and  X  from  these  equations  and  (i),  we  obtain  the  desired  condition 


£PF       fiip       fiif      ftp 
dx2       dxdy     dxcz      dx 


dx  dy      dy*       dy  dz 


dx  dz  dy  dz  dz2 
dF  dF  dF 
dx  dy  dz 


dF 
dz 


=  0. 


EXAMPLES 

1.  Find  the  envelope  and  edge  of  regression  of  the  family  of  planes  normal  to 
a  given  curve. 

2.  Find  the  rectifying  developable  of  a  cylindrical  helix. 

3.  Prove  that  the  rectifying  developable  of  a  curve  is  the  polar  developable  of 
its  involutes,  and  conversely. 

4.  Find  the  edge  of  regression  of  the  envelope  of  the  planes 

x  sin  u  —  y  cos  u  +  z  —  au  —  0. 

5.  Determine  the  envelope  of  a  one-parameter  family  of  planes  parallel  to  a 
given  line. 

6.  Given  a  one-parameter  family  of  planes  which  cut  thea;y-plane  under  con- 
stant angle ;   the  intersections  of  these  planes  with  the  latter  plane  envelop  a 
curve  C.    Show  that  the  edge  of  regression  of  the  envelope  of  the  planes  is  an 
evolute  of  C. 

7.  When  a  plane  curve  lies  on  a  developable  surface  its  plane  meets  the  tangent 
planes  to  the  surface  in  the  tangent  lines  to  the  curve.    Determine  the  developable 
surface  which  passes  through  a  parabola  and  the  circle,  described  in  a  perpendicular 
plane,  on  the  latus  rectum  for  diameter,  and  show  that  it  is  a  cone. 

8.  Determine  the  developable  surface  which  passes  through  the  two  parabolas 
j/2  =  4 ox,  2  =  0;  x2  =  4  ay,  z  =  6,  and  show  that  its  edge  of  regression  lies  on  the 
surface  yaz  =  x3(b  —  z). 

28.  Applications  of  the  moving  trihedral.  Problems  concern- 
ing the  envelope  of  a  family  of  surfaces  are  sometimes  more 
readily  solved  when  the  surfaces  are  referred  to  the  moving 
trihedral  of  a  curve,  which  is  associated  in  some  manner  with 
the  family  of  surfaces,  the  parameter  of  points  on  the  curve 
being  the  parameter  of  the  family. 

Let 
(30) 
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define  such  a  family  of  surfaces.    Since  f,  77,  £  are  functions  of  «, 
the  equations  of  the  characteristics  are  (30)  and 

dF_cFdl[      cF^dri      cJFd^     cJF=Q 

di       c%  ds      cr)  ds       o%  ds       cs 

But  the  characteristics  being  fixed  in  space,  we  have  (I,  84) 
(31) 


, 
ds     p  ds         \p 

Hence  the  equations  of  the  characteristics  are 

(32)     ,.«. 


\p          &l  \p    r/        r     c* 

If,  for  the  sake  of  brevity,  we  let  </>(£,  77,  £  «)=  0  denote  the  second 
of  these  equations,  the  edge  of  regression  is  defined  by  (32)  and 


(38) 

C"p  CT)p        T/         CT         CS 

For  example,  the  family  of  osculating  planes  of  a  curve  is  defined  with  refer- 
ence to  the  moving  trihedral  by  f  =  •.  In  this  case  the  second  of  (32)  is  ij  =  t,  and 

(33)  is  -  +  -  =  t.    Hence  the  tangents  are  the  characteristics,  and  the  edge  of  regres- 

sion is  the  curve  ;  for,  we  have  £  =  17  =  f  =  •. 

In  like  manner  the  family  of  normal  planes  is  defined  by  £  =  0.  Now  the  second 
of  (32)  isij—  p=0  ;  consequently  the  polar  lines  are  the  characteristics.  Equation  (33) 
reduces  to  f  -f  p'r  =  0  ;  hence  the  locus  of  the  centers  of  the  osculating  spheres  is 
the  edge  of  regression  (cf.  §  18).  The  envelope  is  called  the  polar  developable. 

The  osculating  spheres  of  a  twisted  curve  constitute  a  family 
of  surfaces  which  is  readily  studied  by  the  foregoing  methods. 
From  (§  18)  it  follows  that  the  equation  of  these  spheres  is 


The  second  of  equations  (32)  for  this  case  is 


which,  since  spherical  curves  are  not  considered,  reduces  to  £=0. 
And  equation  (33)  is  77  =  0,  so  that  the  coordinates  of  the  edge  of 
regression  are  £  =  rj  =  £  =  0.  Hence  : 

The  osculating  circles  of  a  curve  are  the  characteristics  of  its  oscu- 
lating spheres;  and  the  curve  itself  is  the  edge  of  regression  of  the 
envelope  of  the  spheres. 
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29.  Envelope  of  spheres.  Canal  surfaces.  We  consider  now  any 
family  of  spheres  of  one  parameter.  Referred  to  the  moving  tri- 
hedral of  the  curve  of  centers,  the  equation  of  the  spheres  is 


By  means  of  (32)  we  find  that  a  -characteristic  is  the  circle  in 
which  a  sphere  is  cut  by  the  plane 


The  radius  of  this  circle  is  equal  to  rVl  —  r1'2.  Hence  the  char- 
acteristic is  imaginary  when  r''2  >  1,  reduces  to  a  point  when 
r  =  ±  s  -f  const.,  and  is  real  for  r'2  <  1. 

By  means  of  (33)  we  find  that  the  coordinates  of  the  edge  of 
regression  are  given  by 

(34)  f  =  -rr',     r,=,[l-(rr')']p,     ?  =  r>  (I  ~  r'*}  -  p*  [I  -  (rr<}>}\ 

Hence  the  edge  of  regression  consists  of  two  parts  with  corre- 
sponding points  symmetrically  placed  with  respect  to  the  oscu- 
lating plane  of  the  curve  of  centers  (7,  unless 

r2(l  _  r'z)  -  p*  [1  -  (r/)']2  =  0. 

When  this  condition  is  satisfied  the  edge  is  a  single  curve,  and  its 
points  lie  in  the  osculating  planes  of  C.  We  have  seen  that  this 
is  the  case  with  the  osculating  spheres  of  a  curve.  We  shall  show 
that  when  the  above  condition  is  satisfied  the  spheres  osculate 
their  edge  of  regression  Cv 

We  write  the  above  equation  in  the  form 

(35)  p[l-(rr')'}  =  er^\-r'\ 

where  e  is  -f  1  or  —  1,  so  that  p  may  be  positive. 

We  have  seen  (§  16)  that  the  absolute  and  relative  rates  of  change 
with  s  of  the  coordinates  f,  77,  f  of  a  point  on  Cl  are  in  the  relations 

M  =  ^_5  +  i,         **  =  *!  +  *+*.,         *?  =  #_5. 
£«      ds      p  8s       ds      p      r  8s       ds      r 

When  the  values  (34)  are  substituted  in  the  right-hand  members 
of  these  equations,  we  obtain,  in  consequence  of  (35), 

S£_  Srj_  8£ 

p.     —  v>  c.     —  "t  7T~  —  ~ 

08  bs  08 


ENVELOPE  OF  SPHERES  67 

Hence  the  linear  element  S«t  of  Cl  is  given  by 


and 


Since  these  are  the  direction-cosines  of  the  tangent  to  Ct,  we  see 
that  this  tangent  is  normal  to  the  osculating  plane  to  the  curve  of 
centers  C.  Moreover,  these  direction-cosines  must  satisfy  (cf.  I,  83) 
the  equations 

Sa  _  da      b  8b  _db      a      c  8c  _  d  c      b 

-T-  =  —  ---  '  -r—  =  —      I          I        •>  -r-  =  —  • 

bs      as      p  os      as      p      T          os      as      T 

Hence  we  have 

o^=  ffi,  =  1  *£ 

&«~  K          erVT^'        ««•  " 

from  which  it  follows  that  the  radius  of  curvature  pt  of  Cl  is 

(38)  />1=eeWl-r/3, 

where  e'  is  +  1  or  —  1  ,  so  that  pl  may  be  positive.  Since,  now,  the 
direction-cosines  of  the  principal  normal  have  the  values 

<39>        "-g-°-     ftg=-'-     "-i=0' 

it  follows  that  the  principal  normals  to  C  and  C\  are  parallel. 
Furthermore,  since  these  quantities  must  satisfy  equations  (37), 
we  have  ^  ^  ^  ^7^^.  '«5=  1 

C*     3  •!  C1      ^  •'    I    1  '  ^      <l  9 

S*l  P/3!  3*1  Pl  S*l  Pl 

where  p[  denotes  the  derivative  of  pt  with  respect  to  «r  By  means 
of  (I,  51)  we  find  that  the  radius  of  torsion  r1  of  Cl  is  given  by 
rr^e'ppr 

From  (38)  we  find  p{=  —  -»  so  that  the  radius  R,  of  the  oscu- 

PP 
lating  sphere  of  Cl  is  given  by  R*  =  p?  +  p(2T*  =  r2,  and  consequently 

the  osculating  spheres  of  Cl  are  of  the  same  radius  as  the  given 
spheres. 
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The  direction-cosines  of  the  tangent,  principal  normal,  and  binor- 
mal  to  Cl  are  found  from  (36)  and  (39)  to  be 
0^  =  ^=0,  7i  =  —  1;     ^=^  =  0,  ml  =  —  e';     \  =  —  e',nl=vl  =  Q. 

Hence  the  coordinates  (I,  94)  of  the  center  of  the  osculating  sphere 
of  Cl  are  reducible,  in  consequence  of  (34),  to 

f +  *i/»i -riTixi=°'     7?  +  wiPi-KTi/Ai==0>     f+»1?1-/>[T1i/1=0. 
Therefore  we  have  the  theorem : 

When  the  edge  of  regression  of  a  family  of  spheres  of  one  param- 
eter has  only  one  branch,  the  spheres  osculate  the  edge. 

Since  r  does  not  appear  in  equation  (35),  it  follows  that  when 
r  is  given  as  a  function  of  s,  the  intrinsic  equations  of  the  curve  of 

centers  are  /q ^ 

ervl  —  ru  ,,.  . 

'-T^y"       T=/w' 

where  the  function/(s)  is  arbitrary.  Moreover,  any  curve  will  serve 
for  the  curve  of  centers  of  such  an  envelope  of  spheres.  The  deter- 
mination of  r  requires  the  solution  of  equation  (35)  and  consequently 
involves  two  arbitrary  constants. 

When  all  the  spheres  of  a  family  have  the  same  radius,  the 
envelope  is  called  a  canal  surface.  From  (34)  it  is  seen  that  in 
this  case  a  characteristic  is  a  great  circle.  Moreover,  equation  (35) 
reduces  to  p  —  r.  Hence  a  necessary  and  sufficient  condition  that 
the  edge  of  regression  of  a  canal  surface  consist  of  a  single  curve 
is  that  the  curve  of  centers  be  of  constant  curvature  and  the  radius 
of  the  sphere  equal  to  the  radius  of  first  curvature  of  the  curve. 

GENERAL  EXAMPLES 

1.  Let  MN  be  a  generator  of  the  right  conoid 

x  =  u  cos  v,        y  =  u  sin  »,        z  =  2  k  cosec  2  r, 

M  being  the  point  in  which  it  meets  the  z-axis.  Show  that  the  tangent  plane  at  N 
meets  the  surface  in  a  hyperbola  which  passes  through  M,  and  that  as  N  moves 
along  the  generator  the  tangent  at  M  to  the  hyperbola  describes  a  plane. 

j2         *»2         .j2 

2.  A  point  moves  on  an  ellipsoid f-  —  -\ —  =  1,  so  that  the  direction  of  its 

a2      62       c2 

motion  always  passes  through  the  perpendicular  from  the  center  on  the  tangent 
plane  at  the  point.  Show  that  the  path  of  the  point  is  the  curve  in  which  the  ellipsoid 

is  cut  by  the  surface  xlymz»  =  const. ,  where  l:m:n  = : : 

ft2      c2   c2      a2   a2      b2 
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3.  If  each  of  the  generators  of  a  developable  surface  be  revolved  through  the 
same  angle  about  the  tangent  to  an  orthogonal  trajectory  of  the  generators  at  the 
point  of  intersection,  the  locus  of  these  lines  is  a  developable  surface  whose  edge 
of  regression  is  an  evolute  of  the  given  trajectory. 

JL  Show  that  the  edge  of  regression  of  the  family  of  planes 

(1  -  u2)x  +  t(l  +  u2)y  +  2uz  +/(u)  =  0 
is  a  minimal  curve. 

5.  The  developable  surface  which  passes  through  the  circles  z2  +  y*  =  a2,  2  =  0; 
x2  +  z2  =  ft2,  y  =  0  meets  the  plane  x  =  0  in  an  equilateral  hyperbola. 

6.  Find  the  edge  of  regression  of  the  developable  surface  which  envelopes  the 
surface  az  =  xy  along  the  curve  in  which  the  latter  is  cut  by  the  cylinder  y?  —  by. 

7.  Find  the  envelope  of  the  planes  which  pass  through  the  center  of  an  ellipsoid 
and  cut  it  in  sections  of  equal  area. 

8.  The  first  and  second  curvatures  of  the  edge  of  regression  of  the  family  of 
planes  ax  +  f)y  +  yz  =  p,  where  a,  /3,  7,  p  are  functions  of  a  single  parameter 
w  and  a2  -f  /S2  +  72  =  1,  are  given  by 

1  A» 


where 


A  = 


a    a'    a" 


p  p    ft"        --  a  *  °"  *" 

y    Y    Y' 


p   p-   p-   p 


9.  Derive  the  equations  of  the  edge  of  regression  of  the  rectifying  developable 
by  the  method  of  §  28. 

10.  Derive  the  results  of  §  29  without  the  aid  of  the  moving  trihedral. 

11.  Find  the  envelope  of  the  spheres  whose  diameters  are  the  chords  of  a  circle 
through  a  point  of  the  latter. 

12.  Find  the  envelope  and  edge  of  regression  of  the  spheres  which  pass  through 
a  fixed  point  and  whose  centers  lie  on  a  given  curve. 

13.  Find  the  envelope  and  edge  of  regression  of  the  spheres  which  have  for 
diametral  planes  one  family  of  circular  sections  of  an  ellipsoid. 

14.  Find   the  envelope   and  edge  of   regression  of  the   family  of  ellipsoids 

(X1  y2\  22 

— (-  — )  H —  =  1,  where  a  is  the  parameter. 
a2      /3V      a* 

15.  Find  the  envelope  of  the  family  of  spheres  whose  diameters  are  parallel 
chords  of  an  ellipse. 

16.  Find  the  equations  of  the  canal  surface  whose  curve  of  centers  is  a  circular 
helix  and  whose  edge  of  regression  has  one  branch.    Determine  the  latter. 

17.  Find  the  envelope  of  the  family  of  cones 

(ax  +  x  +  y  +  z  -  1) (ay  +  z)  -  ax(x  +  y  +  z  -  1)  =  0, 
where  a  is  the  parameter. 


CHAPTER  III 

LINEAR  ELEMENT  OF  A  SURFACE.    DIFFERENTIAL  PARAMETERS. 
CONFORMAL  REPRESENTATION 

30.  Linear  element.    Upon  a  surface  S,  defined  by  equations  in 
the  parametric  form 

(1)  X=fl(U,v),  y=fz(U,v],  3=/,(M,   V), 

we  select  any  curve  and  write  its  equations  </>  (M,  v)  =  0.    From  §  3 
we  have  that  the  linear  element  of  the  curve  is  given  fay 

(2)  .  ds* 


,        ex  ,        dx  ,       ,        dy  ,        dy  ,       ,        8z  ,        dz  , 
where  ax  =  —  du  -\  --  dv,    a  y  =  —  du  +  —  dv,    dz  =  —  du-\  --  dv, 
du  dv  du  8v  cu  ov 


dx  ,        dx'          ,        dy  ,        dy  ,       ,        dz  .,        dz 
—  du-\ cw,    dy  =  —  du  +  —dv,    J»  —      J-  ^ 

du  dv  du  dv 

the  differentials  c?w,  dv  satisfying  the  condition 

du  dv 

If  we  put 

j%  _  / :  i  \  _|_  / 

\0M/        \(7W/         \C»W/ 

(3)  )F=  —  —  +  dJLdJL+<^te, 

\  ^.      »..  gw     gy  ^    ^y 


or,  in  abbreviated  form, 


^^w  ^\dv) 

\  / 

equation  (2)  becomes 

(4)  ds*  =Edu*+2  Fdudv  +  G  dv\ 

The  functions  E,  F,  G  thus  defined  were  first  used  by  Gauss.* 
When  the  surface  is  real,  and  likewise  the  curvilinear  coordinates 

*  Disquisitiones  generales  circa  superficies  curvas  (English  translation  by  Morehead 
and  Hiltebeitel),  p.  18.  Princeton,  1902.  Unless  otherwise  stated,  all  references  to  Gauss 
are  to  this  translation. 
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«,  r,  the  functions  V^,  Vt?  are  real.  We  shall  understand  also  that 
the  latter  are  positive.  There  is,  however,  an  important  excep- 
tional case,  namely  when  both  E  and  G  are  zero  (cf.  §  35). 

For  any  other  curve  equation  (4)  will  have  the  same  form,  but 
the  relation  between  du  and  dv  will  depend  upon  the  curve. 
Consequently  the  value  of  ds,  given  by  (4),  is  the  element  of  arc 
of  any  curve  upon  the  surface.  It  is  called  the  linear  element  of 
the  surface  (cf.  §  20).  However,  in  order  to  avoid  circumlocution, 
we  shall  frequently  call  the  expression  for  ds~  the  linear  element, 
that  is,  the  right-hand  member  of  equation  (4),  which  is  also  called 
the  first  fundamental  quadratic  form.  The  coefficients  of  the  lat- 
ter, namely  E,  F,  6',  are  called  the  fundamental  quantities  of  the 
first  order. 

If,  for  the  sake  of  brevity,  we  put 


(5) 


(~,  *)  = 

cv 


c(u,  v)  d(u,  v) 


it  follows  from  (3)  and  (5)  that 

(6)  EG  -  F*  =  A2  +  B*+  C*. 


Hence  when  the  surface  is  real  and  likewise  the  parameters, 
the  quantity  EG  —  F~  is  different  from  zero  unless  A,  B,  and  C 
are  zero.  But  if  A,  B,  and  C  are  zero,  it  follows  from  (5)  that  u 
and  v  are  not  independent,  and  consequently  equations  (1)  define 
a  curve  and  not  a  surface.  However,  it  may  happen  that  for 
certain  values  of  u  and  v  all  the  quantities  A,  B,  C  vanish. 
The  corresponding  points  are  called  singular  points  of  the  sur- 
face. These  points  may  be  isolated  or  constitute  one  or  more 
curves  upon  the  surface  ;  such  curves  are  called  singular  line*. 
In  the  following  discussion  only  ordinary  points  will  be  con- 
sidered. 

From  the  preceding  remarks  it  follows  that  for  real  surfaces, 
referred  to  real  coordinate  lines,  the  function  H  defined  by 


is  real,  and  it  is  positive  by  hypothesis. 
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31.  Isotropic  developable.  The  exceptional  case,  where  the  surface  is  imaginary 
and  H  is  zero,  is  afforded  by  the  tangent  surface  of  a  minimal  curve.  The  equa- 
tions of  such  a  surface  are  (cf .  §  22) 

'1  —  u2  1  —  w2 

—  <f>  (u)  du  +  — —  <f>  (u)  v, 


y  =  %) 

z  =  Cutt>(u)du 


where  <f>(u)  is  a  function  of  u  different  from  zero.  It  is  readily  found  that  E=v*tp?(u), 
F  =  G  =  0,  and  consequently  EG  —  F2  =  0.  This  equation  is  likewise  the  sufficient 
condition  that  the  surface  be  of  the  kind  sought.  For,  when  it  is  satisfied,  the  equa- 
tion of  the  linear  element  can  be  written  ds2  =  (^/Edu  -(-•s/Gdw)2.  If  X  denote  an 
integrating  factor  of  vEdu  -f  Vt?dw,  and  a  function  ui  be  defined  by  the  equation 

\(-</Edu  +  V(?d0)  =  duj,  the  above  equation  becomes  ds2  =  —  duf.    Hence,  if  we 

take  for  parametric  curves  u\  =  const,  and  any  other  system  for  v\  —  const.,  we 
have  FI  =  0,  G\  =  0.  In  other  form  these  equations  are 

ax  ax  ,  dy  dy  ,  az  az 


In  accordance  with  the  last  equation  we  put 

ax         1  —  «2          dy      ..  1  +  «2          az 
—  =  k—     — >        —  =  ik 1        —  =  kui, 

C'C'i  &  u'O'i  **  CT?\ 

where  k  is  undetermined. 
By  integration  we  have 

1  —  u?  f  1  -f  u?  />  p 

(i)        x  — I  k  dv\  +  X,        y  =  i I  fc  d«i  +  u..        z  =u\  \  k  dv\  +  v. 

2     J  2     J  J 

X,  n,  v  being  functions  of  «i  alone.    When  these  values  are  substituted  in  the  first 
of  the  above  equations  of  condition,  we  get 


to  be  satisfied  by  X,  /u,  and  v. 

The  equation  of  the  tangent  plane  to  the  surface  (i)  is  reducible  to 

(1  -  u*)(X  -  x)  +  i(l  +  u-2)  (T-y)  +  2ul(Z-z)  =  0. 

Hence  the  surface  is  developable.    Since  its  edge  of  regression  is  a  minimal  curve 
(Ex.  4,  p.  69),  the  theorem  is  proved.    The  surface  is  called  an  isotropic  developable. 

32.  Transformation  of  coordinates.  It  is  readily  found  that  the 
functions  E,  F,  G  are  unaltered  in  value  by  any  change  of  the 
rectangular  axes.  But  now  we  shall  show  that  these  functions 
change  their  values  when  there  is  a  change  of  the  curvilinear 
coordinates. 
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L  it  the  transformation  of  coordinates  be  defined  by  the  equations 
/         i  /         \ 

then  we  have 


ex  __cx  cu      dx  8v 
cu,      cu  cu,      cv  cu 


If  we  put  A=2,(^7 
we  find  the  relations 


— „_      ex  dv 

l      v~  v^1  ci\      cu  cvl      cv  cvl 

\  *  l       7-1-       f-Y  ,      /  £/»•  \  2 


C l\        CU  CV,         CV  CV, 
CX    CX 

1          1 


.          , 

\cu 

2u  cu          (du  dv       du  dv\          cv   dv 

,  =  JS- r  £   [ \ ]  +  6r 

clli  w,         V^M!  W,      ci'a  duj         cu^  8vl 


(9) 


Hence  the  fundamental  quantities  of  the  first  order  assume  new 
forms  when  there  is  a  change  of  curvilinear  coordinates. 
From  (8)  we  have,  by  differentiation, 

J  ^U    J        ,     CU    ,  dv     ,  CV     , 

du  =  —  du^  +  —  dv^          dv  =  —  du  -\ dv.. 

cu,  cv.  du,  cv, 


Sohnng  these  equations  for  duv  dvv  we  get 

1  I cv   ,        cu 
a?/t  =  —  {  T—  ofzi«—  - — 

where 
(10) 


,        1  /      'cv   , 
dv   .          dvi=*(-^-d" 


_  c  (M.,  v) 


du  ,\ 
dv], 

&H      / 


Hence  we  have 


so  that 
(12) 


dul  _  1  dv  2Wj  _      1  du 

du      8  ci\  cv          S  cvl 

5v1__l^  d_v1_l  cu 

(.  cu          8  CK,  cv       8  cu. 


c(u,  v)       8 
From  t°)  we  find  the  relation 

El  Gl  -  F?  =  8a  (EG  -  F*). 
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By  means  of  this  equation  and  the  relations  (11),  we  can  transform 
equations  (9)  into  the  following : 

2V2 

CU 


(13) 


E(^  \-2F- 

El  \dv  /  du  dv 


Efr-F* 


EG-F* 

,^^_p/du±dVi  +  du1d_v1 

\du  dv       dv  du 


cv   cv 


£^?!i 

du  du 


EG-F* 


_ 

CU     CV 


.1   /^t  Tx2  Z/1/^  W& 

<1G1  —  -Tj  -&(JT  — JC 

33.  Angles  between  curves.  The  element  of  area.  Upon  a  para- 
metric line  v  =  const,  we  take  for  positive  sense  the  direction 
in  which  the  parameter  u  increases,  and  likewise  upon  a  curve 
M  =  const,  the  direction  in  which  v  increases.  If  dsv  and  dsu  denote 
the  elements  of  arc  of  curves  v  =  const,  and  u  =  const,  respec- 
tively, we  find,  from  (4),. 

(14)  dsv  =  Vtfdu,         dsu  • 


v. 


Hence,  if  aw,  /?„,  yv  and  «u,  /?„,  7,,  denote  the  direction-cosines  of  the 
tangents  to  these  curves  respectively,  we  have 


1     dx 
ifty.  -  a  ———  — i 

V E  fa 

r 


dy_ 

du 


ry     — ;; 


1     dz. 


1    dx        „         1    cy 

a»  =  ~rr  "ol '       P*  =  ~~F=-  ~. ' 


Vj&fa 

1   dz 
7«  =  -7=  r' 

^/Qdv 


We  have  seen  that  through  an  ordinary  point  of  a  surface 
there  passes  one  curve  of  parameter  u  and  one  of  parameter  v. 
If,  as  in  fig.  11,  <»  denotes  the  angle,  between  0°  and  180°, 
formed  by  the  positive  directions  of  the  tangents  to  these  curves 
at  the  point,  we  have 

F 

(15)  cos  ft)  =  auav  +  ftuftv  +  7M7r=  — F=' 

and  

"v  7/Y^ JT^  Tf 

(16)  sin  a)  =  - 


'EG 
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When  two  families  of  curves  upon  a  surface  are  such  that 
through  any  point  a  curve  of  each  family,  and  but  one,  passes, 
and  when,  moreover,  the  tangents  at  a  point  to  the  two  curves 
through  it  are  perpendicular,  the  curves  are  said  to  form  an 
orthogonal  system.  From  (15)  we  have  the  theorem: 

A  necessary  and  sufficient  condition  that  the  parametric  lines  upon 
a  surf  ace  form  an  orthogonal  system  is  that  F  =  0. 

Consider  the  small  quadrilateral  (fig.  11)  whose  vertices  are 
the  points  with  the  curvilinear  coordinates  (u,  v),  (u+du,  w), 
(u,  v  +  dv),  (u  +  du,  v  +  dv).  To  within  terms  of  higher  order  the 
opposite  sides  of  the  figure  are  equal.  Consequently  it  is  approxi- 
mately a  parallelogram  whose  sides 
are  of  length  vE  du  and  vG  dv  and 
the  included  angle  is  G>.  The  area 
of  this  parallelogram  is  called  the 
element  of  area  of  the  surface.  Its 
expression  is 

(17)   d^  =  si 


If  C  is  any  curve  on  a  surface,  the  direction-cosines  a,  /S,  7  of 
its  tangent  at  a  point  have  the  form 

_  dx      /cx  du      ex  dv\        ~  _  dy  _  icy  du      cy  dv\ 

ds      \cu  ds      cv  ds/  ds      \cu  ds      cv  ds) 

_dz  _  (cz 

ds      \cu 


du  ,  cz  «7»-\ 
ds      dv  ds) 


If  we  put  dv/du  =  X  and  replace  ds  by  the  positive  square  root  of 
the  right-hand  member  of  (4),  the  above  expressions  can  be  written 


(18) 


a  = 


ex  dx 
~ — r  A,— 
cu  cv 


CU 


7  = 


^ 
CU 


CV 


+'2F\  + 
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From  these  results  it  is  seen  that  the  direction-cosines  depend 
not  upon  the  absolute  values  of  du  and  dv,  but  upon  their 
ratio  X.  The  value  of  X  is  obtained  by  differentiation  from  the 
equation  of  (7,  namely 

(19)  <£(w,  v)  =  0. 

Let   Cl  be  a  second  curve  meeting   C  at  a  point  M,  and  let 
the  direction-cosines  of  the  tangent  to   Cf1  at  M  be   av  /3r  <yr 

They  are  given  by 

dx  8u     dx  Bv 

<2°>  "'-iSS  +  iJS' 

and  similar  expressions  for  /9X  and  7^  where  S  indicates  variation 
in  the  direction  of  Cr 

If  6  denotes  the  angle  between  the  positive  directions  to  C  and 
^  at  Jf,  we  have,  from  (18)  and  (20), 

Edu$u  +  F(du  8v  +  dv  8w.)  -f-  C  dvSv 
(21)    oo80«oa1+£/8j+Tyi=!  --   -  —  —  ' 


and  K  —    —  20          iri&u  dv      8v  du\ 

sm0  =  ±vl  —  cos2^  =  ±jff(-T^'  -  • 

\08  a«      08  as/ 

This  ambiguity  of  sign  is  due  to  the  fact  that  0  as  denned  is  one 
of  two  angles  which  together  are  equal  to  360°.  We  take  the 
upper  sign,  thus  determining  6.  This  gives 

dv      8v 


(22)  . 

\os  ds      Ss  ds 

The  significance  of  the  above  choice  will  be  pointed  out  shortly. 

When  in  particular  Cl  is  the  curve  v  =  const,  through  Jf,  we 
have  &v  =  0  and  8«  =  VI?  oX  so  that 

1    / -,,du      T-,dv\  H  dv 

(23)  00800  =  -=  [E—  +  F—  Y         sm60= 

V^  V     ds          ds/ 

From  these  equations  we  obtain 

a  H  dv 

(24)  tan  (90  = 


Edu  +  Fdv 

The  angle  w  between  the  positive  half  tangents  to  the  para- 
metric  curves   has   been    uniquely  defined.    Hence    there  is,  in 
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general,  only  one  sense  in  which  the  tangent  to  the  curve  r  =  const, 
can  be  brought  into  coincidence  with  the  tangent  to  the  curve 
u  =  coast,  by  a  rotation  of  amount  &>.  We  say  that  rotations  in 
this  direction  are  positive,  in  the  opposite  sense  negative.  From 
(23)  it  is  seen  that  60  is  the  angle  described  in  the  positive  sense 
when  the  positive  half  tangent  to  the  curve  v  =  const,  is  rotated 
into  coincidence  with  the  half  tangent  to  C.  And  so  in  the  general 
case  0,  defined  by  (22),  is  the  angle  described  in  the  positive  rota- 
tion from  the  second  curve  to  the  first. 

From  equations  (15),  (16),  and  (23)  we  find 

«,.(.-«.) 


These  equations  follow  also  directly  from  (20)  and  (21)  by  consid- 
ering the  curve  u  =  const,  as  the  second  line. 

As  an  immediate  consequence  of  equation  (21)  we  have  the 
theorem : 

A  necessary  and  sufficient  condition  that  the  tangents  to  two  curves 
upon  a  surface  at  a  point  of  meeting  be  perpendicular  is 

(26)  Edu  8u  +  F(du  8v  +  dv  ou)  +  G  dv  Bv  =  0. 

EXAMPLES 

1.  Show  that  when  the  equation  of  a  surface  is  of  the  form  z  =/(z,  y),  its  linear 
element  can  be  written 


-Zpqdxdy  +  (1 

where  p  =  cz/cx,  and  q  =  cz/cy.  Under  what  conditions  do  the  lines  z  =  const. , 
y  —  const,  form  an  orthogonal  system  ? 

2.  Show  that  the  parametric  curves  on  the  sphere 

x  —  a  sin  u  cos  c,        y  =  a  sin  u  sin  c,        z  =  a  cos  u 

form  an  orthogonal  system.  Determine  the  two  families  of  curves  which  meet  the 
curves  c  =  const,  under  the  angles  ir/4  and  3  ir/1.  Find  the  linear  element  of  the 
surface  when  these  new  curves  are  parametric. 

3.  Find  the  equation  of  a  curve  on  the  paraboloid  of  revolution  Z  =  UCOSB, 
y  =  u  sin  c,  z  =  w2/2,  which  meets  the  curves  c  =  const,  under  constant  angle  a 
and  passes  through  two  points  (UQ,  t>0),  («i,  "i)-   Determine  a  as  a  function  of 

4.  Find  the  differential  equation  of  the  curves  upon  the  tangent  surface  of  a 
curve  which  cut  the  generators  under  constant  angle  a. 
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5 .  Show  that  the  equations  of  a  curve  which  lies  upon  a  right  cone  and  cuts  all 
the  generators  under  the  same  angle  are  of  the  form  x  =  ce"u  cos  M,  y  =  cef*u  sin  M, 
2  =  fte0",  where  o,  6,  and  c  are  constants.    What  is  the  projection  of  the  curve  upon 
a  plane  perpendicular  to  the  axis  of  the  cone  ?   Find  the  radius  of  curvature  of 
the  curve. 

6.  Find  the  equations  of  the  curves  which  bisect  the  angles  between  the  para- 
metric curves  of  the  paraboloid  in  Ex.  3. 

34.  Families  of  curves.    An  equation  of  the  form 

(27)  $(w,v)  =  c, 

where  c  is  an  arbitrary  constant,  defines  an  infinity  of  curves,  or  a 
family  of  curves,  upon  the  surface.  Through  any  point  of  the  sur- 
face there  passes  a  curve  of  the  family.  For,  given  the  curvilinear 
coordinates  of  a  point,  when  these  values  are  substituted  in  (27) 
we  obtain  a  value  of  c,  say  c0 ;  then  evidently  the  curve  </>  =  c0 
passes  through  the  point.  We  inquire  whether  this  family  of 
curves  can  be  defined  by  another  equation.  Suppose  it  is  possible, 
and  let  the  equation  be 

(28)  +(u,v)  =  ie. 

Since  c  and  K  are  constant  along  any  curve  and  vary  in  passing 
from  one  curve  to  another,  each  is  necessarily  a  function  of  the 
other.  Hence  ^r  is  a  function  of  <£>.  Moreover,  if  ty  is  any 
function  of  <£,  equations  (27)  and  (28)  define  the  same  family  of 
curves. 

From  equation  (24)  it  is  seen  that  the  direction,  at  any  point,  of 
the  curve  of  the  family  through  the  point  is  determined  by  the 
value  of  dv/du.  We  obtain  the  latter  from  the  equation 

(29)  £*,  +  **  =  «, 

which  is  derived  from  (27)  by  differentiation. 

Let  <f>  (w,  v)  =  c  be  an  integral  of  an  ordinary  differential  equation 
of  the  first  order  and  first  degree,  such  as 

(30)  M(u,  v)  du  +  N(u,  v)  dv  —  0. 

The  curves  defined  by  the  former  equation  are  called  integral  curves 
of  equation  (30).  From  the  integral  equation  we  get  equation  (29) 
by  differentiation.  It  must  be  possible  then  to  obtain  equation  (30) 
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from  the  integral  equation  and  (29).    But  c  does  not  appear  in 
(29),  consequently  the  latter  equation  differs  from  (30)  by  a  factor 

at  most.     Hence  J/"—  —  X  —  =  0.    Suppose,  now,  that  we  have 


cu 


another  integral  of  (30),  as  &(u,  v)  =  e.    Then  -!/-£  —  -V--  =  0. 

cv  cu 

The  elimination  of  J/  and  JV  from  these  equations  gives  —  ?<  \  =  0  ; 

c  (u,  v) 

from  which  it  follows  that  ^  is  a  function  of  <£.  Moreover,  -^  can 
by  any  function  of  <£.  But  we  have  seen  that  if  ty  is  a  function 
of  <f>,  the  families  of  curves  <£  =  const,  and  -^  =  const,  are  the  same. 
Hence  all  integrals  of  equation  (30)  of  the  form  <j>=c  or  ^  =  e 
define  the  same  family  of  curves.  However,  equation  (30)  may 
admit  of  an  integral  in  which  the  constant  of  integration  enters 
implicitly,  as  F(u,  v,  c)  =  0.  But  if  this  be  solved  for  c,  we  obtain 
one  or  more  integrals  of  the  form  (27).  Hence  an  equation  of  the 
form  (30)  defines  one  family  of  curves  on  a  surface.  Although 
the  determination  of  the  curves  when  thus  defined  requires  the 
integration  of  the  equation,  the  direction  of  any  curve  at  a  point 
is  given  directly  by  means  of  (24). 

If  at  each  point  of  intersection  of  a  curve  Cl  with  the  curves 
of  a  family  the  tangents  to  the  two  curves  are  perpendicular  to 
one  another,  Cl  is  called  an  orthogonal  trajectory  of  the  curves.  Sup- 
pose that  the  family  of  curves  is  defined  by  equation  (30).  The 

j  r\ 

relation  between  the  ratios  —  and  —  »  which  determine  the  direc- 

au          cu 

tions  of  the  tangents  to  the  two  curves  at  the  point  of  intersection, 

X  T  T 

is  given  by  equation  (26).    If  we  replace  —  by  —  -rp  we  obtain 

(31)  (EN-  FM}  du  +  (FX-  GM)dv  =  0. 

But  any  integral  curve  of  this  equation  is  an  orthogonal  trajectory 
of  the  given  curves.  Hence  a  family  of  curves  admits  of  a  family 
of  orthogonal  trajectories.  They  are  defined  by  equation  (31), 
when  the  differential  equation  of  the  curves  is  in  the  form  (30). 
But  when  the  family  is  defined  by  a  finite  equation,  such  as  (27), 
the  equation  of  the  orthogonal  trajectories  is 

(32)  ££*_  f'Ad.  +   f&  -  G  &d,  =  0. 
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As  an  example,  we  consider  the  family  of  circles  in  the  plane  with  centers 
on  the  x-axis  whose  equation  is 

(i)  x2  +  y2  -  2  wz  =  a3, 

where  u  is  the  parameter  of  the  family  and  a  is  a  constant.  In  order  to  find  the 
orthogonal  trajectories  of  these  curves,  we  take  the  lines  x  =  const. ,  y  =  const, 
for  parametric  curves,  in  which  case 

E  =  G  =  \,        F=0, 
and  write  the  equation  (i)  in  the  form  (27),  thus 

x  +  -  (y2  -  a2)  =  2  u. 

x 

Now  equation  (32)  is  2  xy  dx  —  (x2  —  j/2  +  a2)  dy  =  0,  of  which  the  integral  is 


where  v  is  the  constant  of  integration.  Hence  the  orthogonal  trajectories  are  circles 
whose  centers  are  on  the  y-axis. 

An  ordinary  differential  equation  of  the  second  degree,  such  as 
(3  3)  R  (u,  v)  du*+2S  (u,  v)  du  dv  +  T(u,  v)  dv2  =  0, 

is  equivalent  to  two  equations  of  the  first  degree,  which  are  found 
by  solving  this  equation  as  a  quadratic  in  dv.  Hence  equation  (33) 
defines  two  families  of  curves  upon  the  surface.  We  seek  the  con- 
dition that  the  curves  of  one  family  be  the  orthogonal  trajectories 
of  the  other,  or,  in  other  words,  the  condition  that  (33)  be  the  equa- 
tion of  an  orthogonal  system,  as  previously  defined.  If  kv  and  &2 

dv 

denote  the  two  values  of  —  obtained  from  (33).  we  have 

du 

2S  R 


From  (26)  it  follows  that  the  condition  that  the  two  directions  at 
a  point  corresponding  to  KI  and  /c2  be  perpendicular  is 

E  +  F(KI  +  KZ)  +  GK1K2  =  0. 

If  the  above  values  are  substituted  in  this  equation,  we  have 
the  condition  sought;  it  is 

(34)  ET+GR-2FS=0. 

'    J    +    4    «•     •— 

^.  «  4  -  r 
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35.  Minimal  curves  on  a  surface.  An  equation  of  the  form  (33) 
is  obtained  by  equating  to  zero  the  first  fundamental  form  of 
a  surface.  This  gives 

Edit*  +  2  Fdu  dv  +  G  dv*  =  0, 

and  it  defines  the  double  family  of  imaginary  curves  of  length 
zero  which  lie  on  the  surface.  In  this  case  equation  (34)  reduces 
to  EG  —  .F2  =  0  ;  hence  the  minimal  lines  on  a  surface  form  an 
orthogonal  system  only  when  the  surface  is  an  isotropic  develop- 
able (§  31). 

An  important  example  of  these  lines  is  furnished  by  the  system 
on  the  sphere.  If  we  take  a  sphere  of  unit  radius  and  center  at 
the  origin,  its  equation,  ar'+y+22  =  l,  can  be  written  in  either  of 

the  forms 

x  +  ly       1  +  2 


iy 

where  u  and  v  denote  the  respective  ratios,  and  evidently  are  conju- 
gate imaginaries.  If  these  four  equations  are  solved  for  a:,  y,  2,  we  find 

/ocx  u  +  v  i(v  —  u)  uv  —  1 

(do)  x  =  -  -,          y  =  ~  -  r*i          2  =  -  Z-- 

uv  +  1  uv+l  uv  +1 

From  these  expressions  we  find  that  the  linear  element,  in  terms 
of  the  parameters  u  and  v,  is  given  by 

/oc\  j^      4dudv 

(do)  c?«2=—  -  -. 

(1  +  uvf 

Hence  the  curves  u  =  const,  and  v  =  const,  are  the  lines  of  length 
zero. 

Eliminating  u  from  the  first  two  and  the  last  two  of  equations 
(35),  we  get 

(37)  <i(vi  +  l)z  +  (l-v2)y-2iv=0J 

\  »'(»»  +  !)*  +  2  vy+i(l-v*)  =  Q. 

Hence  all  the  points  of  a  curve  v  =  const,  lie  on  the  line 
*>2  +  1)X+  (1  -  v2)  Y-  2  iv  =  0, 
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where  X,  F,  Z  denote  current  coordinates.    In  consequence  of  (35), 
these  equations  can  be  written 


-2v 

where  #0,  y^  ZQ  are  the  coordinates  of  a  particular  point.    In  like 
manner  the  curves  u  =  const,  are  the  minimal  lines 


—  u 


EXAMPLES 

1.  Show  that  the  most  general  orthogonal  system  of  circles  in  the  plane  is  that 
of  the  example 'in  §34. 

2.  Show  that  on  the  right  conoid  x  =  ucosv,  t/  =  usint>,  z  =  av,  the  curves 
du2  —  (u2  +  a2)dv2  =  0  form  an  orthogonal  system. 

3.  When  the  coefficients  of  the  linear  elements  of  two  surfaces, 

dsf  =  Eidu*  +  2  Fidudv  +  GrfV2,     ds£  =  E2duz  +  2  F2dudv  +  G2dvz, 

are  not  proportional,  and  points  with  the  same  curvilinear  coordinates  on  each  of 
the  surfaces  are  said  to  correspond,  there  is  a  unique  orthogonal  system  on  one 
surface  corresponding  to  an  orthogonal  system  on  the  other;  its  equation  is 

4.  If  0i  and  02  are  solutions  of  the  equation 

d20        1  dlogX  60 
2 ^0  —  Q 

dad/3      2     da     dp 
where  X  is  any  function  of  a  and  /3,  the  equations 


define  a  surface  referred  to  its  minimal  lines. 

36.  Variation  of  a  function.  Let  S  be  a  surface  referred  to  any 
system  of  coordinates  ?/,  v,  and  let  </>(w,  v)  be  a  function  of  u  arid  v. 
When  the  values  of  the  coordinates  of  a  point  M  of  the  surface  are 
substituted  in  </>,  we  obtain  a  number  c ;  and  consequently  the  curve 

(38)  $(u,v)  =  c 
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passes  through  M.  In  a  displacement  from  M  along  this  curve  the 
value  of  (/>  remains  the  same,  but  in  any  other  direction  it  changes 
and  the  rate  of  change  is  given  by 

d(f>  _        cu      cv 
~ds=~ 


where  k  =  dv/du  determines  the  direction.  As  thus  written  it  is 
understood  that  the  denominator  of  the  right-hand  member  is 
positive. 

For  the  present  we  consider  the  absolute  value  of  -j-  •>  and  write 


CU          CV 

=  e- 


<39>  -    * 

where  e  is  ±  1  according  as  the  sign  of  the  numerator  is  positive  or 
negative.  The  minimum  value  of  A  is  zero  and  corresponds  to  the 
direction  along  the  curve  (38).  In  order  to  find  the  maximum  value 
we  equate  to  zero  the  derivative  of  A  with  respect  to  k.  This  gives 


cv  cu  cv          cu 

From  (32)  it  follows  that  this  value  of  k  determines  the  direction 
at  right  angles  to  the  tangent  to  <f>  =  c  at  the  point.  By  substituting 
this  value  of  k  in  (39)  we  get  the  maximum  value  of  A.  Hence : 

The  differential  quotient  ~  of  a  function  <f>(u,  v)  at  a  point  on  a 

(ts 

surface  varies  in  value  ivith  the  direction  from  the  point.  It  equals 
zero  in  the  direction  tangent  to  the  curve  <f>=  c,  and  attains  its  greatest 
absolute  value  in  the  direction  normal  to  this  curve,  this  value  being 


,.„  «9i_     1      v  c>'  '  cu  cv 

ds 


A  means  of  representing  graphically  the  magnitude  of  the  differ- 
ential quotient  A  for  any  direction  is  given  by  the  following  theorem  : 

If  in  the  tangent  plane  to  a  surface  at  a  point  M  the  positive  half 
tangents  at  J/,  corresponding  to  all  values  of  k,  positive  and  negative, 
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be  drawn,  and  on  them  the  corr  lengths  A  be  la  M, 

the  locus  of  the  extremities  of  ,  \s  is  a  circl  )  the 

curve  <j>=  const. 

The  proof  of  this  theorem  is  simplified  if  we  insfor- 

mation  of  curvilinear  coordinates.  Thus  we  take  for  u»«  m,w  coor- 
dinate lines  the  curves  <£  =  const,  and  their  orthogonal  trajectories. 
We  let  the  former  be  denoted  by  u^  =  const,  and  the  latter  by 
vl  =  const.,  and  indicate  by  subscript  1  functions  in  terms  of  these 
parameters.  Now  Fl=  0,  so  that 


where  Jct  denotes  the  value  of  dv1/du1  which  determines  a  given 
direction,  and  the  maximum  length  is  (J^)"*.    From  (23)  we  have 


cosfl=    .         l     -»          sin  0  = 


where  6Q  is  the  angle  which  the  given  direction  makes  with  the 
tangent  to  the  curve  vx=  const.  Hence  if  we  regard  the  tangents 
at  M  to  the  curves  v^  =  const,  and  u^  =  const,  as  axes  of  coordinates 
in  the  tangent  plane,  the  coordinates  of  the  end  of  a  segment  of 
length  A  are 


The  distance  from  this  point  to  the  mid-point  of  the  maximum 
segment,  measured  along  the   tangent  to  vl  =  const.,   is  readily 

found  to  be  -  =•>  which  proves  the  theorem. 


37.  Differential  parameters  of  the  first  order.    If  we  put 

™/W     2/^^  +  r 

•*»  I  "3"  J  ~  ^  ^  ~^~  "o  —  r^\^~ 
/M.  A   ,          \W/  du  dv          \cu 

(41)  A.d>  =  -  - 

EG  —  F* 

equation  (40)  can  be  written 


where  now  the  differential  quotient  corresponds  to  the  direction 
normal  to  the  curve  <f>  =  const.     The  left-hand  member  of  this 
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equation  is  evidently  independent  of  the  nature  of  the  parameters 
u  and  v  to  which  the  surface  is  referred.  Consequently  the  same 
is  true  of  the  right-hand  member.  Hence  A^  is  unchanged  in 
value  when  there  is  any  change  of  parameters  whatever.  The 
full  sisrnificance  of  this  result  is  as  follows.  Given  a  new  set  of 

O 

parameters  denned  by  u=fl(ul^vl)1  v=fs(u1^vl);  let  ^(u^  v\) 
denote  the  result  of  substituting  these  expressions  for  u  and  v  in 
<£(«,  v),  and  write  the  linear  element  thus: 


d  s-  =  E^  du-  +  2Fl  du^  +  Gv  dv*. 

The  invariance  of  A^  under  this  transformation  is  expressed  by 
the  identical  equation 


cu    v  cu  V  <""    ci 


EG  -  F*  V'i-*? 

We  leave  it  to  the  reader  to  verify  this  directly  with  the  aid  of 
equations  (9).    The  invariant  A^  is  called  the  differential  parame- 
ter of  the  first  order  ;  this  name  and  the  notation  are  due  to  Lame.* 
Consider  for  the  moment  the  partial  differential  equation 

(42)  A^=0 

and  a  solution  <£  =  const.    From  the  latter  we  get,  by  differentiation, 


cu  dv 

OJL  C.J. 

If  we  replace  -  -  and  -  -  in  (42)  by  dv  and  —  du,  which  are  evi- 
du  ci1 

dently  proportional  to  them,  we  obtain 

2FduJv  + 


Hence  the  in  urves  of  equiv                      lines  of  length  zero, 

and  con  era  const,  is  a  lineu1  l<      Ji  zero,  the  function  <f> 

is  a  solu;     '  n  (42). 

Another  e  is  th  it  m  which  At</>  is  a  function  of  <£,  say 


(43)  ±6 

*  Le>;ons  sur  le*  llverses  applications,  p.  5.  Paris,  1859. 
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From  (41)  it  is  seen  that  when  we  put 


equation  (43)  becomes 

(44)  A^  =  l. 

As  defined,  6  is  a  function  of  <£;  hence  the  family  of  curves 
6  =  const,  is  the  same  as  the  family  <f>  =  const.  Suppose  we  have 
such  a  family,  and  we  take  the  curves  9  =  const,  for  the  curves 
u  =  const,  and  their  orthogonal  trajectories  for  v  =  const.,  thus 
effecting  a  change  of  parameters.  Since  A1w=l,  it  follows  from 
(41)  that  -E"  =  l,  and  consequently  the  linear  element  is 

(45)  ds*=duz  +  Gdv2. 

Since  now  the  linear  element  of  a  curve  v  =-  const,  is  du,  the  length 
of  the  curve  between  its  points  of  intersection  with  two  curves 
u  —  u0  and  u  =  u^  is  u:  —  u0.  Moreover,  this  length  is  the  same  for 
the  segment  of  every  curve  v  =  const,  between  these  two  curves. 
For  this  reason  the  latter  curves  are  said  to  be  parallel.  Con- 
versely, in  order  that  the  curves  u  =  const,  of  an  orthogonal  sys- 
tem be  parallel,  it  is  necessary  that  the  linear  element  of  the 
curves  v  =  const,  be  independent  of  v.  Hence  E  must  be  a  func- 
tion of  u  alone,  which,  by  a  transformation  of  coordinates,  can  be 
made  equal  to  unity.  Hence  we  have  the  theorem  : 

A  necessary  and  sufficient  condition  that  the  curves  of  a  family 
$  =  const,  be  parallel  is  that  A:</>  be  a  function  of  </>. 

Let  <£  =  const,  and  ^  =  const,  be  the  equations  of  two  curves 
upon  a  surface,  through  a  point  M,  and  let  6  denote  the  angle 
between  the  tangents  at  M.  If  we  put 


dv  dv  \dv  du      8u  dv  /          cu  du 

(46)       \(<f>,+)  = 


the  expression  (21)  for  cos  6  can  be  written 
(47)  eo8g 
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Since  cos  9  is  an  invariant  for  transformations  of  coordinates,  it 
follows  from  this  equation  that  \(<f>,  T/T)  also  is  an  invariant.  It  is 
called  the  mixed  differential  parameter  of  the  first  order.  An  imme- 
diate consequence  of  (47)  is  that 

*,(</>,  f  )  -  0 

is  the  condition  of  orthogonality  of  the  curves  <j>  =  const,  and 
ty  =  const. 

Now  equation  (22)  can  be  written 


- 

cv     cv  cut 

which  by  means  of  the  function  Q  (w,  v),  defined  thus  by  Darboux,* 


H  \cu  cv       cv  cu 
can  be  written  in  the  abbreviated  form 

(49)  if. 


Since  all  the  functions  in  this  identity  except  ©  (</>,  >/r)  are  known 
to  be  invariants,  we  have  a  proof  that  it  also  is  an  invariant.  It 
is  a  mixed  differential  parameter  of  the  first  order.  From  (47) 
and  (49)  it  follows  that 

(50)  Aj^,  jr)+  Q2(fr  tH 


consequently  the  three  invariants  defined  thus  far  are  not  inde- 
pendent of  one  another. 

From  (41)  and  (46)  it  follows  that 

G  —  F  E 

AiM  =  ^   Ai(">  r)  =  -j^  '    V  =  ^> 

and  from  these  we  find 

(51)  e>,  V)  =  A1u-V-A12(u,  v)^~ 

Consequently 


Hence  E,  F,  and  G  are  differential  invariants  of  the  first  order. 

*  Leqons,  Vol.  Ill,  p.  197. 
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Another  result  of  these  equations  is  the  following.    If  the  param- 
eters of  the  surface  are  changed  in  accordance  with  the  equations 


and  the  resulting  linear  element  is  written, 

ds2  =  El  du?  +  2  Fl  du1dv1  -+-  Gl  dv?, 
the  value  of  El  is  given  by 


and  F1  and  ^  are  found  in  like  manner.  In  consequence  of  (51) 
these  equations  are  equivalent  to  (13),  which  were  found  by  direct 
calculation. 

38.  Differential  parameters  of  the  second  order.  Thus  far  we 
have  considered  differential  invariants  of  the  first  order  only.  We 
introduce  now  one  of  the  second  order,  discovered  by  Beltrami.* 
To  this  end  we  study  the  integral 

jJ^fa  V)  Hdudv, 

for  an  ordinary  portion  of  the  surface  bounded  by  a  closed  curve  C 
(cf.  §  33).  For  convenience  we  put 

G^~Fd-^-  E^-Fd-^ 

/*QX  71^       *  Su  dv  Ar  dv  du 

(53)  M=  -  -  -  ,         N=  -  —  -  , 

so  that,  in  consequence  of  (46),  we  have 


du          dv 
This  may  be  written 


cv 


_  CM^+  ^ 

JJ     \9u       'dv 


If  we  apply  Green's  theorem  to  the  first  integral,  this  equation 
reduces  to 

(54)          n  =  C<j)  (M  dv-N  du)  -  CCtj>  (—  +  —  }du  dv, 
Jc  JJ      \du       2V  / 

*  Ricerche  di  analisi  applicata  alia  geometria,  Qiornale  di  matematiche,  Vol.  II 
(1864),  p.  365. 
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where  the  first  integral  is  curvilinear  and  is  taken  about  C  in  the 
customary  manner.  Evidently  du  and  dv  refer  to  a  displacement 
along  C.  If  we  indicate  by  8  variations  in  directions  normal  to  C 
and  directed  toward  the  interior  of  the  contour,  then  from  (23) 
and  (25)  it  follows  that 

Edu  +  Fdv  _-H8v  Fdu  +  Gdv  _  H8u 

~dT        ~8T  ~dT       ~sT' 

Hence  Mdv  -  Ndu  =  (*±  ^  +  ?*  ^  ds  =  *±  ds, 

\CU    OS          CV    O8/  OS 


All  of  the  terms  in  this  equation,  with  the  exception  of  —  (  —  +  —  )i 

H\cu       dv  J 

are  independent  of  the  choice  of  parameters.  Hence  the  latter  is 
an  invariant.  It  is  called  the  differential  parameter  of  the  second 
order  and  is  denoted  by  A,-^-.  In  consequence  of  (53)  we  have 


(56)      A2Vr  =  l 

In  the  foregoing  discussion  it  has  been  assumed  that  only  real 
quantities  appear.  But  all  these  results  can  be  obtained  directly 
from  algebraic  considerations  of  quadratic  differential  forms  * 
without  any  hypothesis  regarding  the  character  of  the  variables; 
hence  the  differential  parameters  can  be  used  for  any  kind  of 
curvilinear  coordinates. 

In  addition  to  A2<£  there  are  other  differential  invariants  of  the 
second  order,  such  as 


And          A  A  (k  *),         A,  (A^,  A^),         6  (A^, 

are  mixed  invariants  of  the  second  order.    In  like  manner  we  can 
find  a  group  of  invariants  of  the  third  order ;  for  instance, 

A  AM,     AA(^A^),     A  A*,     AAfc  — 

*  Cf.  Bianchi,  Lezioni  di  geometria  differenziaie,  Vol.  I,  chap.  ii.   Pisa,  1902. 
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These  invariants  and  others,  which  can  be  obtained  by  an  evident 
extension  of  this  method,  involve  functions  </>,  i/r,  .  .  •  ,  E,  F,  G,  and 
their  derivatives. 

Conversely,  we  shall  show  *  that  every  invariant  of  the  form 

dE  dG  .    d<b  d-b 

—  ,...,_,..  .,  $,  -T,  .  .  .,  ^  -JL,  .  .  .), 

8u  dv  du  cu 

where  <£,  -\/r,  •  •  •  are  independent  functions,  is  expressible  by  means 
of  the  symbols  A  and  ®.  Already  we  have  seen  that  E,  F,  and  G 
can  be  expressed  in  terms  of  A^,  A^,  and  At(w,  v).  Moreover,  from 
(48)  it  follows  that 

,  X), 


cu 

when  \  is  any  function  whatever.  Hence  all  the  terms  in  /  can  be 
expressed  in  terms  of  the  symbols  A  and  ®,  applied  to 

u,    v,    </>,    -f,    .... 

Since  u  and  v  do  not  appear  explicitly  in  7,  we  can  effect  a  change 
of  parameters,  replacing  u  and  v  by  </>  and  i/r  respectively,  and  con- 
sequently we  express  /  in  terms  of  <£,  i|r,  .  .  .,  and  the  differential 
invariants  obtained  by  applying  the  operators  A  and  ®  to  these 
functions.  In  case  </>  is  the  only  function  appearing  in  /,  we  can 
take  for  T/T,  in  the  change  of  parameters,  any  invariant  of  </>,  such  as 
Aj</>  or  A2$,  so  long  as  it  is  not  a  function  of  </>,  E,  F,  or  G. 

EXAMPLES 

1.  When  the  linear  element  of  a  surface  is  in  the  form 

ds2  =  X(du2  +  dt>2), 

where  X  is  a  function  of  u  and  w,  both  u  and  v  are  solutions  of  the  equation  A20  —  0, 
the  differential  parameter  being  formed  with  respect  to  the  right-hand  member. 

2.  Show  that  on  the  surface 

z=ucos»,        y  =  «sinv,        z  =  au  +  0(u), 
the  curves  u  =  const,  are  parallel. 

3.  When  the  linear  element  is  in  the  form 

dsz  =  cos2o:du2  +  slntadv2, 

where  a  is  a  function  of  u  and  w,  both  u  and  v  are  solutions  of  the  equation 
Aj  (6,  Arf)  =  2  A20(Ai0  -  1). 

*  Cf.  Beltrami,  I.e.,  p.  357. 
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4.  If  the  curves  0  =  const.,  ^  =  const,  form  an  orthogonal  system  on  a  surface, 
the  projection  on  the  z-axis  of  any  displacement  on  the  surface  is  given  by 

dx    dt        dx    d<f> 

dx  =  --  —  -\  ---  :  —  > 

ds  VA/      d*  %  Ac!> 

where  ds  and  dtr  are  the  elements  of  length  of  the  curves  <f>=  const.,  ^  =  const. 
respectively. 

5.  If  /and  <f>  are  any  functions  of  u  and  p,  then 


4l  (/,  rt  =  2  !*  iia  +  M  ijL  +  5T  c*V  (    „  +  *i  c± 

CU  CU  \CU   CO          CV  CU/  CV    CV 

A2/  =  ^  A2w  +  ^  A2c  +  ^  AlM  +  2  ^  A!  («,  t)  +  ^  Ait. 
fu  co  cu-  cucc  cv2 

39.  Symmetric  coordinates.  We  have  seen  that  through  every 
point  of  a  surface  there  pass  two  minimal  curves  which  lie  entirely 
on  the  surface,  and  that  these  curves  are  denned  by  the  differential 
equation  ]-:,W+  2  Fdudv  +  Gdv*=Q. 


If  the  finite  equations  of  these  curves  be  written 

a  (M,  v)  =  const.,          ft  (u,  r)  =  const., 
it  follows  from  (42)  that 
(57)  A1(a)=0,         A1(/&)  =  0. 

Since  for  any  parameters 

(DO)       i,  =  —    »         F  =  —  - — ; *         G  =  •— ; » 

^(w,  v)  fc)-(M,  v)  6 2(w,  v) 

when  the  curves  tr  =  const.,  y3  =  const.,  are  taken  as  parametric, 
the  corresponding  coefficients  E  and  G  are  zero,  and  consequently 
the  linear  element  of  the  surface  has  the  form 

(59)  dfsz  =  \dadft, 

\vhere,  in  general,  X  is  a  function  of  a  and  ft.  Conversely,  as  fol- 
lows from  (58),  when  the  linear  element  has  the  form  (59)  equa- 
tions (57)  are  satisfied  and  the  parametric  curves  are  minimal. 
iHence  the  only  transformations  of  coordinates  which  preserve  this 
Iform  of  the  linear  element  are  those  which  leave  the  minimal  lines 

parametric,  that  is 

(  a=  F(a\.      B.  =  F.  (8\. 

(60)  J  or 
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where  F  and  Fl  are  arbitrary  functions.  Whenever  the  linear  ele- 
ment has  the  form  (59),  we  say  that  the  parameters  are  symmetric. 
The  above  results  are  given  by  the  theorem  : 

When  a  and  ft  are  symmetric  coordinates  of  a  surface,  any  two 
arbitrary  functions  of  a  and  /3  respectively  are  symmetric  coordi- 
nates, and  they  are  the  only  ones. 

The  general  linear  element  of  a  surface  can  be  written  as  the 
product  of  two  factors,  namely 

(61)         d8* 


If  t  and  tl  denote  integrating  factors  of  the  respective  terms  of  the 
right-hand  member  of  this  equation,  a  pair  of  symmetric  coordinates 
is  given  by  the  quadratures 


(62) 


./  /-  ,        F+iH  - 

t  (  vEdu  -\ — r—  dv  }  =  da, 

\ 


When  these  values  are  substituted  in  (61),  and  the  result  is  com- 
pared with  (59),  it  is  seen  that  X  =  — 

The  first  of  equations  (62)  can  be  replaced  by 


du 


Eliminating  t  from  these  equations,  we  have 

2a 

- 

du       .da 


..da 

E  --  F- 


/Cn. 
(63) 


{ 


p  _  i  Jf 
If   this   equation   be    multiplied  by  :  —  ;  —  »   the   result   can   be 

reduced  to 

vfa      rfa 

f  --  Lr  — 

I0  1  x  dv          du       .  da 

(64)  -  H  -  =  1*,- 
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From  these  equations  it  follows  that 

I     ca         ca,            j    ca          ca\ 
i  ji, ji  —  i  /  ji ^  — 

c  j      '•••          cu\       2  I      cv          cu 

TV\~H~  ~r^r~~ir 

or,  by  (06),  \ 

(65)  \a  =  0. 

It  is  readily  found  that  ft  also  satisfies  this  condition. 

40.  Isothennic  and  isometric  parameters.  When  the  surface  is 
real,  and  the  coordinates  also,  the  factors  in  (61)  are  conjugate 
imaginary.  Hence  the  conjugate  imaginary  of  t  can  be  taken 
for  tr  In  this  case  a  and  ft  are  conjugate  imaginary  also.  In 
what  follows  we  assume  that  this  choice  has  been  made,  and  write 

(66)  a  =  <f>  +  ti/r,          j3  =  <f>  —  i^r. 
If  these  values  be  substituted  in  (59),  we  get 

At  once  we  see  that  the  curves  <£  =  const,  and  >/r  =  const,  form 
an  orthogonal  system.  Moreover,  the  elements  of  arc  of  these 
lines  are  vXrf^r  and  V\rf<£  respectively.  Consequently  when  the 
increments  d(f>  and  d\}r  are  taken  equal,  the  four  points  (<f>,  i/r), 
((f>+d<j>,  -\/r),  (<£,  •^r+d-^r),  (<£  +  d<f>,  i/r  +  d 'i/r)  are  the  vertices  of  a 
small  square.  Hence  the  curves  <f>  =  const,  and  •$•  =  const,  divide 
the  surface  into  a  network  of  small  squares.  On  this  account 
these  curves  are  called  isometric  curves,  and  <f>  and  -«/r  isometric 
parameters.  These  lines  are  of  importance  in  the  theory  of  heat, 
and  are  termed  isothermal  or  isothermic,  which  names  "are  used 
in  this  connection  as  synonymous  with  isometric. 

Whenever  the  linear  element  can  be  put  in  the  symmetric  form, 
equations  similar  to  (66)  give  at  once  a  set  of  isometric  parameters. 
And  conversely,  the  knowledge  of  a  set  of  isometric  parameters  leads 
at  once  to  a  set  of  symmetric  parameters.  But  we  have  seen  that  when 
one  system  of  symmetric  parameters  is  known,  all  the  others  are 
given  by  equations  of  the  form  (60).  Hence  we  have  the  theorem: 

Given  any  pair  of  real  isometric  parameters  0,  -v/r  for  a  surface  ; 
every  other  pair  ^  I/TI  is  given  by  equations  of  the  form 


u'here  F  and  F0  are  any  functions  conjugate  imaginary  to  one  another. 
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Consider,  for  instance,  the  case 
(68)  01+ty1  =  .F($  +  ty). 

From  the  Cauchy-Biemann  differential  equations 


it  follows  that  ^>l  and  I/TI  are  functions  of  both  <£  and  i/r.  Hence 
the  curves  <^  =  const.,  tyl  —  const,  are  different  from  the  system 
0  =  const.,  i/r  =  const.  Similar  results  hold  when  +  i  is  replaced 
by  —  i  in  the  argument  of  the  right-hand  member  of  (68).  Hence 

There  is  a  double  infinity  of  isometric  systems  of  lines  upon  a  sur- 
face ;  when  one  system  is  known  all  the  others  can  be  found  directly. 

If  the  value  (66)  for  a  be  substituted  in  the  first  of  equations  (57)} 
the  resulting  equation  is  reducible  to 

>    =  0. 


Since  </>  and  ty  are  real,  this  equation  is  equivalent  to 
(TO)  A1^  =  A1^r,         A1(^,^)  =  0. 

From  (58)  it  is  seen  that  these  equations  are  the  condition  that 
j£=  6r,  F—  0,  when  </>  and  -fy  are  the  parameters.    Hence  equations 

(70)  are  the  necessary  and  sufficient  conditions  that  <f>  and  i/r  be 
isometric  parameters. 

Again,  when  a  in  (65)  is  replaced  by  <f>  +  i'i/r,  and  all  the  func- 
tions are  real,  we  have 

(71)  A2</,=  0,         A2^=0. 

Conversely,  when  we  have  a  function  </>  satisfying  the  first  of  these 
equations,  the  expression 


du          dv  ,  du          dv  , 

du  H  --  dv 


H  H 

is  an  exact  differential.    Call  it  d-fr  ;  then 


_ 

8u          dv  _  c-fy-  du          dv 

H  ~~du'  7T~ 
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o  i        o  i 

If  these  equations  be  solved  for  -—-•>  -^-»  we  get 

& 

_0,  dv  du      c(f)  dv          cu       8(j> 

(16)  =  — »  = — • 

H  du  H  dv 

When  we  express  the  condition  —  ( — )  =  —  ( —  }•>  we  find  that 

dv\cu/      cu\c)v] 

A2-\/r  =  0.  Moreover,  these  two  functions  (f>  and  ty  satisfy  (70), 
in  consequence  of  (72)  and  (73),  and  therefore  they  are  isometric 
parameters.  Hence : 

A  necessary  and  sufficient  condition  that  (f>  be  the  isometric  param- 
eter of  one  family  of  an  isometric  system  on  a  surface  is  that  A2$  =  0 ; 
the  isometric  parameter  of  the  other  family  is  given  by  a  quadrature. 

Incidentally  we  remark  that  if  u  and  v  are  a  pair  of  isometric 
parameters,  equations  (72)  and  (73)  reduce  to  (69). 

41.  Isothermic  orthogonal  systems.  If  the  linear  element  of  a 
surface  is  given  in  the  form  (67)  and  the  parameters  are  changed 
in  accordance  with  the  equations 

the  linear  element  becomes 


where  the  accents  indicate  differentiation.  However,  this  trans- 
formation of  parameters  has  not  changed  the  coordinate  lines  ; 
the  coefficients  are  now  no  longer  equal,  but  in  the  relation 

1=1' 

where  U  and  V  denote  functions  of  u  and  v  respectively. 

Conversely,  when  this  relation  is  satisfied  the  linear  element 

may  be  written 

ds2=\(Udu*+Vdv2), 

and  by  the  transformation  of  coordinates, 
(75)  <f>  =  CVudu,         ^  =  C 


96 


LINEAR  ELEMENT  OF  A  SURFACE 


it  is  brought  to  the  form  (67),  whatever  be  U  and  V\  and  the  coor- 
dinate lines  are  unaltered.    Hence  : 

A  necessary  and  sufficient  condition  that  an  orthogonal  system  of 
parametric  lines  on  a  surface  form  an  isothermic  system  is  that  the 
coefficients  of  the  corresponding  linear  element  satisfy  a  relation  of 
the  form  (74). 

We  seek  now  the  necessary  and  sufficient  condition  which  a 
function  o>  (u,  v)  must  satisfy  in  order  that  the  curves  o>  =  const. 
and  their  orthogonal  trajectories  form  an  isothermic  system. 
Either  o>,  or  a  function  of  it,  is  the  isothermic  parameter  of  the 
curves  eo  =  const.  We  denote  this  parameter  by  <£;  then  <£  =/(&>). 
Since  <f>  must  be  a  solution  of  equations  (71),  we  have,  on  substitution, 

(76)  A2ft>  ./'(»)  +  Alft>  ./"(»)  =  0, 

where  the  primes  indicate  differentiation  with  respect  to  o>.    If  this 
equation  is  written  in  the  form 


we  see  that  the  ratio  of  the  two  differential  parameters  is  a  func- 
tion of  to.  Conversely,  if  this  ratio  is  a  function  of  a>,  the  function 
/(o>),  obtained  by  two  quadratures  from 

(77)  /'(„)  =  «-/£*•, 

will  satisfy  equations  (71).    Hence: 

A  necessary  and  sufficient  condition  that  a  family  of  curves 
a)  =  const,  and  their  orthogonal  trajectories  form  an  isothermic  sys- 
tem is  that  the  ratio  of  A2&>  and  AjW  be  a  function  of  G>. 

Suppose  we  have  such  a  function  &>  ;  then  the  orthogonal  tra- 
jectories of  the  curves  <w  =  const,  can  be  found  by  quadrature  ;  for, 
the  differential  equation  of  these  trajectories  is 


\~  dv      -  du/        •  \~  dv 
If  equation  (76)  be  written  in  the  form 


du 


d_ 
dv 


/'(< 


dv 


du 


H 


du 


(») 


du 


dv 


H 


=  0, 
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it  is  seen  that  an  integrating  factor  of  equation  (78)  is  f'(a>)/H, 
where  /'(o>)  is  given  by  (77).  Hence  f(<o)  and  the  function  <$*, 
obtained  by  the  quadrature 


(79) 


cu  H  cv  H 

are  a  pair  of  isometric  parameters.    From  these  equations  and  (77) 
it  follows  that  2f^*?rf- 

and  consequently,  by  means  of  (52),  the  linear  element  can  be 
given  the  form 

(80)  d«2  =  — 

A,« 

The  linear  element  of  the  plane  referred  to  rectangular  axes  is  d*2  =  dz2  +  dy2. 
Consequently  z  and  y  are  isothermic  parameters,  and  we  have  the  theorem : 

The  plane  curves  whose  equations  are  obtained  by  equating  to  constants  the  real 
and  imaginary  parts  of  any  function  of  x  +  iy  or  x  —  iy  form  an  isothermal  orthog- 
onal system ;  and  every  such  system  can  be  obtained  in  this  way. 

c2 

For  example,  consider  t  +  w  — ~ » 

z  —  iy 

where  c  is  any  constant.    From  this  it  follows  that 


za  +  yt  xa  +  yi 

Hence  the  circles  <f>  =  const.,  ^  =  const,  form  an  isothermal  orthogonal  system, 
and  <t>  and  \f/  are  isothermic  parameters. 

The  above  system  of  circles  is  a  particular  case  of  the  system  considered  in  §  34. 
We  inquire  whether  the  latter  also  form  an  isothermal  system.    If  we  put 

u  =  x  +  -  (y2  —  a2), 

we  find  that  A!&>  =  —  («2  +  4  a2),        A2w  =  —  . 

z2  z* 

Hence  the  ratio  of  AI«  and  A2w  is  a  function  of  w,  and  consequently  the  system  of 
circles  is  isothermal.    From  (77)  it  follows  that  the  isothermic  parameter  of  the 

first  family  is  <f>  =  —  tan- 1  —  ,  and  the  parameter  of  the  orthogonal  family  is 
2a  2a 

1  .          .5  ,  Z2  +  a2 

\f/  —  —  tanh"1  —  >        u  =  y  + • 

2a  2  a  y 
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EXAMPLES 

1.  Show  that  the  meridians  and  parallels  on  a  sphere  form  an  isothermal  orthog- 
onal system,  and  determine  the  isothermic  parameters. 

2.  Show  that  a  system  of  confocal  ellipses  and  hyperbolas  form  an  isothermal 
orthogonal  system  in  the  plane. 

3.  Show  that  the  surface 


z  _      /  (a2  -  u)  (a2  -  v)       y  _      I  (b2  -  u)  (V2  -  v)        z  .        I  (c2  -  u)  (c2  -  v) 
a  ~  \(a2_62)(a2_c-2) '     5  -  \  (62  _  a2)  (62  _  C2) '     c  ~  \(c2-a2)(C2-&2) 

is  an  ellipsoid,  and  that  the  parametric  curves  form  an  isothermal  orthogonal  system. 

4.  Find  the  curves  which  bisect  the  angles  between  the  parametric  curves  on 
the  surface  x      u  -\-  v        y      u  —  v  uv 

a~     2  b~     2  ~T' 

and  show  that  they  form  an  isothermal  orthogonal  system. 

5.  Determine  <f>  (v)  so  that  on  the  right  conoid  x  =  u  cos  v,  y  =  u  sin  »,  z  —  <f>  (v) 
the  parametric  curves  form  an  isothermal  orthogonal  system,  and  show  that  the 
curves  which  bisect  the  angles  between  the  parametric  curves  form  a  system  of 
the  same  kind. 

6.  Express  the  results  of  Ex.  4,  page  82,  in  terms  of  the  parameters  <f>  and  ^ 
defined  by  (66). 

42.  Conformal  representation.  When  a  one-to-one  correspond- 
ence of  any  kind  is  established  between  the  points  of  two  sur- 
faces, either  surface  may  be  said  to  be  represented  on  the  other. 
Thus,  if  we  roll  out  a  cylindrical  surface  upon  a  plane  and  say 
that  the  points  of  the  surface  correspond  to  the  respective  points 
of  the  plane  into  which  they  are  developed,  we  have  a  representa- 
tion of  the  surface  upon  the  plane.  Furthermore,  as  there  is  no 
stretching  or  folding  of  the  surface  in  this  development  of  it  upon 
the  plane,  lengths  of  lines  and  the  magnitude  of  angles  are  unal- 
tered. It  is  evidently  impossible  to  make  such  a  representation  of 
every  surface  upon  a  plane,  and,  in  general,  two  surfaces  of  this 
kind  do  not  admit  of  such  a  representation  upon  one  another. 
However,  it  is  possible,  as  we  shall  see,  to  represent  one  surface 
upon  another  in  such  a  way  that  the  angles  between  correspond- 
ing lines  on  the  surfaces  are  equal.  In  this  case  we  say  that  one 
surface  has  conformal  representation  on  the  other. 

In  order  to  obtain  the  condition  to  be  satisfied  for  a  conformal 
representation  of  two  surfaces  S  and  S',  we  imagine  that  they  are 
referred  to  a  corresponding  system  of  real  lines  in  terms  of  the 
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same  parameters  n,  r,  and  that  corresponding  points  have  the  same 
curvilinear  coordinates.  We  write  their  linear  elements  in  the 
respective  forms 

-  Edu-+  2  Fdudv  +  G  dif,    ds"2=E'du-+  2  F'dudv+  G'dv*. 

Since  the  angles  o>  and  &>'  between  the  coordinate  lines  at  corre- 
sponding points  must  be  equal,  it  is  necessary  that 

F  F' 

(81) 


If  00  and  0'0  denote  the  angles  which  a  curve  on  S  and  the  corre- 
sponding curve  on  S'  respectively  make  with  the  curves  v  =  const. 
at  pouits  of  the  former  curves,  we  have,  from  (23)  and  (25), 

H   dv  H  du 

'  ~*°)=' 


,       H'   dv  H'   clu 

•  =  '       ""<—  ^- 


By  hypothesis  &>'=  ±  o>  and  0'0  =  ±  00,  according  as  the  angles  have 
the  same  or  opposite  sense.    Hence  we  have 

H  dv  L-       H  du 

' 


according  to  the  sense  of  the  angles.    From  these  equations  we  find 


which,  in  combination  with  (81),  may  be  written 

J.-'  T<l  Sll 

(83)  ±«£:  =  <LSSS|» 

E       F       G 

where  t~  denotes  the  factor  of  proportionality,  a  function  of  u  and 
v  in  general.    From  (83)  it  follows  at  once  that 

(84)  =  ti 


And  so  when  the  proportion  (83)  is  satisfied,  the  equations  (81) 
and  (82)  follow.    Hence  we  have  the  theorem  : 

A  necessary  and  sufficient  condition  that  the  representation  of  two 
surfaces  rtf  erred  to  a  corresponding  system  of  lines  be  conformal  is 
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that  the  first  fundamental  coefficients  of  the  two  surfaces  be  propor- 
tional, the  factor  of  proportionality  being  a  function  of  the  param- 
eters ;  the  representation  is  direct  or  inverse  according  as  the  relative 
positions  of  the  positive  half  tangents  to  the  parametric  curves  on  the 
two  surfaces  are  the  same  or  symmetric. 

Later  we  shall  find  means  of  obtaining  conformal  representations. 

From  (84)  it  follows  that  small  arcs  measured  from  correspond- 
ing points  on  S  and  S'  along  corresponding  curves  are  in  the  same 
ratio,  the  factor  of  proportionality  being  in  general  a  function  of 
the  position  of  the  point.  Conversely,  when  the  ratio  is  the  same 
for  all  curves  at  a  point,  there  is.  a  relation  such  as  (84),  with  t  a 
function  of  u  and  v  at  most.  And  since  it  holds  for  all  directions, 
we  must  have  the  proportion  (83).  On  this  account  we  may  say 
that  two  surfaces  are  represented  conformally  upon  one  another 
when  in  the  neighborhood  of  each  pair  of  homologous  points  corre- 
sponding small  lengths  are  proportional. 

43.  Isometric  representation.  Applicable  surfaces.  When  in  par- 
ticular the  factor  t  is  equal  to  unity,  corresponding  small  lengths 
are  equal  as  well  as  angles.  In  this  case  the  representation  is  said 
to  be  isometric,  and  the  two  surfaces  are  said  to  be  applicable.  The 
significance  of  the  latter  term  is  that  the  portion  of  one  surface  in 
the  neighborhood  of  every  point  can  be  so  bent  as  to  be  made  to 
coincide  with  the  corresponding  portion  of  the  other  surface  with- 
out stretching  or  duplication.  It  is  evident  that  such  an  applica- 
tion of  one  surface  upon  another  necessitates  a  continuous  array  of 
surfaces  applicable  to  both  S  and  8^  This  process  of  transformation 
is  called  deformation,  and  St  is  called  a  deform  of  S  and  vice  versa. 
An  example  of  this  is  afforded  by  the  rolling  of  a  cylinder  on 
a  plane. 

Although  a  conformal  representation  can  be  established  between 
any  two  surfaces,  it  is  not  true,  as  we  shall  see  later,  that  any  two 
surfaces  admit  of  an  isometric  representation  upon  onf          iT^r. 
From  time  to  time  we  shall  meet  with  examples  of  app1 
faces,  and  in  a  later  chapter  we  shall  discuss  at  lengf  s 

which  arise  concerning  the  applicability  of  surfaces  ;r, 

we  consider  here  an  example  afforded  by  the  tangent  i  a 

twisted  curve. 
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We  recall  that  if  x,  y,  z  are  the  coordinates  of  a  point  on  the 
curve,  expressed  in  terms  of  the  arc,  the  equations  of  the  surface  are 
of  the  form       £  =  ^  +  ^     rj  =  y  +  y't,     £=z  +  z't, 
and  the  linear  element  of  the  surface  is 

do*  =  (\  +  Q  ds2  +  2  dsdt  +  dt\ 


where  p  denotes  the  radius  of  curvature  of  the  curve. 

Since  this  expression  does  not  involve  the  radius  of  torsion,  it 
follows  that  the  tangent  surfaces  to  all  curves  which  have  the 
same  intrinsic  equation  p  =/(*)  are  applicable  in  such  a  way  that 
points  on  the  curves  determined  by  the  same  value  of  *  correspond. 
As  there  is  a  plane  curve  with  this  equation,  the  surface  is  appli- 
cable to  the  plane  in  such  a  way  that  points  of  the  surface  corre- 
spond to  points  of  the  plane  on  the  convex  side  of  the  plane  curve. 

The  tangents  to  a  curve  are  the  characteristics  of  the  osculating 
planes  as  the  point  of  osculation  moves  along  the  curve,  and  con- 
sequently they  are  the  axes  of  rotation  of  the  osculating  plane  as 
it  moves  enveloping  the  surface.  Instead  of  rolling  the  plane  over 
the  tangent  surface,  we  may  roll  the  surface  over  the  plane  and  bring 
all  of  its  points  into  coincidence  with  the  plane.  It  is  in  this  sense 
that  the  surface  is  developable  upon  a  plane,  and  for  this  reason 
it  is  called  a  developable  surface  (cf.  §  27).  Later  it  will  be  shown 
that  every  surface  applicable  to  the  plane  is  the  tangent  surface  of 
a  curve  (§  64). 

44.  Conformal  representation  of  a  surface  upon  itself.  We  return 
to  the  consideration  of  conformal  representation,  and  remark  that 
another  consequence  of  equations  (83)  is  that  the  minimal  curves 
correspond  upon  S  and  S'.  Conversely,  when  two  surfaces  are 
referred  to  a  corresponding  system  of  lines,  if  the  minimal  lines  on 
the  two  surfaces  correspond,  equations  (83)  must  hold.  Hence  : 

A  necessary  and  sufficient  condition  that  the  representation  of  two 
surfaces  upon  one  another  be  conformal  is  that  the  minimal  lines 
correspond. 

If  the  minimal  lines  upon  the  two  surfaces  are  known  and  taken 
as  parametric,  the  linear  elements  are  of  the  form 

(85)  ds2  = 
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Hence  a  conforraal  representation  is  defined  in  the  most  general 
way  by  the  equations 

(86)  a1  =  F(a),         &  =  -*•,  (£), 
or 

(87)  «!  =  ^(/3),         A  =  ^i(«)» 

where  F  and  Fl  are  arbitrary  functions  which  must  be  conjugate 
imaginary  when  the  surfaces  are  real. 

Instead  of  interpreting  (85)  as  the  linear  elements  of  two  sur- 
faces referred  to  their  minimal  lines,  we  can  look  upon  them  as 
the  linear  element  of  the  same  surface  in  terms  of  two  sets  of 
parameters  referring  to  the  minimal  lines.  From  this  point  of 
view  equations  (86)  and  (87)  define  the  most  general  conforms! 
representation  of  a  surface  upon  itself.  If  we  limit  our  considera- 
tion to  real  surfaces  and  put,  as  before, 

a  =  <j>  +  iifr,     /3  =  <£  —  i^r,     al=<f>l+  tyj,     &  =  &—  tyv 

the  functions  <j>,  -fy  and  <j>r  ^  are  pairs  of  isothermic  parameters. 
Now  equations  (86),  (87)  may  be  written 

(88)  <t>1¥tyl  =  F(<}>±iW. 
Consequently  we  have  the  theorem  : 

When  a  pair  of  isothermic  parameters  </>,  ty  of  a  surface  are  known 
and  the  surface  is  referred  to  the  lines  <f)  =  const.,  -fy  =  const.,  the 
most  general  conformed  representation,  of  the  surface  upon  itself  is 
obtained  by  making  a  point  (<£,  i/r)  correspond  to  the  point  ($x,  -v^), 
into  which  it  can  be  transformed  in  accordance  with  equation  (88). 

As  a  corollary  of  this  theorem,  we  have : 

When  a  pair  of  isothermic  parameters  is  known  for  each  of  two 
surfaces,  all  the  conformal  representations  of  one  surface  upon  the 
other  can  be  found  directly. 

Consider  two  pairs  of  isothermic  parameters  </>,  ty  and  </>x,  fa  for 
a  surface  S,  and  suppose  their  relation  is 

(89)  ^>l+ifa  =  F(^  +  i^). 

If  two  curves  C  and  Cl  are  in  correspondence  in  this  representa- 
tion, their  parametric  equations  must  be  the  same  functional  rela- 
tion between  the  parameters,  namely, 
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Denote  by  6  and  8l  the  angles  which  C  and  C\  make  with  the 
curves  ^  =  const,  and  ^1=  const,  respectively.  If  we  write  the 
linear  element  of  S  in  the  two  forms 

ds2  =  \  (d<f>2  +  d-^--) ,          ds*  = 
it  follows  from  (23)  that 

cos  0  =  —       ^         ,         sin  0  = 


cos  0,=  -  --  -,       sin  0,  = 


+  rf^-'  rf^  + 

From  these  expressions  we  derive  the  following  : 


(£0  —  i  d-fy-  d(f>l  —  i 

so  that  in  consequence  of  (89)  we  have 

(90)  ^-»_^l*±it), 


where  ^  is  the  function  conjugate  to  F,  and  the  accents  indicate 
differentiation  with  respect  to  the  argument.  If  F  and  Yl  are 
another  pair  of  corresponding  curves,  and  their  angles  are  denoted 
by  0  and  6V  it  follows  from  (90)  that 

etn»i-e)=  es  i-(»,-« 
°r  9^-0^  =  0-0. 

For,  the  right-hand  member  of  (90)  is  merely  a  function  of  the 
position  of  the  point  and  is  independent  of  directions.  Hence  in 
any  conformal  representation  denned  by  an  equation  of  the  form 
(89)  the  angles  between  corresponding  curves  have  the  same  sense. 
When,  now,  the  correspondence  satisfies  the  equation 


the  equation  analogous  to  (90)  is 


Hence  0^-0^=0-01 

consequently  the  corresponding  angles  are  equal  in  the  inverse  sense. 
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45.  Conformal  representation  of  the  plane.  For  the  plane  the 
preceding  theorem  may  be  stated  thus  : 

The  most  general  real  conformal  representation  of  the  plane  upon 
itself  is  obtained  by  making  a  point  (x,  y)  correspond  to  the  point 
(xv  y\)->  where  x1+iyl  is  any  function  of  x  +  iy  or  x  —  iy. 

We  recall  the  example  of  §  41,  namely 

c2 
(i)  Xi  +  iyi  = 


—  iy 
where  c  is  a  real  constant.    This  equation  is  equivalent  to 


and  also  to 

c2x 


Hence  the  parallels  x  =  const,  and  y  —  const.,  in  the  xy-plane,  are  represented 
in  the  Xi?/i-plane  by  circles  which  pass  through  the  origin  and  have  their  centers 
on  the  respective  axes.  Conversely,  these  circles  in  the  xy-plane  correspond  to 
the  parallels  in  the  Xi2/i-plane. 


equations  (ii)  and  (iii)  may  be  written 

(iv)  X-  =  X-1,        *  =  *,        rr1=,c2. 

r      n          r      rv 

Hence  corresponding  points  are  on  the  same  line  through  the  origin,  and  their 
distances  from  it  are  such  that  rr\  =  c2.  On  this  account  equations  (iv)  are 
said  to  define  an  inversion  with  respect  to  the  circle  x2  -f  y3  =  c2,  or,  since  r\  =  c2/r, 
a  transformation  by  reciprocal  radii  vectores. 

From  §  44  it  follows  that  corresponding  angles  are  equal  in  the  inverse  sense. 

For  the  case 

c2 
(v)  Xi  +  iyi  =  — 

x  +  iy 

the  equations  analogous  to  (iv)  are 


Hence  the  point  PI(XJ,  y\)  corresponding  to  P(x,  y)  lies  on  the  line  which  is  the 
reflection  in  the  x-axis  of  the  line  OP,  and  at  the  distance  OPi  =  c2/r.  Evidently 
this  transformation  is  the  combination  of  an  inversion  and  the  transformation 
Xi  =  x,  1/1  =  -  y. 

One  finds  that  the  transformations  (i)  and  (v)  have  the  following  properties  : 

Every  straight  line  is  transformed  into  a  circle  which  passes  through  the  origin; 
and  conversely. 

Every  circle  which  does  not  pass  through  the  origin  is  transformed  into  a  circle. 
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We  propose  now  the  problem  of  finding  the  most  general  con- 
formal  transformation    of   the  plane  into   itself,   which  changes 
circles  not  passing  through  the  origin  into  circles.    In  solving  it 
we  refer  the  plane  to  symmetric  parameters  a,  /3,  where 
a  =  x+iy,          fi=x  —  iy. 

The  equation  of  any  circle  which  does  not  pass  through  the 
origin  is  of  the  form 

(91)  ca$+aa  +  b/3+  rf  =  0, 

where  a,  5,  c,  d  are  constants ;  when  the  circle  is  real  a  and  b 
must  be  conjugate  imaginaries  and  c  real.  Equation  (91)  defines  $ 
as  a  function  of  a.  If  we  differentiate  the  equation  three  times 
with  respect  to  a,  and  eliminate  the  constants  from  the  resulting 
equations,  we  find 

(92)  3/9"2-2£'£'"=0, 

where  the  accent  indicates  differentiation  with  respect  to  a, 
Moreover,  as  equation  (91)  contains  three  independent  constants, 
it  is  the  general  integral  of  (92). 

We  know  that  the  most  general  conformal  representation  of 
the  plane  upon  itself  is  given  by 

(93)  al 
or 

(94)  «! 

Our  problem  reduces,  therefore,  to  the  determination  of  functions 
A  and  B,  such  that  the  equation 

(95)  3fl"-2flfl"=:0, 

where  the  accent  indicates  differentiation  with  respect  to  av  can 
be  transformed  by  (93)  or  (94)  into  (92). 

We  consider  first  equations  (93),  which  we  write 

a=Al(a1)t 
Now 

o,  _dB    Of*    da  _Ji,R,A, 

PI  ~  ~Ta  '  ~J~  '  ~T~      -°  P  Ar 
dp    da    dal 

In  like  manner  we  find  /3"  and  /?[".  When  their  values  are  sub- 
stituted in  (95)  we  get,  since  A(  and  B'  are  different  from  zero, 

3  £"2  -  2  p'p">  +  -L  (3  Bm  -  2  B'B'")  PH  +  -^  (3  A[n  -  2  A[A[")  £'a  =  0. 
B  Al 
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Since  equation  (95)  must  be  directly  transformable  into  (92),  it 
follows  that 

(96)  3  B"2  -  2  B'B'"  =  0,         3  <2  -  2  A[A^'  =  0. 

As  these  equations  are  of  the  form  (92),  their  general  integrals 
are  similar  to  (91).  Hence  the  most  general  forms  of  (93)  for 
our  problem  are 

(97)  *1=^±^,         ft= 


Moreover,  when  these  values  are  substituted  in  an  equation  in 
av  /3j  of  the  form  (91),  the  resulting  equation  in  a  and  ft  is  of 
this  form. 

Equation  (91)  may  likewise  be  looked  upon  as  denning  a  in 
terms  of  /3,  so  that  a,  as  a  function  of  j3,  satisfies  an  equation  of  the 
form  (92)  ;  similarly  for  al  as  a  function  of  /3r  Hence  if  we  had  used 
(94),  we  should  have  been  brought  to  results  analogous  to  (97)  ;  and 
therefore  the  most  general  forms  of  (94)  for  our  problem  are 


Hence  : 

When  a  plane  is  defined  in  symmetric  parameters  «,  /?,  the  most 
general  conformal  representation  of  the  plane  upon  itself,  for  which 
circles  correspond  to  circles  or  straight  lines,  is  given  by  (97)  or  (98).* 


EXAMPLES 

1.  Deduce  the  equations  which  define  the  most  general  conformal  representation 
of  a  surface  with  the  linear  element  ds2  =  du2  +  (a2  —  u2)dv2  upon  itself. 

2.  Show  that  the  surfaces 

x  =  u  cos  u,        y  =  u  sin  v,        z  =  cni, 

,      .  u 
x  =  u  cos  v,        y  =  u  sin  w,        z  =  a  cosh  -  *  -  , 

are  applicable.  Find  the  curve  in  which  a  plane  through  the  2-axis  cuts  the  latter 
surface,  and  deduce  the  equations  of  the  conformal  representation  of  these  surfaces 
on  the  plane. 

3.  When  the  representation  is  defined  by  (97),  what  are  the  coordinates  of  the 
center  and  radius  of  the  circle  in  the  at-plane  which  corresponds  to  the  circle  of 
center  (c,  d)  and  radius  r  in  the  a-plane  ? 

*The  transformations  (97)  and  (98)  play  an  important  role  in  ilic  theory  of  functions. 
For  a  more  detailed  study  of  them  the  reader  is  referred  to  the  treatises  of  Picard,  Darboux, 
and  Forsyth. 
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4.  Show  that  in  the  conformal  representation  (97)  there  are,  in  general,  two 
distinct  points,  each  of  which  corresponds  to  itself  ;  also  that  if  y  and  5  are  the 
values  of  a  at  these  points,  then 


a!  -  5      a  —  5  fll  +  ^  +  V(c»i  —  at)-  -j-  4  a-jOs 

5  .  Find  the  condition  that  the  origin  be  the  only  point  which  corresponds  to  itself, 
and  show  that  if  the  quantities  a:.  a-2,  a3.  at  are  real,  a  circle  in  the  a-plane  through 
the  origin  0  corresponds  to  a  circle  in  the  aj-plane  through  O  and  touching  the  other 
circle  ;  also  that  a  circle  touching  the  z-axis  at  O  corresponds  to  itself. 

6.  The  equation  2  cti  =  (a  —  b)  a  H  --  —  ?  where  a  and  6  are  constants,  defines  a 

conformal  representation  of  the  plane  upon  itself,  such  that  circles  about  the  origin 
and  straight  lines  through  the  latter  in  the  a-plane  correspond  to  confocal  ellipses 
and  hyperbolas  in  the  ai-plane. 

7.  In  the  conformal  representation  a\  =  logo:  to  lines  parallel  to  the  x-  and 
y-axes  in  the  aj-plane  there  correspond  lines  through  the  origin  and  circles  about 
it  in  the  a-plane,  and  to  any  orthogonal  system  of  straight  lines  in  the  ai-plane 
an  orthogonal  system  of  logarithmic  spirals  in  the  a-plane. 

46.  Surfaces  of  revolution.  By  definition  a  surface  of  revolution 
is  the  surface  generated  by  a  plane  curve  when  the  plane  of  the 
curve  is  made  to  rotate  about  a  line  in  the  plane.  The  various 
positions  of  the  curve  are  called  the  meridians  of  the  surface,  and 
the  circles  described  by  each  point  of  the  curve  in  the  revolution 
are  called  the  parallels.  We  take  the  axis  of  rotation  for  the  z-axis, 
and  for  a>axis  and  y-axis  any  two  lines  perpendicular  to  one  another, 
and  to  the  z-axis,  and  meeting  it  in  the  same  point.  For  any  posi- 
tion of  the  plane  the  equation  of  the  curve  may  be  written  z  =  <£(r), 
where  r  denotes  the  distance  of  a  point  of  the  curve  from  the  z-axis. 
We  let  v  denote  the  angle  which  the  plane,  in  any  of  its  positions, 
makes  with  the  ./:>plane.  Hence  the  equations  of  the  surface  are 

(99)  x  =  r  cos  >\          y  =  r  sin  v,          z  =  <£  (r). 

The  linear  element  is 

(100)  d8*=[I  +  <l>'a-(r)]drl  +  r.< 
If  we  put 

(101) 

the  linear  element  is  transformed  into 
(102) 
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where  X  is  a  function  of  u,  which  shows  that  the  meridians  and 
parallels  form  an  isothermal  system.  As  this  change  of  parameters 
does  not  change  the  parametric  lines,  the  equations 

x  =  w,         y  =  v, 

define  a  conformal  representation  of  the  surface  of  revolution  upon 
the  plane  in  which  the  meridians  and  parallels  correspond  to  the 
straight  lines  x  =  const,  and  y  =  const,  respectively. 

By  definition  a  loxodromic  curve  on  a  surface  of  revolution  is  a 
curve  which  cuts  the  meridians  under  constant  angle.  Evidently 
it  is  represented  on  the  plane  by  a  straight  line.  Hence  loxodromic 
curves  on  a  surface  of  revolution  (99)  are  given  by 


a  fi 


dr  +  bv  +  c=  0, 


where  a,  J,  c  are  constants. 

Incidentally  we  have  the  theorem  : 

When  the  linear  element  of  a  surface  is  reducible  to  the  form 


where  \  is  a  function  of  u  or  v  alone,  the  surface  is  applicable  to  a 
surface  of  revolution. 

For,  suppose  that  X  is  a  function  of  u  alone.  Put  r  =  V\  and 
solve  this  equation  for  u  as  a  function  of  r.  If  the  resulting 
expression  be  substituted  in  (101),  we  find,  by  a  quadrature,  the 
function  <£(r),  for  which  equations  (99)  define  the  surface  of 
revolution  with  the  given  linear  element. 

When,  in  particular,  the  surface  of  revolution  is  the  unit  sphere, 
with  center  at  the  origin,  we  have 

r  =  sin  M,        z  =  Vl  —  r*  =  cos  M, 

where  u  is  the  angle  which  the  radius  vector  of  the  point  makes 
with  the  positive  z-axis.    Now 


Hence  the  equations  of  correspondence  are 
x  =  log  tan-,          y  = 
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This  representation  is  called  a  Mercator  chart  of  the  sphere  upon 
the  plane.  It  is  used  in  making  maps  of  the  earth  for  mariners. 
A  path  represented  by  a  straight  line  on  the  chart  cuts  the  meridians 
at  constant  angle. 

47.  Conformal  representations  of  the  sphere.  We  have  found 
(§  35)  that  when  the  unit  sphere,  with  center  at  the  origin,  is 
referred  to  minimal  lines,  its  equations  are 


where  a  and  /3  are  conjugate  imaginary.    Hence  the  parametric 
equation  of  any  real  circle  on  the  sphere  is  of  the  form 


where  a  and  b  are  conjugate  imaginary  and  c  and  d  are  real. 
From  this  it  follows  that  the  problem  of  finding  any  conformal 
representation  of  the  sphere  upon  the  plane  with  circles  of  the 
former  in  correspondence  with  circles  or  straight  lines  of  the 
latter,  is  the  same  problem  analytically  as  the  determination  of 
this  kind  of  representation  of  the  plane  upon  itself.  Hence,  from 
the  results  of  §  45,  it  follows  that 

All  conformal  representations  of  the  sphere  (103)  upon  a  plane, 
with  circles  of  the  former  corresponding  to  circles  or  straight  lines 
of  the  latter,  are  defined  by 


We  wish  to  consider  in  particular  the  case  in  which  the  sphere 
is  represented  on  the  .ry-plane  in  such  a  way  that  the  great  cir- 
cle determined  by  this  plane  corresponds  with  itself  point  for 
point. 

From  (103)  we  have  that  the  equations  of  this  circle  are 


, 

2a  2  a 

*  The  representation  with  the  lower  signs  is  the  combination  of  the  one  with  the  upper 
sign  and  the  transformation  aj  =  /3,  0i=  a,  which  from  (103)  is  seen  to  transform  a  figure 
on  the  sphere  into  the  figure  symmetrical  with  respect  to  the  zz-plane. 
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When  these  values  are  substituted  in  (104)  it  is  found  that  we 

must  have 

ax=a4,        b^l4l        a2=a3=62=J3=0, 

so  that  the  particular  form  of  (104)*  is  equivalent  to 
1 


From  these  equations  and  (103)  we  find  that  the  equations 
of  the  straight  lines  joining  corresponding  points  on  the  sphere 
and  plane  are  reducible  to 

X  Y  \-Z 


'»(£—«)         2 

For  all  values  of  a  and  /3  these  lines  pass  through  the  point  (0,  0, 1). 
Hence  a  point  of  the  plane  corresponding  to  a  given  point  P  upon 
the  sphere  is  the  point  of  intersection  with  the  plane  of  the  line 
joining  P  with  the  pole  (0,  0,  1).  This  form  of  representation  is 
called  the  stereographie  projection  of  the  sphere  upon  the  plane. 
It  is  evident  that  a  line  in  the  plane  corresponds  to  a  circle  on 
the  sphere ;  this  circle  is  determined  by  the  plane  of  the  pole  and 
the  given  line. 

We  will  close  this  chapter  with  a  few  remarks  about  the  con- 
formal  representation  of  the  sphere  upon  itself.  From  the  fore- 
going results  we  know  that  every  such  representation  of  the 
sphere  (103)  is  given  by  equations  of  similar  form  in  ax,  y8t,  where 
the  latter  are  given  by  (86)  or  (87),  and  that  for  conformal  repre- 
sentations with  circles  in  correspondence  al  and  ftl  have  the  values 
(97)  or  (98). 

We  consider  in  particular  the  case 


(106) 


aa 


The  expressions  of  the  linear  elements  of  the  sphere  are  found 
to  be  reducible  to 

4  dadp  4  da.dj3.         4  dadft 

ft  a*1  —  _  .  ft  o  '  _  _  *  [  _  —  _  -       .    • 

-(i+apf        -(1+^)""  a  +«/*)• 

*  Here  we  have  used  the  upper  signs  in  (104). 
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Hence  equations  (105)  define  an  isometric  representation  of  the 
sphere  upon  itself.  Since  angles  are  preserved  in  the  same  sense 
by  (105),  this  representation  may  be  looked  upon  as  determining 
a  motion  of  configuration  upon  the  sphere  into  new  positions 
upon  it.  The  stationary  points  in  the  general  motion,  if  there 
are  any,  correspond  to  values  of  a  and  /8,  which  are  roots  of 
the  respective  equations 

(106)     a3t2  +  (ai-al)t-az=0,       asu*+(at  —  a^u  -  as=  0. 

If  tl  and  tz  are  the  roots  of  the  former,  those  of  the  latter  are  —  \/tl 
and  —  1A2.  Hence  there  are  four  points  stationary  in  the  motion; 
their  curvilinear  coordinates  are 


From  (103)  it  is  seen  that  the  first  two  are  at  infinity,  and  the 
last  two  determine  points  on  the  sphere,  so  that  the  motion  is  a 
rotation  about  these  points.  If  the  2-axis  is  taken  for  the  axis  of 
rotation,  we  have  from  (103)  that  the  roots  of  (106)  must  be  oo  and 
0  ;  hence  a2=  as=  0,  so  that  (105)  becomes 

«i=^a>         ^=^# 
If  the  rotation  is  real,  these  equations  must  be  of  the  form 

ai=«-a,         ft  =«-"•& 
where  &>  is  the  angle  of  rotation. 

EXAMPLES 
1.  Find  the  equations  of  the  surface  of  revolution  with  the  linear  element 


2.  Find  the  loxodromic  curves  on  the  surface 

x  =  u  cos  t,      y  =  u  sin  v,      z  —  a.  cosh-1  -  , 

and  find  the  equations  of  the  surface  when  referred  to  an  orthogonal  system  of 
these  curves. 

3.  Find  the  general  equations  of  the  conformal  representation  of  the  oblate 
spheroid  upon  the  plane. 

4.  Show  that  for  the  surface  generated  by  the  revolution  of  the  evolute  of 
the  catenary  about  the  base  of   the  latter  the  linear  element  is  reducible   to 
d*2  =  du2  +  u  do2. 
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5.  A  great  circle  on  the  unit  sphere  cuts  the  meridian  v  —  0  in  latitude  a  under 
angle  a.    Find  the  equation  of  its  stereographic  projection. 

6.  Determine    the    stereographic   projection  of    the    curve   x  =  a  sin  w  cos  w, 
y  =  acos2u,  z  =  asinu  from  the  pole  (0,  a,  0). 

GENERAL  EXAMPLES 

1.  When  there  is  a  one-to-one  point  correspondence  between  two  surfaces,  the 
cross-ratio  of  four  tangents  to  one  surface  at  a  point  is  equal  to  the  cross-ratio  of 
the  corresponding  tangents  to  the  other. 

2.  Given  the  paraboloid 

x  =  2aucosw,     y  =  26wsinw,     z  =  2«2(a  cos2«  +  &sin2«), 

where  a  and  b  are  constants.  Determine  the  equation  of  the  curves  on  the  surface, 
such  that  the  tangent  planes  along  a  curve  make  a  constant  angle  with  the  xy-plane. 
Show  that  the  generators  of  the  developable  2,  enveloped  by  these  planes,  make  a 
constant  angle  with  the  z-axis,  and  express  the  coordinates  of  the  edge  of  regression 
in  terms  of  ». 

3.  Find  the  orthogonal  trajectories  of  the  generators  of  the  surface  S  in  Ex.  2. 
Show  that  they  are  plane  curves  and  that  their  projections  on  the  xy-plane  are 
involutes  of  the  projection  of  the  edge  of  regression. 

4.  Let  C  be  a  curve  on  a  cone  of  revolution  which  cuts  the  generators  under 
constant  angle,  and  C\  the  locus  of  the  centers  of  curvature  of  C.   Show  that  C*i 
lies  upon  a  cone  whose  elements  it  cuts  under  constant  angle. 

5.  When  the  polar  developable  of  a  curve  is  developed  upon  a  plane,  the  curve 
degenerates  into  a  point. 

6.  When  the  rectifying  developable  of  a  curve  is  developed  upon  a  plane,  the 
curve  becomes  a  straight  line. 

7.  Determine  <f>(v)  so  that  the  right  conoid, 


shall  be  applicable  to  a  surface  of  revolution. 

8.  Determine  the  equations  of  a  conformal  representation  of  the  plane  upon 
itself  for  which  the  parallels  to  the  axes  in  the  ai-plane  correspond  to  lines  through 
a  point  (a,  6)  and  circles  concentric  about  it  in  the  a-plane. 

9.  The  equation  a\  =  c  sin  a,  where  c  is  a  constant,  defines  a  conformal  repre- 
sentation of  the  plane  upon  itself  such  that  the  lines  parallel  to  the  axes  in  the 
a-plane  correspond  to  confocal  ellipses  and  hyperbolas  in  the  ai-plane. 

10.  In  the  conformal  representation  of  the  plane  upon  itself,  given  by  a\  =  a2, 
to  lines  parallel  to  the  axes  in  the  ai-plane  there  correspond  equilateral  hyperbolas 
in  the  a-plane,  and  to  the  pencil  of  rays  through  a  point  in  the  <ri-plane  and  the  cir- 
cles concentric  about  it  there  corresponds  a  system  of  equilateral  hyperbolas  through 
the  corresponding  point  in  the  a-plane  and  a  family  of  confocal  Cassini  ovals. 

11.  When  the  sides  of  a  triangle  upon  a  surface  of  revolution  are  loxodromic 
curves,  the  sum  of  the  three  angles  is  equal  to  two  right  angles. 

12.  The  only  conformal  perspective  representation  of  a  sphere  upon  a  plane  is 
given  by  (104). 
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13.  Show  that  equations  (105)  and  the  equations  obtained  from  (105)  by  the 
interchange  of  a  arid  /3  define  the  most  general  isometric  representation  of  the 
sphere  upon  itself. 

14.  Let  each  of  two  surfaces  S,  Si  be  defined  in  terms  of  parameters  u,  v,  and 
let  points  on  each  with  the  same  values  of  the  parameters  correspond.    If  H  =  HI, 
where  the  latter  is  the  function  for  Si  analogous  to  H  for  S,  corresponding  elements 
of  area  are  equal  and  the  representation  is  said  to  be  equivalent.*   If  H  -^  HI  and 
the  parameters  of  S  are  changed  in  accordance  with  the  equations  u'  =  <p  (u,  v), 
v'=^(u,  v),  the  condition  that  the  equations  u'  =  «,  v'=  v  define  an  equivalent  rep- 
resentation of  S  and  Sl  is      ^  ^      ^^  _  H(u,v) 

cu  cv       (V  cu      Hi(<f>,  $) 

15.  Under  what  conditions  do  the  equations 

define  an  equivalent  representation  of  the  plane  upon  itself  ? 

16.  Show  that  the  equations 

z  =  frVl  +  0'2dr,         y  =  v, 

determine  an  equivalent  representation  of  the  surface  of  revolution  (99)  upon  the 
plane. 

17.  Given  a  sphere  and  circumscribed  circular  cylinder.    If  the  points  at  which 
a  perpendicular  to  the  axis  of  the  latter  meets  the  two  surfaces  correspond,  the 
representation  is  equivalent. 

18.  Find  an  equivalent  representation  of  the  sphere  upon  the  plane  such  that 
the  parallel  circles  correspond  to  lines  parallel  to  the  y-axis  and  the  meridians  to 
ellipses  for  which  the  extremities  of  one  of  the  principal  axes  are  (a,  0),  (—  a,  0). 

*  German  writers  call  it  "  flachentreu." 


CHAPTER  IV 


GEOMETRY  OF  A  SURFACE  IN  THE  NEIGHBORHOOD  OF  A  POINT 

48.  Fundamental  coefficients  of  the  second  order.  In  this  chapter 
we  study  the  form  of  a  surface  in  the  neighborhood  of  a  point  M 
of  it,  and  the  character  of  the  curves  which  lie  upon  the  surface 
and  pass  through  the  point.  We  recall  that  the  tangents  at  M  to 
all  these  curves  lie  in  a  plane,  —  the  tangent  plane  to  the  surface  at 
the  point. 

The  equation  of  the  tangent  plane  at  M(x,  y,  2),  namely  (II,  11), 
may  be  written 

(1)  (%- 

where  we  have  put 


(2) 


\_ 

H 


dy  dz 

du  du 

dy  dz 

dv  dv 


v 
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dz      dx 

dx     'dy 

du     du 

1 

du     du 

dz      dx 

'     Z'~Jf 

dx     dy 

dv      ~dv 

dv      dv 

We  define  the  positive  direction  of  the  normal  (§  25)  to  be  that 
for  which  the  functions  A",  Y,  Z  are  the  direction-cosines.  From  this 
definition  it  follows  that  the  tangents  to  the  curves  v  =  const,  and 
u  =  const,  at  a  point  and  the  normal  at  the  point  have  the  same 
mutual  orientation  as  the  a>,  #-,  and  z-axes. 

From  (2)  follow  the  identities 

/"3\  V  Y  ^x  —  ft         V  i'  ^x  —  o 

V"/  /  ,•<*-  — = "»         2-i     ~~~     '•'» 

du  dv 

which  express  the  fact  that  the  normal  is  perpendicular  to  the  tan- 
gents to  the  coordinate  curves.  In  consequence  of  these  identities 
the  expression  for  the  distance  p  from  a  point  M '  (u  +  du,  v  +  dv) 
to  the  tangent  plane  at  M  is  of  the  second  order  in  du  and  dv. 
It  may  be  written 


(4) 


p  = 


u2  +  2  &  dudv  +  D"  dv2)  +  e, 
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;e  e  denotes  the  aggregate  of  terms  of  the  third  and  higher 
9  in  du  and  dv,  and  the  functions  Z>,  Z>',  D"  are  defined  by 


;uations  (3)  be  differentiated  with  respect  to  M  and  v  respec- 
tively, we  get 


v£Ar.r 

+  Zj~ —  ~       "' 

CUCV          ~  CV 

And  so  equations  (5)  may  be  written 


(T) 


c'x 

CU  Ct' 


2rA  r.r          ^-v  <  A  ex 
—  =  —  > 
'  /'    rt1            ^  rt'   r u 


cu 


du 


>" = V  v  —  =  -  V  —  — 

**     cr         ^  ' 


dv  8v 


The  quadratic  differential  form 


(8)  & 

is  called  the  second  fundamental  form  of  the  surface,  and  the  func- 
tions J>,  D\  D"  the  fundamental  coefficients  of  the  second  order.  We 
leave  it  to  the  reader  to  show  that  these  coefficients,  like  those  of  the 
first  order,  are  invariant  for  any  displacement  of  the  surface  in  space. 

Later  we  shall  have  occasion  to  use  two  sets  of  formulas  which 
will  now  be  derived. 

From  the  equations  of  definition. 


(?) 


f  a.  cv 


we  get,  by  differentiation  and  simple  reduction,  the  following : 


(10) 


-^->  c.r  c~.t' 

^  CU  CU' 

1  dE 
» 
'2  cu 

<^A  C  X  C'X 

^  CV  CU' 

,  F   1 
~  cu   2 

CV 

T^CX  C'X 

, 

^  CX  C'X 

1  cG 

^  cu  cu 

^ 

"^  C>'  CU  CV 

•2  cu 

,   ^' 

•^-\  r.r  r'.r 

_\cG 
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Again,  if  the  expressions  (9)  be  substituted  in  the  left-hand  mem- 
bers of  the  following  equations,  the  reduced  results  may  be  written 
by  means  of  (2)  in  the  form  indicated : 

dv         du  \     du         du 

(H) 

F 

dv          du          \     dv          dv/ 

Similar  identities  can  be  found  by  permuting  the  letters  z,  y,  z ; 

XV    7 
i  *•>  £. 

From  the  fundamental  relation 


we  obtain,  by  differentiation  with  respect  to  u  and  v  respectively, 
the  identities 

(12)  Vr— =  0,         ^x—  =  0. 

**     du  ^      dv 

These  equations  and  (7)  constitute  a  system  of  three  equations 

dX    dY    dZ  ..   dX    dY    dZ 

linear  in  — >  —  »  — >  and  a  system  linear  in  — •>  — » Solving 

du     du    du  dv     dv     dv 

o  y  o  TL*" 

for  —  and  for  —  ?  we  find,  by  means  of  (11), 

du  dv 

dX  ^FD'-GDdx  FD-ED'  dx 
..  ox                      I  du             H2        du  H2        dv 

^  d_X_  =  FD"-GD!  d_x  FD'-ED"  d_x 
dv~          H*     ~du  H*        dv' 

The  expressions  for  — ,  •  •  •,  --  are  obtained  by  replacing  x  by  y 
and  z  respectively. 

By  means  of  these  equations  we  shall  prove  that  a  real  surface  whose  first  and 
second  fundamental  coefficients  are  in  proportion,  thus 

(14)  —  =  —  =  —  =  — X, 

E      F        O 

where  X  denotes  the  factor  of  proportionality,  is  a  plane.    We  assume 

that  the  minimal  lines  are  parametric.    In  consei  ive 

E  =  G  =  D  -  D"  - 
so  that  equations  (13)  become 

(15)  ,  ^=X^,         *- 

8u         du  CD 
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The  function  X  must  satisfy  the  condition 


which  reduces  to  - — -  —  —  —  =  0.    Moreover,  we  have  two  other  equations  of 

f  I'   fit          CU  CV 

condition,  obtained  from  the  above  by  replacing  z  by  y  and  z  respectively.  Since 
the  proportion  ^  ^  rz  _  cz  cy  c2 

CU     CU     CU         CV     fC      fC 

is  not  possible  for  a  real  surface,  we  must  have  —  =  —  =  0 ;  that  is,  X  is  a  con- 

cu      cv 

stant.  When  X  is  zero  the  functions  X,  Y,  Z  given  by  (15)  are  constant,  and 
consequently  the  surface  is  a  plane.  When  X  is  any  other  constant,  we  get, 
by  integration  from  (15), 

X  =  \x  +  a,         Y  =  \y  +  b,        Z  =  Xz  +  c, 

where  a,  6,  c  are  constants.  From  these  equations  we  obtain  (Xz  +  a)1  -f  (\y  +  &)* 
+  (Xz  +  c)'2  =  1.  Since  this  is  the  general  equation  of  a  sphere,  it  follows  that  the 
above  condition  is  necessary  as  well  as  sufficient. 

49.  Radius  of  normal  curvature.  Consider  on  a  surface  S  any 
curve  C  through  a  point  3L  The  direction  of  its  tangent,  JUT, 
is  determined  by  a  value  of  dv/du.  Let  o>  denote  the  angle  which 
the  positive  direction  of  the  normal  to  the  surface  makes  with  the 
positive  direction  of  the  principal  normal  to  C  at  J/,  angles  being 
measured  toward  the  positive  binormal.  If  we  use  the  notation  of 
the  first  chapter,  and  take  the  arc  of  C  for  its  parameter,  we  have 

cosoj  = 

In  terms  of  -  -  and  -  -  the  derivatives  in  the  parenthesis  have 
,  ,  ds  ds 

the  forms 

c~x  du  dv      c'x  /<ft>Y    4-  ^-  'L— %-   *  - 
~^v'fods  +  tv:2\d*)' 

so  that  the  above  equation  is  equivalent  to 

cos  «      D  du2  +  2  D'dudv  +  D"dv* 

(16) 

As  the  right-hand  member  of  this  equation  depends  only  upon 
the  curvilinear  coordinates  of  the  point  and  the  direction  of  JMT, 
it  is  the  same  for  al"  ~;*k  *Ui'^  f^<^ent  at  M.  Since  p  is 

positive,  the  angle  oj        :  a  right  angle  for  one 

curve  tangent  to  MT,  if  it  is  ;:  right  angle  for  any  other 
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curve  tangent  to  MT;  and  vice  versa.  We  consider  in  particular 
the  curve  in  which  the  surface  is  cut  by  the  plane  determined  by 
MT  and  the  normal  to  the  surface  at  M.  We  call  it  the  normal 
section  tangent  to  M2\  and  let  pn  denote  its  radius.  Since  the 
right-hand  member  of  equation  (16)  is  the  same  for  C  and  the 
normal  section  tangent  to  it,  we  have 

(17)  cos»  =  ^ 

P  Pn 

where  e  is  + 1  or  —  1,  according  as  ew  is  less  or  greater  than  a  right 
angle;  for  p  and  pn  are  positive.  Equation  (17)  gives  the  follow- 
ing theorem  of  Meusnier: 

The  center  of  curvature  of  any  curve  upon  a  surface  is  the  pro- 
jection upon  its  osculating  plane  of  the  center  of  curvature  of  the 
normal  section  tangent  to  the  curve  at  the  point. 

In  order  to  avoid  the  ambiguous  sign  in  (17),  we  introduce  a 
new  function  R  which  is  equal  to  pn  when  0  ~  &>  <  T/2,  and  to  —  pn 
when  7T/2  ^  o>  <  TT,  and  call  it  the  radius  of  normal  curvature  of  the 
surface  for  the  given  direction  MT.  As  thus  defined,  R  is  given  by 

1      Ddu*  +  2D'dudv+D"dv* 
R 

Now  we  may  state  Meusnier's  theorem  as  follows : 

If  a  segment,  equal  to  twice  the  radius  of  normal  curvature  for  a 
given  direction  at  a  point  on  a  surface,  be  laid  off"  from  the  point  on 
the  normal  to  the  surface,  and  a  sphere  be  described  with  the  segment 
for  diameter,  the  circle  in  ivhich  the  sphere  is  met  by  the  osculating 
plane  of  a  curve  with  the  given  direction  at  the  point  is  the  circle  of 
curvature  of  the  curve. 

50.  Principal  radii  of  normal  curvature.  If  we  put  t  —  —  •>  equa- 
tion (18)  becomes 


//       E+2FJL 

When  the  proportion  (14)  is  satisfied,  R  is  the  same  for  all  values 
of  t,  being  oc  for  the  plane,  and  Jie  constant  —1/X  for  the  sphere. 
For  any  other  surface  R  varies  continuously  with  t.  And  so  we 
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seek  the  values  of  t  for  which  //  is  a  maximum  or  minimum. 
To  this  end  we  differentiate  the  above  expression  with  respect 
to  t  and  put  the  result  equal  to  zero.  This  gives 

or 

•Jl  (FD"-GD')t-+(ED"-GD)t+(ED'-FD)  =  Q. 

Without  any  loss  of  generality  we  can  assume  that  the  parametric 
curves  are  such  that  E  —  0,  so  that  we  have  the  identity 

'  --2  ,      (ED"-  GDf—  4(FD"  —  D'G)  (ED'—FD} 

=  4  lL(i;i>'-  FDf+  \ED"-  GD-  —  (ED'-FD}\  . 
E-  \_  E  J 

When  the  surface  is  real,  and  the  parameters  also,  the  right-hand 
member  of  this  equation  is  positive.  Since  the  left-hand  member 
is  the  discriminant  of  equation  (21),  the  latter  has  two  real  and 
distinct  roots.*  When  the  test  (III,  34)  is  applied  to  equation  (21), 
it  is  found  that  the  two  directions  at  a  point  determined  by  the 
roots  of  (21)  are  perpendicular.  Hence: 

At  every  ordinary  point  of  a  surface  there  is  a  direction  for  which 
the  radius  of  normal  curvature  is  a  maximum  and  a  direction  for 
which  it  is  a  minimum,  and  they  are  at  right  angles  to  one  anotf  r 

These  limiting  values  of  It  are  called  the  principal  ral 
normal  curvature  at  the  point.    They  are  equal  to  each  other  for 
the  plane  and  the  sphere,  and  these  are  the  only  real  surf 
with  this  property. 

From  r2o>  and  (19)  we  have 

I>'+T>"t      D  +  D't      1 


Hence  the  following  relations  hold  between  the  principal  n 
the  corresponding  values  of 

( 


F+Gt-R(D'+  D"t)  =  0. 

u  the  two  roots  be  equal,  the  discriminant  must  vanish     '1 

-  other  than  spheres  aud  planes,  as  seen  from  r_': 
.iiul  referred  to  its  lines  of  lenarth  zero,  "we  have  fn 
=  0.   The  vanishing  of  the  discriminant  is  also  the  ne>  .  >>ar\  a 
ie  numerator  aud  denominator  in  (19)  have  a  common  !. 
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When  t  is  eliminated  from  these  equations,  we  get  the  equation 

whose  roots  are  the  principal  radii.    If  these  roots  be  denoted  by  pl 
and  /J2,  we  have 

(25) 

DD"-D' 


Although  equations  (14)  hold  at  all  points  of  a  sphere  and  a 
plane,  and  for  no  other  surface,  it  may  happen  that  for  certain  par- 
ticular points  of  a  surface  they  are  satisfied.  At  such  points  R, 
as  given  by  (19),  is  the  same  for  all  directions,  and  the  equa- 
tion (21)  vanishes  identically.  When  points  of  this  kind  exist  they 
are  called  umbilical  points  of  the  surface. 

EXAMPLES 

1.  When  the  equation  of  the  surface  is  z  =/(«,  y),  show  that 

TT     V     7  ~P'    ~  9i   1 

-*1    -*  )  ^  =       ,  ==.' 

Vl  +  p2  +  c/2 

»       a       t 

D,  D',  D"  = 


Vl  +  p2  +  q* 


vZ  vZ  v  *- 

where  p  =  — »       q  —  — .       r  —  — - ,       s  = 


dx  dy  gx2  dxdy  dy* 

2.  Show  that  the  normals  to  the  right  conoid 


along  a  generator  form  a  hyperbolic  paraboloid. 

?.  Show  that  the  principal  radii  of  normal  curvature  of  a  right  conoid  at  a 
point  differ  in  sign. 

4.  Find  the  expression  for  the  radius  of  normal  curvature  of  a  surface  of  revolu- 
tion at  a  point  in  the  direction  of  the  loxodromic  curve  through  it,  which  makes  the 
angle  a  with  the  meridians. 

5.  Show  that  the  meridians  and  parallels  on  a  surface  of  revolution,  x  =  u  cos  v, 
y  =it  sin«,  z  =  <£(w),  are  the  directions  in  which  the  radius  of  normal  curvature  is 
maximum  and  minimum;  that  the  principal  radii  are  given  by 


Pi      (1  +  fl/2)  Pz      u(l  +  0'2) 

and  lhat  pz  is  the  segment  of  the  normal  between  the  point  of  the  surface  and  the 
intersection  of  the  normal  with  the  2-axis. 

6.   Show  that  AiX  =  1  -  X*  and  At  (x,  y)  =  -  XY,  where  the  differential  param- 
eters; are  formed  with  respect  to  the  linear  element  of  the  surface. 
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51.  Lines  of  curvature.   Equations  of  Rodrigues.    We  have  seen 
that  the  curves  defined  by  equation  (21),  written 


(26)     (ED1  -  FD)  du-  +  (ED"  -  GD)  dudv  +  (FD"  - 


=  0, 


form  an  orthogonal  system.  As  defined,  the  two  curves  of  the  sys- 
tem through  a  point  on  the  surface  determine  the  directions  at  the 
point  for  which  the  radii  of  normal  curvature  have  their  maximum 
and  minimum  values.  These  curves  are  called 
the  lines  of  curvature,  and  their  tangents  at 
a  point  the  principal  directions  for  the  point. 
They  possess  another  geometric  property  which 
we  shall  now  find. 

The  normals  to  a  surface  along  a  curve 
form  a  ruled  surface.  In  order  that  the  sur- 
face be  developable,  the  normals  must  be 
tangent  to  a  curve  (§  27),  as  in  fig.  12.  If 
the  coordinates  of  a  point  Ml  on  the  normal 
at.  a  point  M  be  denoted  by  x^  y^  z^  we  have 

x^x  +  rX,         yl=y+rY,          z^z  +  rZ, 

where  r  denotes  the  length  J/J/r  If  Ml  be  a  point  of  the  edge  of 
regression,  we  must  have 

dx  +  r  dX+  X  dr  _  dy  +  r  d  Y  +  Y  dr  _  dz  +  r  dZ  +  Z  dr 
X  Y  Z 

Multiplying  the  numerators  and  the  denominators  of  the  respec- 
tive members  by  X,  F,  Z,  and  combining,  we  find  that  the  common 
ratio  is  dr.  Hence  the  above  equations  reduce  to 


FIG.  12 


Q,         du  +  rdY=0, 
or,  when  the  parametric  coordinates  are  used, 


r-r  ,         ex  (tX  ,  ,          A 

-  du  H  --  dv  +  r   -  -  d  u  -\  --  dv    =  0, 

\cu 


(27) 


cu 


cv 


cv 


/dY,     ,  0F  ,  \      n 
dv+r{  —  du  -\  --  dv   =  0, 
dv      / 

,  te  ,          (dZ  ,     t  cZ     \      n 
-  dv  +  r   -  —  du  -\  --  a  r    =0. 
\cu  dv      ) 
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If  these  equations  be  multiplied  by  — >  — »  —  respectively  and 

dx    du    dz  8u    du    du 

added,  and  by  —  •>  —  •>  —  respectively  and  added,  we  get 

dv    dv    dv 

Edu+Fdv  —  r(Ddu  +  D'dv)  =  0, 

Fdu  +  G  dv  —  r  (D'du  +  D" dv)  =  0. 

But  these  equations  are  the  same  as  (23).    Hence : 

The  normals  to  a  surface  along  a  curve  of  it  form  a  ruled  surface 
which  is  a  developable  only  when  the  curve  is  a  line  of  curvature  ;  in 
this  case  the  points  of  the  edge  of  regression  are  the  centers  of  normal 
curvature  of  the  surface  in  the  direction  of  the  curve. 

The  coordinates  of  the  principal  centers  of  curvature  are 


(28) 

-  =-x 

When  the  parametric  curves  are  the  lines  of  curvature,  equa- 
tion (26)  is  necessarily  of  the  form 

(29)  X  dudv  =  0, 

and  consequently  we  must  have  ED'  —  FD  =  0,  FD"—  GD'  =  0. 
Since  ED"—GD  =£•  0,  these  equations  are  equivalent  to 

(30)  F=Q,         D'=Q. 

Conversely,   when   these   conditions   are    satisfied   equation    (26) 
reduces  to  the  form  (29).    Hence : 

A  necessary  and  sufficient  condition  that  the  lines  of  curvature  be 
parametric  is  that  F  and  D'  be  zero. 

Let  the  lines  of  curvature  be  parametric,  and  let  pv  and  p2  denote 
the  principal  radii  of  normal  curvature  of  the  surface  in  the  direc- 
tions of  the  lines  of  curvature  v  =  const,  and  u  =  const,  respectively. 
From  (19)  we  find 

-  -  -          -  =  — 

Pi      E          P*      (* 

and  equations  (13)  become 

(d-x_          dX      fy_  dY  0z_  <M 

du            l  du       du  du  du  l  du 

dx_          dX     dy=  dY  dz  =  d_Z 

These  equations  are  called  the  equations  of  Rodr^ues. 


(32) 
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52.  Total  and  mean  curvature.  Of  fundamental  importance  in 
the  discussion  of  the  nature  of  a  surface  in  the  neighborhood  of 
a  point  are  the  product  and  the  sum  of  the  principal  curvatures  at 
the  point.  They  are  called  the  total  curvature  *  of  the  surface  at 
the  point  and  the  mean  curvature  respectively.  If  they  be  denoted 
by  K  and  A,;1,  we  have,  from  (25), 

j^^^T1' 

1       1       ED"+GD-2FD> 

I  A    == 1-  —  ==  ^——~—~^-^^^^-^~~~  * 

ft    A  H' 

When  K  is  positive  at  a  point  M,  the  two  principal  radii  have 
the  same  sign,  and  consequently  the  two  centers  of  principal  curva- 
ture lie  on  the  same  side  of  the  tangent  plane.  As  all  the  centers 
of  curvature  of  other  normal  sections  lie  between  these  two,  the 
portion  of  the  surface  in  the  neighborhood  of  31  lies  entirely  on 
one  side  of  the  tangent  plane.  This  can  be  seen  also  in  another 
way.  Since  H~  is  positive,  we  must  have  DD"—D'-  >  0.  Hence 
the  distance  from  a  near-by  point  to  the  tangent  plane  at  J/,  since 
it  is  proportional  to  l^ie  fundamental  form  4>  (§  48),  does  not 
change  sign  as  dv/du  is  varied. 

When  A  is  negative  at  J/,  the  principal  radii  differ  in  sign,  and 
consequently  part  of  the  surface  lies  on  one  side  of  the  tangent 
plane  and  part  on  the  other.  In  particular  there  are  two  directions, 
given  by  Ddu2+  2 D' dudv  +  D" dv2  =  0, 

for  which  the  normal  curvature  is  zero.  In  these  directions  the  dis- 
tances of  the  near-by  points  of  the  surface  from  the  tangent  plane, 
as  given  by  (4),  are  quantities  of  the  third  order  at  least.  Hence 
these  lines  are  the  tangents  at  31  to  the  curve  in  which  the  tangent 
plane  at  31  meets  the  surface. 

At  the  points  for  which  A  is  zero,  one  of  the  principal  radii  is 
infinite.  At  these  points  <£  has  the  form  (\rL)du +^/D"dvf  and 
vanishes  in  the  direction  VJ)du  +  VW'dv  =  0.  But  as  dv/du  passes 
through  the  value  given  by  this  equation,  <&  does  not  change  sign. 
Hence  the  surface  lies  on  one  side  of  the  tangent  plane  and  is  tan- 
gent to  it  along  the  above  direction. 

*  The  total  curvature  is  sometimes  called  the  Gaussian  curvature,  after  the  celebrated 
geometer  who  suggested  it  as  a  suitable  measure  of  the  curvature  at  a  point.  Cf .  Gauss,  p.  15. 
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An  anchor  ring,  or  tore,  is  a  surface  with  points  of  all  three  kinds.  Such  a  sur- 
face may  be  generated  by  the  rotation  of  a  circle  of  radius  a  about  an  axis  in  the 
plane  of  the  circle  and  at  a  distance  b  (>  a)  from  the  center  of  the  circle.  The 
points  at  the  distance  b  from  the  axis  lie  in  two  circles,  and  the  tangent  plane  to 
the  tore  at  a  point  of  either  of  the  circles  is  tangent  all  along  the  circle.  Hence  the 
surface  has  zero  curvature  at  all  points  of  these  circles.  At  every  point  whose  dis- 
tance from  the  axis  is  greater  than  b  the  surface  lies  on  one  side  of  the  tangent 
plane,  whereas,  when  the  distance  is  less  than  6,  the  tangent  plane  cuts  the  surface. 

There  are  surfaces  for  which  K  is  positive  at  every  point,  as, 
for  example,  the  ellipsoid  and  the  elliptic  paraboloid.  Moreover, 
for  the  hyperboloid  of  one  sheet  and  the  hyperbolic  paraboloid  the 
curvature  is  negative  at  every  point.  Surfaces  of  the  former  type 
are  called  surfaces  of  positive  curvature,  of  the  latter  type  surfaces 
of  negative  curvature. 

Later  (§  64)  we  shall  prove  that  when  K  is  zero  at  all  points  of 
a  surface  the  latter  is  developable,  and  conversely. 

53.  Equation  of  Euler.  Dupin  indicatrix.  When  the  lines  of 
curvature  are  parametric,  equation  (18)  can  be  written,  in  con- 
sequence of  (III,  23)  and  (31),  in  the  form 

1         ros2#       sin20 

,f\   t  \  -L  VyUO     */  olli.    v 

(34)  —  = 1 , 

K        Pl  P2 

where  6  is  the  angle  between  the  directions  whose  radii  of  normal 
curvature  are  R  and  pr   Equation  (34)  is  called  the  equation  of  Euler. 

When  the  total  curvature  K  at  a  point 
is  positive,  pl  and  p2  for  the  point  have 
the  same  sign,  and  R  has  this  sign  for  all 
directions.  If  the  tangents  to  the  lines 
of  curvature  at  the  point  M  be  taken  for 
coordinate  axes,  with  respect  to  which  £ 
and  77  are  coordinates,  and  segments  of 
length  ±  Vl.fi  I  be  laid  off  from  M  in  the  two  directions  correspond- 
ing to  R,  the  locus  of  the  end  points  of  these  segments  is  the  ellipse 
(fig.  13)  whose  equation  is  M.  2 


FIG.  13 


This  ellipse  is  called  the  Dupin  indicatrix  for  the  point.  When,  in 
particular,  pv  and  p2  are  equal,  the  indicatrix  is  a  circle.  Hence  the 
Dupin  indicatrix  at  an  umbilical  point  is  a  circle  (§  50).  For  this 
reason  such  a  point  is  sometimes  called  a  circular  point. 
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When  K  is  negative  pt  and  p.,  differ  in  sign,  and  consequently 
certain  values  of  R  are  positive  and  the  others  are  negative.  In 
the  directions  for  which  R  is  positive  we  lay  off  the  segments 
±Vj?,  and  in  the  other  directions  ±V—  R.  The  locus  of  the 
end  points  of  these  segments  con- 
sists of  the  conjugate  hyperbolas 
(fig.  14)  whose  equations  are 


Pi  P-2  Pi  P-2 

We  remark  that  R  is  infinite  for 
the  directions  given  by 

(35)  tan'20=  —  — , 

\         /  f* 


FIG.  14 


or,  in  other  words,  in  the  directions  of  the   asymptotes  to   the 

hyperbolas.    The  above  locus  is  the  Dupin  indicatrix  for  the  point. 

Finally,  when  K  =  0  the  equation  of  the  iudicatrix  is  of  one  of 

the  forms 


that  is,  a  pair  of  parallel  straight  lines.  In  view  of  the  foregoing 
results,  a  point  of  a  surface  is  called  elliptic,  hyperbolic,  or  parabolic, 
according  as  the  total  curvature  at  the  point  is  positive,  negative, 
or  zero. 

In  consequence  of  (4)  the  expression  for  the  distance  p  upon  the 
tangent  plane  to  a  surface  at  a  point  M  from  a  near-by  point  P  of 

the  surface  is  given  by 

Edic      GdJ 


to  within  terms  of  higher  order.  But  V ' E  du  and  VG  dv  are  the 
distances,  to  within  terms  of  higher  order,  of  P  from  the  normal 
planes  to  the  surface  at  J/  in  the  directions  of  the  lines  of  curva- 
ture. Hence  the  plane  parallel  to  the  tangent  plane  and  at  a  dis- 
tance p  from  it  cuts  the  surface  in  the  curve 


Pi          P-2 

Evidently  this  is  a  conic  similar  to  the  Dupin  indicatrix  at  an 
elliptic  or  parabolic  point,  and  to  a  part  of  the  indicatrix  at  a 
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EXAMPLES 

1.  Show  that  the  meridians  and  parallels  of  a  surface  of  revolution  are  its  lines 
of  curvature,  and  determine  the  character  of  the  developable  surfaces  formed  by 
the  normals  to  the  surface  along  these  lines. 

2.  Show  that  the  parametric  lines  on  the  surface 

x  =  -(u  +  »),         y  =  -(u-»),         Z  =  Y' 
are  straight  lines.    Find  the  lines  of  curvature. 

3.  When  a  surface  is  denned  by  z  =  /(x,  y),  the  expressions  for  the  curvatures  are 


and  the  equation  of  the  lines  of  curvature  is 

[(1  +  P2)  s  -  pqr]  dx2  +  [(1  +  j>«)  t  -  (1  +  ?2)  r]  dxdy  +  [pqt  -  (1  +  ?2)  s]  dy*  =--  0. 

Z  Z 

4.  The  principal  radii  of  the  surface  y  cos  --  x  sin  -  =  0  at  a  point  (x,  y,  z)  are 

X2  -|-  y2  _|_  fl2 

equal  to  ±  —  —    Find  the  lines  of  curvature. 

5.  Derive  the  equations  of  the  tore,  defined  in  §  52,  and  prove  therefrom  the 
results  stated. 

6.  The  sum  of  the  normal  curvatures  in  two  orthogonal  directions  is  constant. 

7.  The  Euler  equation  can  be  written 


Pi  +  P2  -  (pi  -  pz)  cos  2  e 

54.  Conjugate  directions  at  a  point.  Conjugate  systems.  Two 
curves  on  a  surface  through  a  point  M  are  said  to  have  conjugate 
directions  when  their  tangents  at  M  coincide  with  conjugate  diam- 
eters of  the  Dupin  indicatrix  for  the  point.  These  tangents  are 
also  parallel  to  conjugate  diameters  of  the  conic  in  which  the  sur- 
face is  cut  by  a  plane  parallel  to  the  tangent  plane  to  H  and  very 
near  it.  Let  P  denote  a  point  of  this  conic  and  N  the  point  in 
which  its  plane  a  cuts  the  normal  at  M.  The  tangent  plane  to 
the  surface  at  P  meets  the  plane  a  in  the  tangent  lino  at  P  to  the 
conic.  Moreover,  this  tangent  line  is  parallel  to  the  diameter  conju- 
gate to  NP.  Hence  as  P  approaches  J/  this  tangent  line  approaches 
the  diameter  of  the  Dupin  indicatrix,  which  is  conjugate  to  the 
diameter  in  the  direction  MP.  Hence  we  have  (cf.  §  27)  : 

The  characteristic  of  the  tangent  plane  to  a  surface,  as  the  point 
of  contact  moves  along  a  curve,  is  the  tangent  to  the  surface  in  the 
direction  conjugate  to  the  curve. 
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By  means  of  this  theorem  we  derive  the  analytical  condition  for 
conjugate  directions. 

If  the  equation  of  the  tangent  plane  is 


|,  17,  %  being  current  coordinates,  the  characteristic  is  defined  by 
this  equation,  and 

.  dX  .dY     ..,         dZ 


where  «  is  the  arc  of  the  curve  along  which  the  point  of  contact 
moves.  If  &r,  8y,  Sz  denote  increments  of  :r,  y,  z  in  the  direction 
conjugate  to  the  curve,  we  have,  from  the  above  equations, 

SxdX+  8ydY  +  8zdZ=Q. 

If  increments  of  u  and  v  in  the  conjugate  direction  be  denoted  by 
Bu  and  Si',  this  equation  may  be  written 


(36) 

The  directions  conjugate  to  any  curve  of  the  family 
(37)  <£(«,  v}  =  const. 

are  given  by 

(38) 


cv  cu/  \      cv  cu 

As  this  is  a  differential  equation  of  the  first  order  and  first  degree, 
it  defines  a  one-parameter  family  of  curves.  These  curves  and  the 
curves  <f>  —  const,  are  said  to  form  a  conjugate  system.  Moreover, 
any  two  families  of  curves  are  said  to  form  a  conjugate  system 
when  the  tangents  to  a  curve  of  each  family  at  their  point  of  inter- 
section have  conjugate  directions. 

From  (361)  it  follows  that  the  curves  conjugate  to  the  curves 
i*  =  ujd  by  DBu  +  D'Sv  =  0.    Consequently,  in  order 

th;  curves  u  =  const.,  we  must  have  D'  equal  to  zero. 

A.-  .Iso  is  true,  we  have: 

•1  sufficient  condition  that  the  parametric  curves 
fo  system  is  that  D'  be  zero. 
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We  have  seen  (§  51)  that  the  lines  of  curvature  are  characterized 
by  the  property  that,  when  they  are  parametric,  the  coefficients  F 
and  D'  are  zero.  Hence  : 

The  lines  of  curvature  form  a  conjugate  system  and  the  only 
orthogonal  conjugate  system. 

If  the  lines  of  curvature  are  parametric,  and  the  angles  which 
a  pair  of  conjugate  directions  make  with  the  tangent  to  the  curve 
v  =  const,  are  denoted  by  0  and  6',  we  have 

Gdv  G  Sv 


so  that  equation  (36)  may  be  put  in  the  form 

(39)  tan  0  tan  0'  =  -^, 

Pi 

which  is  the  well-known  equation  of  conjugate  directions  of  a  conic. 

55.  Asymptotic  lines.   Characteristic  lines.  When  6'  is  equal  to  0, 

equation  (39)  reduces  to  (35).    Hence  the  asymptotic  directions  are 

self-conjugate.   If  in  equation  (36)  we  put  8v/Su  =  dv/du,  we  obtain 

(40)  D  du2  +  2  D'dudv  +  D"  dv*  =  0, 

which  determines,  consequently,  the  asymptotic  directions  at  each 
point  of  the  surface.  This  equation  defines  a  double  family  of 
curves  upon  the  surface,  two  of  which  pass  through  each  point 
and  admit  as  tangents  the  asymptotic  directions  at  the  point.  They 
are  called  the  asymptotic  lines  of  the  surface. 

The  asymptotic  lines  are  imaginary  on  surfaces  of  positive  curva- 
ture, real  on  surfaces  of  negative  curvature,  and  consist  of  a  single 
real  family  on  a  surface  of  zero  curvature. 

Recalling  the  results  of  §  52,  we  say  that  the  tangent  plane  to 
a  surface  at  a  point  cuts  the  surface  in  asymptotic  lines  in  the 
neighborhood  of  the  point.  As  an  immediate  consequence,  we 
have  that  the  generators  of  a  ruled  surface  form  one  family  of 
asymptotic  lines. 

Since  an  asymptotic  line  is  self-conjugate,  the  characteristics  of 
the  tangent  plane  as  the  point  of  contact  moves  along  an  asymp- 
totic line  are  the  tangents  to  the  latter.  Hence  the  osculating 
plane  of  an  asymptotic  line  at  a  point  is  the  tangent  .plane  to  the 
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surface  at  the  point,  and  consequently  the  asymptotic  line  is  the 
edge  of  regression  of  the  developable  circumscribing  the  surface 
along  the  asymptotic  line.    This  follows  also  from  equation  (16). 
From  (40)  we  have  the  theorem  : 

A  necessary  and  sufficient  condition  that  the  asymptotic  lines  upon 
a  surface  be  parametric  is  that 

£>=£>"=  0. 

If  these  equations  hold,  and,  furthermore,  the  parametric  curves 
are  orthogonal,  it  is  seen  from  (33)  that  the  mean  curvature  is  zero, 
and  conversely.  Hence  : 

A  necessary  and  sufficient  condition  that  the  asymptotic  lines  form 
an  orthogonal  system  is  that  the  mean  curvature  of  the  surface  be  zero. 

A  surface  whose  mean  curvature  is  zero  at  every  point  is  called 
a  minimal  surface.  At  each  of  its  points  the  Dupin  indicatrix  con- 
sists of  two  conjugate  equilateral  hyperbolas. 

By  means  of  (39)  we  find  that  the  angle  between  conjugate 

directions  is  given  by 

^ 

P-2-Pl 

If  we  consider  only  real  lines,  this  angle  can  be  zero  only  for  sur- 
faces of  negative  curvature,  in  which  case  the  directions  are  asymp- 
totic. It  is  natural,  therefore,  to  seek  the  conjugate  directions  upon 
a  surface  of  positive  curvature  for  which  the  included  angle  is  a 
minimum.  To  this  end  we  differentiate  the  right-hand  member  of 
the  above  equation  with  respect  to  6  and  equate  the  result  to  zero. 
The  result  is  reducible  to 
(41)  tan0  = 

Then  from  (39)  we  have 


From  these  equations  it  follows  that  6'  =  —  6,  and 
tan(0'-g)  =  ±"    PlP'2' 

'       P-2-Pl 

Conversely,  when  6'  =  —  6  equation  (39)  becomes  (41).    Hence: 

Upon  a  surface  of  positive  curvature  there  is  a  unique  conjugate 
mforu:'1'  l  -1'  '    '   '".sen  the    7  any  point  is  the 
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minimum  angle  between  conjugate  directions  at  the  point;  it  is  the 
only  conjugate  system  whose  directions  are  symmetric  with  respect 
to  the  directions  of  the  lines  of  curvature. 

These  lines  are  called  the  characteristic  lines.  It  is  of  interest 
to  note  that  equations  (35)  and  (41)  are  similar,  and  that  the  real 
asymptotic  directions  upon  a  surface  of  negative  curvature  are 
symmetric  with  respect  to  the  directions  of  the  lines  of  curvature. 

As  just  seen,  if  6  is  the  angle  which  one  characteristic  line  makes 
with  the  line  of  curvature  v  =  const,  at  a  point,  the  other  charac- 
teristic line  makes  the  angle  —  6.  Hence  the  radii  of  normal  curva- 
ture for  these  directions  are  equal,  and  consequently  a  necessary 
and  sufficient  condition  that  the  characteristic  curves  of  a  surface 
be  parametric  is 

(42)  f-f,         Z>'=0. 

56.  Corresponding  systems  on  two  surfaces.  By  reasoning  similar 
to  that  of  §  34  we  establish  the  theorem : 

A  necessary  and  sufficient  condition  that  the  curves  defined  by 
R  d u2  +  2  S  dudv  +  T  dv'2  =  0  form  a  conjugate  system  upon  a  sur- 

?ace  ls  RD"  +  TD-2SD'=Q. 

From  this  we  have  at  once : 

If  the  second  quadratic  forms  of  two  surfaces  S  and  ^  are 
Ddu2  +  2  D' dudv  +  D"  dv2  and  Dlduz  +  ZD[dudv +D'J  df,  and  if  a 
point  on  one  surface  is  said  to  correspond  to  the  point  on  the  other 
with  the  same  values  of  u  and  v,  the  equation 

du2       D      D" 


(43) 


—  dudv     D[     D' 


=  0 


dv2        Dl     D 
defines  a  system  of  curves  which  is  conjugate  for  both  surfaces. 

By  the  methods  of  §  50  we  prove  that  these  curves  are  real  when 
either  or  both  of  the  surfaces  /?,  Sl  is  of  positive  curvature.  If  the 
curvature  of  S  is  negative  and  it  is  referred  to  its  asymptotic  lines, 
the  above  equation  reduces  to 

I)ldu2-D'l'dv2=0. 


GEODESIC  CURVATURE  131 

Hence  the  system  is  real  when  Z\  and  D['  have  the  same  sign,  that 
is,  when  the  curvature  of  Sl  is  positive. 

Another  consequence  of  the  above  theorem  is: 

A  necessary  and  sufficient  condition  that  asymptotic  lines  on  one  of 
tico  surfaces  S,  Sl  correspond  to  a  conjugate  system  on  the  other  is 

(44)  DD'i+lS'D^—  '2D'D[=  0. 


EXAMPLES 

1.  Find  the  curves  on  the  general  surface  of  revolution  which  are  conjugate  to 
the  loxodromic  curves  which  cut  the  meridians  under  the  angle  a. 

2.  Find  the  curves  on  the  general  right  conoid,  Ex.  1,  p.  56,  which  are  conju- 
gate to  the  orthogonal  trajectories  of  the  generators. 

3.  When  the  equations  of  a  surface  are  of  the  form 

x  =  &i,      y  =  n,      z=ir2+re. 

where  U\  and  U2  are  functions  of  u  alone,  and  TI  and  V«  of  v  alone,  the  para- 
metric curves  are  plane  and  form  a  conjugate  system. 

4.  Prove  that  the  sum  of  normal  radii  at  a  point  in  conjugate  directions  is 
constant. 

5.  When  a  surface  of  revolution  is  referred  to  its  meridians  and  parallels,  the 
asymptotic  lines  can  be  found  by  quadratures. 

6.  Find  the  asymptotic  lines  on  the  surface 

z  =  a(l  +  cos«)cotr,        y  =  a(l  +  cosu),        z= 


sint 

7.  Determine  the  asymptotic  lines  upon  the  surface  z  =  y  since  and  their  orthog- 
onal trajectories.    Show  that  the  z-axis  belongs  to  one  of  the  latter  families. 

8.  Find  the  asymptotic  lines  on  the  surface  2  y3  —  2  xyz  +  z'2  =  0,  and  determine 
their  projections  on  the  xy-plane. 

9.  Prove  that  the  product  of  the  normal  radii  in  conjugate  directions  is  a  maxi- 
mum for  characteristic  lines  and  a  minimum  for  lines  of  curvature. 

10.  When  the  parametric  lines  are  any  whatever,  the  equation  of  character- 
istic lines  is 

[D  (GD  -  ED")  -  2  D'(FD  -  El/)]  du2  +  2  [1X(GJ>  +  ED")  -  2  FDD"]  dudv 
+  \2D'(GD'  -  FD")  -  D"(GD  -  ED")]  dv*  =  0. 

57.  Geodesic  curvature.  Geodesies.  Consider  a  curve  C  upon  a 
surface  and  the  tangent  plane  to  the  surface  at  a  point  J/  of  C. 
Project  orthogonally  upon  this  tangent  plane  the  portion  of  the 
curve  in  the  neighborhood  of  J/,  and  let  C'  denote  this  projection. 
The  curve  C"  is  a  normal  section  of  the  projecting  cylinder,  and  C 
is  a  curve  upon  the  latter,  tangent  to  C  '  at  3L  Hence  the  theorem 
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of  Meusnier  can  be  applied  to  these  two  curves.  If  l/pg  denotes  the 
curvature  of  C'  and  i/r  the  angle  between  the  principal  normal  to  C 
and  the  positive  direction  of  the  normal  to  the  cylinder  at  M,  we  have 

/ A  r\  J-  COS  r\l/t 

(45)  -=     ~ 

P,         P 

In  order  to  connect  this  result  with  others,  it  is  necessary  to 
define  the  positive  direction  of  the  normal  to  the  cylinder.  This 
normal  lies  in  the  tangent  plane  to  the  surface.  We  make  the 
convention  that  the  positive  directions  of  the  tangent  to  the  curve, 
the  normal  to  the  cylinder,  and  the  normal  to  the  surface  shall 
have  the  same  mutual  orientations  as  the  positive  a>,  y-,  and  z-axes. 
From  this  choice  of  direction  it  follows  that  if,  as  usual,  the  direc- 
tion-cosines of  the  tangent  to  the  curve  be  dx/ds,  dy/ds,  dz/ds,  then 
those  of  the  normal  to  the  cylinder  are 

ds         ds  ds          ds  ds          ds 

The  curvature  of  C'  is  called  the  geodesic  curvature  of  (7,  and  pg 
the  radius  of  geodesic  curvature.  And  the  center  of  curvature  of  C' 
is  called  the  center  of  geodesic  curvature  of  C. 

From  its  definition  the  geodesic  curvature  is  positive  or  nega- 
tive according  as  the  osculating  plane  of  C  lies  on  one  side  or  the 
other  of  the  normal  plane  to  the  surface  through  the  tangent  to  C. 
From  (45)  it  follows  that  the  center  of  first  curvature  of  C  is  the 
projection  upon  its  osculating  plane  of  the  center  of  geodesic 
curvature.  Moreover,  the  former  is  also  the  projection  of  the 
center  of  curvature  of  the  normal  section  tangent  to  C  (§49). 
Hence  the  plane  through  a  point  M  of  C,  normal  to  the  line 
joining  the  centers  of  normal  and  geodesic  curvature  at  M,  is  the 
osculating  plane  of  C  for  this  point,  and  its  intersection  with  the 
join  is  the  center  of  first  curvature. 

By  definition  (§  49)  to  denotes  the  angle  which  the  positive 
direction  of  the  normal  to  the  surface  makes  with  the  positive 
direction  of  the  principal  normal  to  C,  angles  being  measured 
toward  the  binormal.  Hence  equation  (45)  can  be  written 

(47) 
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These  various  quantities  are  represented  in  fig.  15,  for  which 
the  tangent  to  the  curve  is  normal  to  the  plane  of  the  paper,  and 
is  directed  toward  the  reader.  The  directed  lines  J/P,  MB,  MK, 
MN  represent  respectively  the  positive  directions  of  the  principal 
normal  and  binormal  of  the  curve  and 
the  normals  to  the  projecting  cylinder 
and  to  the  surface. 

A  curve  whose  principal  normal  at 
every  point  coincides  with  the  normal 
to  the  surface  upon  which  it  lies,  is 
called  a  geodesic.  From  (45)  it  follows 
that  a  geodesic  may  also  be  defined  as 
a  curve  whose  geodesic  curvature  is 
zero  at  every  point.  For  example,  the 
meridians  of  a  surface  of  revolution  are 
geodesies,  as  follows  from  the  results  in  §  46.  A  twisted  curve  is  a 
geodesic  on  its  rectifying  developable,  and  when  a  straight  line 
lies  on  a  surface,  it  is  a  geodesic  for  the  surface.  Later  we 
shall  make  an  extensive  study  of  geodesies,  but  now  we  desire 
to  find  an  expression  for  the  geodesic  curvature  in  terms  of 
the  fundamental  quantities  of  the  surface  and  the  equation  of 
the  curve. 

58.  Fundamental  formulas.    The  direction-cosines  of  the  prin- 
cipal normal  are  (§  8) 


P  ds2'        P  ds2'       P  ds*' 


Consequently,  by  means   of  (46),   equation  (45)  may  be   put  in 

the  form 

Tr  dz      „  du\  drx 

- 


Expressed  as  functions  of  u  and  v.  the  quantities  — ••>  — r,  are  of 
,,      .  ds    ds- 

the  form 

dx  _  ex  dn      ex  dv 

~J~~  = J~  ~^~  ~^~  ~3~  ' 

as      eu  ds      cv  ds 


'i*     /T?/   *7j*         /~"  /»  //7n\^        P^  iJ~ii         P  >'  n~i} 
JL      ttM-tci/  u  JU  I  \MiV  \  6^C    tl     (<  t  J    I*    V 


cv 
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When  these  expressions  are  substituted  in  (48),  and  in  the  reduction 
we  make  use  of  (10)  and  (11),  we  obtain 


(49) 


1 
"j'i 


ds 


— ,    M 


where  L  and  M  have  the  significance 

_  1  dE  /du\?     dE  du  dv      /8F  _  1  c 
2  8u\ds/       dv  ds  ds      \dv       2  du 

'     8Gdudv      \_3G_  /dv\2 
du  ds  ds      2  dv  \dsj 


—  4-  F— 

-7o2    •"       j02 


ll/j  __  I   _  ___.   __   _  .  1  I   _  __  _ 

du      2  dv  I  \ds 


_     I  . 

ds2 


_  _ 

ds2 


From  this  it  is  seen  that  the  geodesic  curvature  of  a  curve  depends 
upon  E,  F,  6r,  and  is  entirely  independent  of  D,  D',  D". 

Suppose  that  the  parametric  lines  form  an  orthogonal  system, 
and  that  the  radius  of  geodesic  curvature  of  a  curve  v  =  const,  be 
denoted  by  pgu.  In  this  case  F=  0,  ds  =  ^/Edu.  Hence  the  above 
equation  reduces  to 

(50)  -= 


In  like  manner  we  find  that  the  geodesic  curvature  of  a  curve 

u  =  const,  is  given  by 

1 


As  an  immediate  consequence  of  these  equations  we  have  the 
theorem  : 

When  the  parametric  lines  upon  a  surface  form  an  orthogonal 
system,  a  necessary  and  sufficient  condition  that  the  curves  v  =  const. 
or  u  =  const,  be  geodesies  is  that  E  be  a  function  of  u  alone  or  G  of  v 
alone  respectively. 

It  will  now  be  shown  that  pgu  is  expressible  as  a  function  of 
differential  parameters  of  v  formed  with  respect  to  the  linear  ele- 
ment (III,  4). 

From  the  definition  of  these  parameters  (§§  37,  38)  it  follows 
that  when  F=  0 

1  1  dVG  l 
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Hence,  by  substitution  in  (50),  we  obtain 

(52)  i= 

Pff» 

In  like  manner,  we  find 

(53)         i 


Thus  we  have  shown  that  the  geodesic  curvature  of  a  parametric 
line  is  a  differential  parameter  of  the  curvilinear  coordinate  of  the 
line.  Since  this  curvature  is  a  geometrical  property  of  a  line,  it  is 
necessarily  independent  of  the  choice  of  parameters,  and  thus  is 
an  invariant.  This  was  evident  a  priori,  but  we  have  just  shown 
that  it  is  an  invariant  of  the  differential  parameter  type. 

From  the  definition  of  the  positive  direction  of  the  normal  to  a 
surface  (§  48),  and  the  normal  to  the  cylinder  of  projection,  it  fol- 
lows that  the  latter  for  a  curve  v  =  const,  is  the  direction  in  which  v 
increases,  whereas,  for  a  curve  u  =  const.,  it  is  the  direction  in  which 
u  decreases.  Hence,  if  the  latter  curves  be  defined  by  —u  =  const., 
equations  (52)  and  (53)  have  the  same  sign. 

If,  now,  we  imagine  the  surface  referred  to  another  parametric 
system,  for  which  the  linear  element  is 

(54)  ds~  =  E  die  +  2  Fdudv  +  G  d  r, 

the  curve  whose  geodesic  curvature  is  given  by  (50)  will  be  defined 
by  an  equation  such  as  $  (u,  v)  =  const.  And  if  the  sign  of  <f>  be 
such  that  <f>  is  increasing  in  the  direction  of  the  normal  of  its  pro- 
jecting cylinder,  its  geodesic  curvature  will  be  given  by 

(55)          i 

pg 

where  the  differential  parameters  are  formed  with  respect  to  (54). 
If  two  surfaces  are  applicable,  and  points  on  each  with  the  same 
curvilinear  coordinates  correspond,  the  geodesic  curvature  of  the 
curve  (f>=  const,  on  each  at  corresponding  points  will  be  the  same 
in  consequence  of  (55).  Hence  : 

Upon  two  applicable  surfaces  the  geodesic  curvature  of  corresponding 
curves,  at  corresponding  points,  is  the  same. 
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When  the   second  member  of  equation  (55)  is  developed  by 
(III,  46,  56),  we  have 


p.     H 


—     Su      ^v  I    JL I    8v      dn 
du\        H    ~7+lM       W 


du          dv 
H 


I  dv         du    d       I 


H 


-.*• 


w\ 


du 


8v 


Hence  we  have  the  formula  of  Bonnet*: 


(56)        -  =  — J  — 

\  '  n  Hi    xn/l» 


CU 


dv         du 


d_ 
dv 


cv 


dv  du 


y(&\*\ 
TWJ 


In  particular,  the  geodesic  curvature  of  the  parametric  curves, 
when  the  latter  do  not  form  an  orthogonal  system,  is  given  by 


(57) 


If  \du 


du 


The  geodesic  curvature  of  a  curve  of  the  family,  defined  by 

the  differential  equation 

M  du  +  Ndv  =  0, 
has  the  value 

(58)  1  =  1  Jl/        ™-<** 


P,      H  [fa 


d  / 

dv  \^EN'2 


-  2  FMN+  GM' 

FM-EN 

—  2  FMN+  GM 


*M£moire  sur  la  thlorie  gen^rale  des  surfaces,  Journal  de  VEcole  Polytechnique, 
Cahier  32  (1848),  p.  1. 
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In  illustration  of  the  preceding  results,  we  establish  the  theorem  : 

When  the  curves  of  an  orthogonal  system  have  constant  geodesic  curvature,  the 
system  is  isothermal. 

When  the  surface  is  referred  to  these  lines,  and  the  linear  element  is  written 
ds2  =  Edu?  +  Gdc2,  the  condition  that  the  geodesic  curvature  of  these  curves  be 
constant  is,  by  (50)  and  (51), 


, 

VJ?G   cu  VEG   cv 

where  U\  and  V\  are  functions  of  u  and  v  respectively.    If  these  equations  are 
differentiated  with  respect  to  v  and  u  respectively,  we  get 


CUCV  CV  CU  CUCV  CV  CU 

c2  E 

Subtracting,  we  obtain  -  Iog7;  =  °- 

CUCO  Or 

Hence  E/G  is  equal  to  the  ratio  of  a  function  of  u  and  a  function  of  c,  and  the 
system  is  isothermic.  In  terms  of  isothermic  parameters,  equations  (i)  are  of 
the  form 

1^  =  17*  I**=y 

X2  du  X2  cv 

and  the  linear  element  is 

,  .      du2  +  dt>2 

(11)  ds2  =  --- 

(tf+F)2 

It  is  evident  that  the  meridians  and  parallels  on  a  surface  of  revolution  form 
such  a  system.  The  same  is  true  likewise  of  an  orthogonal  system  of  small  circles 
on  a  sphere. 

59.  Geodesic  torsion.  We  have  just  seen  that  when  a  curve  is 
denned  by  a  finite  equation  or  a  differential  equation,  its  geodesic 
curvature  can  be  found  directly.  The  same  is  true  of  the  normal 
curvature  of  the  surface  in  the  direction  of  the  curve  by  (18). 
Then  from  (16)  and  (47)  follow  the  expressions  for  p  and  &>.  In 
order  to  define  the  curve  it  remains  for  us  to  obtain  an  expression 
for  the  torsion. 

From  the  definition  of  eo  it  follows  that 

(59)  sin  v  =  JTX  +  I>  +  Zv, 

where  \,  /u,  v  are  the  direction-cosines  of  the  binormal.  If  this 
equation  is  differentiated  with  respect  to  the  arc  of  the  curve, 
and  the  Frenet  formulas  (I,  50)  are  used  in  the  reduction,  we  get 

-/da      1\     -.,    dX 

(60)  coso>  —  ---   =yx—  _. 

\ds      T)    +4     ds 
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From  (I,  37,  41)  we  have 

Idy  d~z      dz  d'2y\  Idz  d^x      dx 

X  =  p  I  -  -)>        u  =  p(  - 

\ds  ds2      ds  ds'2/  \ds  ds2      ds  ds'2 

dy  d2x 
js  —  ^>  i •;_ & 


and 


=  C°S  m' 


Moreover,  from  (13),  we  obtain  the  identity 

¥  £  -  ¥  T  =  I  |W-™>  (£)'+  (Z*1 

ds  ds       ds  ds      HI  \ds/  '  ds  ds 


ds 
Consequently  equation  (60)  is  equivalent  to 


/a-i\ 
(61) 

where  1/T  has  the  value 

62     1  =  (FD  -ED')du?+(QJ)-  ED"}  dudv  +  (GD'-  FD")  dv2 
T~ 


When  cos  o>  is  different  from  zero,  that  is,  when  the  curve  is  not 
an  asymptotic  line,  equation  (61)  becomes 

(63)  i_^=i; 

r       ds       T 

As  the  expression  for  T  involves  only  the  fundamental  coeffi- 
cients and  dv/du,  we  have  the  following  theorem  of  Bonnet: 

The  function  ---  is  the  same  for  all  curves  which  have  the  same 
T      ds 

tangent  at  a  common  point. 

Among  these  curves  there  is  one  geodesic,  and  only  one,  for  it 
will  be  shown  later  (§  85)  that  one  geodesic  and  only  one  passes 
through  a  given  point  and  has  a  given  direction  at  the  point. 
At  every  point  of  this  geodesic  <w  is  equal  to  0°  or  180°,  and  conse- 
quently T  =  T.  Hence  the  value  of  T  for  a  given  point  and  direc- 
tion is  that  of  the  radius  of  torsion  of  the  geodesic  with  this  direction. 
The  function  T  is  therefore  called  the  radius  of  geodesic  torsion  of 
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the  curve.  From  (63)  it  is  seen  that  T  is  the  radius  of  torsion  of 
any  curve  whose  osculating  plane  makes  a  constant  angle  with  the 
tangent  plane.* 

When  the  numerator  of  the  right-hand  member  of  equation  (62) 
is  equated  to  zero,  we  have  the  differential  equation  of  lines  of 
curvature.  Hence  : 

A  necessary  and  sufficient  condition  that  the  geodesic  torsion  of 
a  curve  be  zero  at  a  point  is  that  the  curve  be  tangent  to  a  line  of 
curvature  at  the  point. 

The  geodesic  torsion  of  the  parametric  lines  is  given  by 

J_  =  FD  ~  ED'         JL  =  GD'-FD" 
Tu~        EH  Tv~         GH 

When  these  lines  form  an  orthogonal  system  Tu  and  Tr  differ  only 
in  sign.  Consequently  the  geodesic  torsion  at  the  point  of  meeting 
of  two  curves  cutting  orthogonally  is  the  same  to  within  the  sign. 
Thus  far  in  the  consideration  of  equation  (61)  we  have  excluded 
the  case  of  asymptotic  lines.  In  considering  them  now,  we  assume 
that  they  are  parametric.  The  direction-cosines  of  the  tangent  and 
binormal  to  a  curve  v  =  const,  in  this  case  are 

1     cj:  1    cti  1 

—  —  —  —     _ 


X  =  eJT,  fJL 

where  e  is  +1  or  —  1.    Consequently  the  direction-cosines  of  the 
principal  normal  have  the  values 


and  similar  expressions  for  m  and  n. 
When  in  the  Frenet  formulas 

d\      I  dfM      m  dv      n 

—  =  -»         —  =  — ,  =_, 

as      T          as       r  as      T 

we  substitute  the  above  values,  and  hi  the  reduction  make  use 
of  (11)  and  (13),  we  get 

(65) 

*  Thus  far  exception  must  be  made  of  asymptotic  lines,  but  later  this  restriction  will 
be  removed. 
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In  like  manner,  the  torsion  of  the  asymptotic  lines  u  =  const,  is 
found  to  be  V—X.  But  from  (64)  we  find  that  the  geodesic  torsion 
in  the  direction  of  the  asymptotic  lines  is  ip  V—  K,  Hence  equation 
(63)  is  true  for  the  asymptotic  lines  as  well  as  for  all  other  curves 
on  the  surface. 

Incidentally  we  have  established  the  following  theorem  of  Enneper : 

The  square  of  the  torsion  of  a  real  asymptotic  line  at  a  point  is  equal  to  the  abso- 
lute value  of  the  total  curvature  of  the  surface  at  the  point ;  the  radii  of  torsion  of  the 
asymptotic  lines  through  a  point  differ  only  in  sign. 

The  following  theorem  of  Joachimsthal  is  an  immediate  consequence  of  (68) : 

When  tivo  surfaces  meet  under  a  constant  angle,  the  line  of  intersection  is  a  line 
of  curvature  of  both  or  neither;  and  conversely,  when  the  curve  of  intersection  of  two 
surfaces  is  a  line  of  curvature  of  both  they  meet  under  constant  angle. 

For,  if  wj,  w2  denote  the  values  of  5  for  the  two  surfaces,  and  T\,  T2  the  values 
of  T,  we  have,  by  subtracting  the  two  equations  of  the  form  (63),  that  T\  =  T2, 
which  proves  the  first  part  of  the  theorem.  Conversely,  if  l/Ti  =  l/Tg  =  0,  we 


have  —  (wi  —  w2)  =  0,  and  consequently  the  surfaces  meet  under  constant  angle. 
da 

EXAMPLES 

1.  Show  that  the  radius  of  geodesic  curvature  of  a  parallel  on  a  surface  of 
revolution  is  the  same  at  all  points  of  the  parallel,  and  determine  its  geometrical 
significance. 

2.  Find  the  geodesic  curvature  of  the  parametric  lines  on  the  surface 

— a  —  ^  —uv 

£  (*•»)»         y~2(U      *''  ""2" 

3.  Given  a  family  of  loxodromic  curves  upon  a  surface  of  revolution  which  cut 
the  meridians  under  the  same  angle  a ;  show  that  the  geodesic  curvature  of  all  these 
curves  is  the  same  at  their  points  of  intersection  with  a  parallel. 

4.  Straight  lines  on  a  surface  are  the  only  asymptotic  lines  which  are  geodesies. 

5.  Show  that  the  geodesic  torsion  of  a  curve  is  given  by 

1       1/1        1\   . 
—  =  -( J  sin  20, 

where  0  denotes  the  angle  which  the  direction  of  the  curve  at  a  point  makes  with 
the  line  of  curvature  v  =  const,  through  the  point. 

6.  Every  geodesic  line  of  curvature  is  a  plane  curve. 

7.  Every  plane  geodesic  line  is  a  line  of  curvature. 

8.  When  a  surface  is  cut  by  a  plane  or  a  sphere  under  constant  angle,  it  is  a  line 
of  curvature  on  the  surface,  and  conversely. 

9.  If  the  curves  of  one  family  of  an  isothermal  orthogonal  system  have  constant 
geodesic  curvature,  the  curves  of  the  other  family  have  the  same  property. 
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60.  Spherical  representation.  In  the  discussion  of  certain  prop- 
erties of  a  surface  S  it  is  of  advantage  to  make  a  representation  of 
S  upon  the  unit  sphere  *  by  drawing  radii  of  the  sphere  parallel  to 
the  positive  directions  of  the  normals  to  S,  and  taking  the  extrem- 
ities of  the  radii  as  spherical  images  of  the  corresponding  points  on 
S.  As  a  point  M  moves  along  a  curve  on  £,  its  image  m  describes 
a  curve  on  the  sphere..  If  we  limit  our  consideration  to  a  portion 
of  the  surface  in  which  no  two  normals  are  parallel,  the  portions 
of  the  surface  and  sphere  will  be  in  a  one-to-one  correspondence. 
This  map  of  the  surface  upon  the  sphere  is  called  the  spherical 
representation  of  the  surface,  or  the  Gaussian  representation.  It 
was  first  employed  by  Gauss  in  his  treatment  of  the  curvature  of 
surfaces.f 

The  coordinates  of  m  are  the  direction-cosines  of  the  normal  to 
the  surface,  namely  -Y,  F,  Z,  so  that  if  we  put 


the  square  of  the  linear  element  of  the  spherical  representation  is 
(67)  da3  =  £duz  +  2  &dudv  +  £d#. 

In  §  48  we  established  the  following  equations  : 

IrA'  =  FD'-GD  ex      FD-ED'  dx 
du  H1        cu  H*        dv* 

c£  _  FD"-GD>  ex      FD'-ED"  dx 
cv  "          H-         ~c~ii+         H*         Sv'     ^ 

By  means  of  these  relations  and  similar  ones  in  Y  and  Z,  the  func- 
tions &,  &  ^  may  be  given  the  forms 


(69) 


€  =         G&-  2 


=  -j  [ODD1  -  F(DD"  +  IX2 

=  —  [GD>*-  2  FD'D" 
H 


or,  in  terms  of  the  total  and  mean  curvatures  (§  52), 
(70)       £=KJ) 


*  The  sphere  of  unit  radios  and  center  at  the  origin  of  coordinates.        t  L.c.,  p.  9. 
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In  consequence  of  these  relations  the  linear  element  (67)  may  be 
given  the  form 

(71)  d<r*=Km(Ddu2+  2 D'dudv  +D"dv*}-K(Edu2  +  2  Fdudv  +  G dv"), 
and,  by  (18), 

(72)  da 


-B 

From  (70)  we  have  also 

(73)  /{-. 

where  e  is  ±1,  according  as  K  is  positive  or  negative. 

Equations  (69)  are  linear  in  E,  F,  G.    Solving  for  the  latter, 
we  have 


ft* 
(74) 


F  =  -- 

fr 


G  = 


In  seeking  the  differential  equation  of  the  lines  of  curvature 
from  the  definition  that  the  normals  to  the  surface  along  such  a 
curve  form  a  developable  surface,  we  found  (§  51)  that  for  a  dis- 
placement in  the  direction  of  a  line  of  curvature  we  have 

fa  i     ,  dx  j          (dx  J     •  dx  J  \      n 
—  du  H  --  dv  +  r{  —  du  H  --  dv  }  =  0, 

du  dv  \du  dv      / 

and  similar  equations  in  y  and  z,  where  r  denotes  the  radius  of 
principal  curvature  for  the  direction.    If  these  equations  be  multi- 

plied respectively  by  —  ,  -5-1  --  and  added,  and  likewise  by  —  » 
t  J  du     du    cu  dv 

—  ,  —  and  added,  the  resulting  equations  may  be  written 

dv     dv 


D'du+D"dv  -  r(£du+gdv)  =  0. 

Eliminating  r,  we  have  as  the  equation  of  the  lines  of  curvature 
(75)     (D&-  D'£}  du2  +  (Dg-  D"£)  dudv  +  (D'g-D"&}  dv*  =  0. 
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Again,  the  elimination  of  du  and  dv  gives  the  equation  of  the 
principal  radii  in  the  form 

(76) 
so  that 

(77) 


These  results  enable  us  to  write  equations  (74)  thus  : 
(78) 


61.  Relations  between  a  surface  and  its  spherical  representation. 
Since  the  radius  of  normal  curvature  R  is  a  function  of  the  direc- 
tion except  when  the  surface  is  a  sphere,  we  obtain  from  (72)  the 
following  theorem  : 

A  necessary  and  sufficient  condition  that  the  spherical  representation  I 
of  a  surface  be  conformal  is  that  the  surface  be  minimal  or  a  sphere^ 

As  a  consequence  of  this  theorem  we  have  that  every  orthog- 
onal system  on  a  minimal  surface  is  represented  on  the  sphere  by 
an  orthogonal  system.  From  (70)  it  is  seen  that  if  a  surface  is 
not  minimal,  the  parametric  systems  on  both  the  surface  and  the 
sphere^an  be  orthogonal  only  when  Jj  is  zero,  that  is,  when  the 
lines  of  curvature  are  parametric.  Hence  we  have  : 

The  lines  of  curvature  of  a  surface  are  represented  on  the  sphere 
by  an  orthogonal  system  ;  this  is  a  characteristic  property  of  lines 
of  curvature,  unless  the  surface  be  minimal. 

This  theorem  follows  also  as  a  direct  consequence  of  the  theorem  : 

A  necessary  and  sufficient  condition  that  the  tangents  to  a  curve 
upon  a  surface  and  to  its  image  at  corresponding  points  be  parallel  is 
that  the  curve  be  a  line  of  curvature. 

In  order  to  prove  this  theorem  we  assume  that  the  curve  is 
parametric,  v  =  const.  Then  the  condition  of  parallelism  is 

cX    cY    2Z  _3x    3y    cz 
du     cu    cu      cu    cu    cu 
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From  (68)  it  follows  that  in  this  case  (FD  —  ED'}  must  be  zero. 
But  the  latter  is  the  condition  that  the  curves  v  =  const,  be  lines  of 
curvature  (§  51).  Moreover,  from  (32)  it  follows  that  the  positive 
half-tangents  to  a  line  of  curvature  and  its  spherical  representa- 
tion have  the  same  or  contrary  sense  according  as  the  correspond- 
ing radius  of  normal  curvature  is  negative  or  positive. 

In  consequence  of  (7)  the  equation  (40)  of  the  asymptotic 
directions  may  be  written 

dxdX+  dydY+  dzdZ  =  0. 
And  so  we  have  the  theorem : 

The  tangents  to  an  asymptotic  line  and  to  its  spherical  representa- 
tion at  corresponding  points  are  perpendicular  to  one  another;  this 
property  is  characteristic  of  asymptotic  lines. 

It  is  evident  that  the  direction-cosines  of  the  normal  to  the 
sphere  are  equal  to  JT,  Y,  Z,  to  within  sign  at  most.  Let  them 
be  denoted  by  /£,  ty,  1fr ;  then 

,79v  x,  =  -(~  —  -~ 

tf\du  dv       du  dv 

When  expressions  similar  to  (68)  are  substituted  for  the  quantities 
in  the  parentheses,  the  latter  expression  is  reducible  to  KHX. 
Hence,  in  consequence  of  (73),  we  have 

(80)  ^  =  eX,          ^  =  eF,          J  =  e^, 

where  e  =  ±  1  according  as  the  curvature  of  the  surface  is  positive 
or  negative. 

From  the  above  it  follows  that  according  as  a  point  of  a  surface 
is  elliptic  or  hyperbolic  the  positive  sides  of  the  tangent  planes  at 
corresponding  points  of  the  surface  and  the  sphere  are  the  same  or 
different.  Suppose,  for  the  moment,  that  the  lines  of  curvature  are 
parametric.  From  our  convention  about  the  positive  direction  of 
the  normal  to  a  surface,  and  the  above  results,  it  follows  that  both 
the  tangents  to  the  parametric  curves  through  a  point  M  have  the 
same  sense  as  the  corresponding  tangents  to  the  sphere,  or  both 
have  the  opposite  sense,  when  M  is  an  elliptic  point;  but  that 
one  tangent  has  the  same  sense  as  the  corresponding  tangent  to 
the  sphere,  and  the  other  the  opposite  sense,  when  the  point  is 
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hyperbolic.  Hence,  when  a  point  describes  a  closed  curve  on  a 
surface  its  image  describes  a  closed  curve  on  the  sphere  in  the 
same  or  opposite  sense  according  as  the  surface  has  positive  or 
negative  curvature.  We  say  that  the  areas  inclosed  by  these 
curves  have  the  same  or  opposite  signs  in  these  respective  cases. 

Suppose  now  that  we  consider  a  small  parallelogram  on  the  sur- 
face, whose  vertices  are  the  points  (u,  v),  (u  +  du,  v),  (u,  v  +  dv), 
and  (u  +  du,  v  +  dv).  The  vertices  of  the  corresponding  parallelo- 
gram on  the  sphere  have  the  same  curvilinear  coordinates,  and 
the  areas  are  Hdudv  and  e/fdudv,  where  e  ±1  according  as  the  sur- 
face has  positive  or  negative  curvature  in  the  neighborhood  of  the 
point  (u,  v).  The  limiting  value  of  the  ratio  of  the  spherical  and 
the  surface  areas  as  the  vertices  of  the  latter  approach  the  point 
(M,  v)  is  a  measure  of  the  curvature  of  the  surface  similar  to  that 
of  a  plane  curve.  In  consequence  of  (73)  this  limiting  value  is  the 
Gaussian  curvature  K.  Since  any  closed  area  may  be  looked  upon 
as  made  up  of  such  small  parallelograms,  we  have  the  following 
theorem  of  Gauss : 

The  limit  of  the  ratio  of  the  area  of  a  closed  portion  of  a  surface  to 
the  area  of  the  spherical  image  of  it,  as  the  former  converges  to  a  point, 
is  equal  in  value  to  the  product  of  the  principal  radii  at  the  point. 

Since  the  normals  to  a  developable  surface  along  a  generator  are 
parallel,  there  can  be  no  closed  area  for  which  there  are  not  two  nor- 
mals which  are  parallel.  Hence  spherical  representation,  as  defined 
in  §  60,  applies  only  to  nondevelopable  surfaces,  but  so  far  as  the 
preceding  theorem  goes,  it  is  not  necessary  to  make  this  exception ; 
for  the  total  curvature  of  a  developable  surface  is  zero  (§  64), 
and  the  area  of  the  spherical  image  of  any  closed  area  on  such  a  ,> 
surface  is  zero. 

The  fact  that  the  Gaussian  curvature  is  zero  at  all  points  of  a  developable  surface, 
whereas  such  a  surface  is  surely  curved,  makes  this  measure  not  altogether  satis- 
factory, and  so  others  have  been  suggested.  Thus,  Sophie  Germain*  advocated 

the  mean  curvature,  and  Casorati  t  has  put  forward  the  expression  -  / h  -;  )• 

2  W     Pi  I 

But  according  to  the  first,  the  curvature  of  a  minimal  surface  is  zero,  and  according 
to  the  second,  a  minimal  surface  has  the  same  curvature  as  a  sphere.  Hence  the 
Gaussian  curvature  continues  to  be  the  one  most  frequently  used,  which  may  be 
due  largely  to  an  important  property  of  it  to  be  discussed  later  (§  64). 

*  CreUe,  Vol.  VII  (1831),  p.  1.  t  4cta  Mathematica,  Vol.  XIV  (1890),  p.  95. 
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62.  Helicoids.  We  apply  the  preceding  results  in  a  study  of 
an  important  class  of  surfaces  called  the  helicoids.  A  helicoid  is 
generated  by  a  curve,  plane  or  twisted,  which  is  rotated  about  a 
fixed  line  as  axis,  and  at  the  same  time  translated  in  the  direction 
of  the  axis  with  a  velocity  which  is  in  constant  ratio  with  the 
velocity  of  rotation.  A  section  of  the  surface  by  a  plane  through 
the  axis  is  called  a  meridian.  All  the  meridians  are  equal  plane 
curves,  and  the  surface  can  be  generated  by  a  meridian  moving 
with  the  same  velocities  as  the  given  curve.  The  particular  motion 
described  is  called  helicoidal  motion,  and  so  we  may  say  that  any 
helicoid  can  be  generated  by  a  plane  curve  with  helicoidal  motion. 

In  order  to  determine  the  equations  of  a  helicoid  in  parametric 
form,  we  take  the  axis  of  rotation  for  the  z-axis,  and  let  u  denote 
the  distance  of  a  point  of  the  surface  from  the  axis,  and  v  the  angle 
made  by  the  plane  through  the  point  and  the  axis  with  the  zz-plane 
in  the  positive  direction  of  rotation.  If  the  equation  of  the  gen- 
erating curve  in  any  position  of  its  plane  is  z  =  <£  (w),  the  equations 
of  the  surface  are 


(81)  x  =  ucosv, 

where  a  denotes  the  constant  ratio  of  the  velocities  ;  it  is  called 
the  parameter  of  the  helicoidal  motion.  When,  in  particular,  a  is 
zero,  these  equations  define  any  surface  of  revolution.  Moreover, 
when  <£  (u)  is  a  constant,  the  curves  v  =  const,  are  straight  lines 
perpendicular  to  the  axis,  and  so  the  surface  is  a  right  conoid. 
It  is  called  the  right  helicoid. 

By  calculation  we  obtain  from  (81) 

(82)  E 


where  the  accent  indicates  differentiation  with  respect  to  u.  From 
the  method  of  generation  it  follows  that  the  curves  v  =  const,  are 
meridians,  and  u  =  const,  are  helices  on  the  helicoids,  and  circles 
on  surfaces  of  revolution.  From  (82)  it  is  seen  that  these  curves 
form  an  orthogonal  system  only  on  surfaces  of  revolution  and  on 
the  right  helicoid.  Moreover,  from  (57)  it  is  found  that  the  geo- 
desic curvature  of  the  meridians  is  zero  only  when  a  is  zero  or  </>' 
is  a  constant.  In  the  latter  case  the  meridian  is  a  straight  line 
perpendicular  to  the  axis  or  oblique,  according  as  </>'  is  zero  or  not. 
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Hence  the  meridians  of  surfaces  of  revolution  and  of  the  ruled 
helicoids  are  geodesies. 

The  orthogonal  trajectories  of  the  helices  upon  a  helicoid  are 
determined  by  the  equation  (cf.  Ill,  31) 


Hence,  if  we  put  i\  =  I     .,       .,  du  +  v, 

J   u  +  a 

the  curves  t\  =  const,  are  the  orthogonal  trajectories,  and  their 
equations  in  finite  form  are  found  by  a  quadrature.  In  terms  of 
the  parameters  u  and  vl  the  linear  element  is 

<fe2  =  (l  +  4^L_^  <*M2  +  (w2  +  «8)  ^f- 
\        ir-Jrir/ 

As  an  immediate  consequence  of  this  result  we  have  that  the 
helices  and  their  orthogonal  trajectories  on  any  helicoid  form  an 
isothermal  system. 

From  (83)  and  (§  46)  we  have  the  theorem  of  Bour: 

Every  helicoid  is  applicable  to  some  surface  of  revolution,  and 
helices  on  the  former  correspond  to  the  parallels  on  the  latter. 

We  derive  also  the  following  expressions : 

a  sin  v  —  ud>'  cos  v,  —  (a  cos  v  +  ud>'  sin  v),  u 

(84)  X,  I,z  =  —  — - j 

and 

(85)  />,/>',!>"=- 

From  (84)  it  follows  that  a  meridian  is  a  normal  section  of  a  sur- 
face of  revolution  at  all  its  points,  and  consequently  is  a  line  of 
curvature  (Ex.  7,  p.  140).  This  is  evident  also  from  the  equation 
of  the  lines  of  curvature  of  a  helicoid,  namely 

(86)  a  [1  +  (j>'2  +  w<W]  du-  +  [( ic  +  a-,  utf>"  —  (l  +  $'*)  u2<f>']  dudv 


Moreover,  the  meridians  are  lines  of  curvature  of  those  helicoids, 
for  which  <f>  satisfies  the  condition 
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By  integration  this  gives 


<f>  =  vV2  —  u2  —  c  log 


u 

When  the  surface  is  the  right  helicoid  the  expressions  for  D 
and  D"  vanish.  Hence  the  meridians  and  helices  are  the  asymp- 
totic lines.  Moreover,  these  lines  form  an  orthogonal  system,  so 
that  the  surface  is  a  minimal  surface  (§  55).  Since  the  tan- 

gent  planes  to  a  surface  along 

an  asymptotic  line  are  its  oscu- 
lating planes,  if  the  surface  is  a 
ruled  minimal  surface,  the  gener- 
ators are  the  principal  normals  of 
all  the  curved  asymptotic  lines. 
But  a  circular  helix  is  the  only 
Bertrand  curve  whose  principal 
normals  are  the  principal  normals 
of  an  infinity  of  curves  (§  19). 
Hence  we  have  the  theorem  of 
Catalan : 

The  right  helicoid  is  tfie  only 
real  minimal  ruled  surface. 

In  fig.  16  are  represented  the  asymptotic  lines  and  lines  of 
curvature  of  a  right  helicoid. 

For  any  other  helicoid  the  equation  of  the  asymptotic  lines  is 
(87)  w</>" duz -  2  a  dudv  +  u*<pdt?  =  0. 

As  the  coefficients  in  (86)  and  (87)  are  functions  of  u  alone,  we 
have  the  theorem : 

When  a  helicoid  is  referred  to  its  meridians  and  helices,  the  asymp- 
totic lines  and  the  lines  of  curvature  can  be  found  by  quadratures. 

EXAMPLES 

1.  Show  that  the  spherical  representation  of  the  lines  of  curvature  of  a  surface 
of  revolution  is  isothermal. 

2.  The  osculating  planes  of  a  line  of  curvature  and  of  its  spherical  representa- 
tion at  corresponding  points  are  parallel. 

3.  The  angles  between  the  asymptotic  directions  at  a  point  on  a  surface  and 
between  their  spherical  representation  are  equal  or  supplementary,  according  as 
the  surface  has  positive  or  negative  curvature  at  the  point. 
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4.  Show  that  the  helicoidal  surface 
x  =  u  cos  »,        y  =  u  sin  r, 


is  minimal. 

5.  The  total  curvature  of  a  helicoid  is  constant  along  a  helix. 

6.  The  orthogonal  trajectories  of  the  helices  upon  a  helicoid  are  geodesies. 

7.  If  the  fundamental  functions  E,  F ,  G  of  a  surface  are  functions  of  a  single 
parameter  u,  the  surface  is  applicable  to  a  surface  of  revolution. 

8.  Find  the  equations  of  the  helicoid  generated  by  a  circle  of  constant  radius 
whose  plane  pas.-es  through  the  axis  and  the  lines  of  curvature  on  the  surface  ;  also 
find  the  equatidas  of  the  surface  in  terms  of  parameters  referring  to  the  meridians 
and  their  orthogonal  trajectories. 

GENERAL  EXAMPLES 

1.  If  a  pencil  of  planes  be  drawn  through  a  tangent  M  T  to  a  surface,  and  if 
lengths  be  laid  off  on  the  normals  at  M  to  the  sections  of  the  surface  by  these 
planes  equal  to  the  curvature  of  the  sections,  the  locus  of  the  end  points  is  a 
straight  line  normal  to  the  plane  determined  by  MT  and  the  normal  to  the 
surface  at  if. 

2.  If  P  is  a  point  of  a  developable  surface,  P0  the  point  where  the  generator 
through  P  touches  the  edge  of  regression,  t  the  length  P0P,  p  and  T  the  radii  of 
curvature  and  torsion  of  the  edge  of  regression,  then  the  principal  radii  of  the 
surface  are  given  by  j  1       o 

*  =  "'     S  =  s- 

3.  For  the  surface  of  revolution  of  a  parabola  about  its  directrix,  the  principal 
radii  are  in  constant  ratio. 

4.  The  equations  x  =  acosu,   y  =  asin«,  z  =  m>  define  a  family  of  circular 
helices  which  pass  through  the  point  A  (a,  0,  0)  of  the  cylinder ;  each  helix  has  an 
involute  whose  points  are  at  the  distance  c  from  A  (cf.  I,  106).    Find  the  surface 
which  is  the  locus  of  these  involutes;  show  that  the  tangents  to  the  helices  are 
normal  to  this  surface ;  find  also  the  lines  of  curvature  upon  the  latter. 

5.  The  surfaces  defined  by  the  equations  (cf.  §  25) 


have  a  system  of  lines  of  curvature  in  planes  parallel  to  the  xz-plane  and  to  the 
y-axis  respectively. 

6.  The  equations 

y  -  ax  =  0,        x2  +  y-  +  z2  -  2/3x  -  a2  =  0, 

where  a  and  ft  are  parameters,  define  all  the  circles  through  the  points  (0,  0,  a), 
(0,0,  —a).  Show  that  the  circles  determined  by  a  relation  /3  =  /(a)  are  the 
characteristics  of  a  family  of  spheres,  except  when  /(a)  is  a  linear  function ; 
also  that  the  circles  are  lines  of  curvature  on  the  envelope  of  these  spheres, 

7.  If  one  of  the  lines  of  curvature  of  a  developable  surface  lies  upon  a  sphere, 
the  other  nonrectilinear  lines  of  curvature  lie  on  concentric  spheres. 
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8.  If  P  is  a  point  on  a  surface,  P0  the  center  of  normal  curvature  of  the  line 
bisecting  the  angle  between  the  lines  of  curvature,  and  PI,  P2  the- centers  of  normal 
curvature  in  two  directions  equally  inclined  to  the  lirst,  then  the  four  points 
P,  PI,  P0,  Py,  form  a  harmonic  range. 

9.  If  JRi,  7?2,  -R3,  •  •  •,  Rm  denote  the  radii  of  normal  curvature  of  in  sections  of 
a  surface  which  make  equal  angles  2  TT/OT  with  one  another,  and  m  >  2,  then 


10.  If  the  Dupin  indicatrix  at  a  point  P  of  a  surface  is  an  ellipse,  and  through 
either  one  of  the  asymptotes  of  its  focal  hyperbola  two  planes  be  drawn  perpen- 
dicular to  one  another,  their  intersections  with  the  tangent  plane  are  conjugate 
directions  on  the  surface. 

11.  All  curves  tangent  to  an  asymptotic  line  at  a  point  JW,  and  whose  osculating 
planes  are  not  tangent  to  the  surface  at  Jlf,  have  M  for  a  point  of  inflection. 

12.  The  normal  curvature  of  an  orthogonal  trajectory  of  an  asymptotic  line  is 
equal  to  the  mean  curvature  of  the  surface  at  the  point  of  intersection. 

13.  The  surface  of  revolution  whose  equations  are 

x  —  u  cos  v,        y  =  u  sin  v,        z  =  a  log  (u  +  Vw'2  —  a2) 

is  generated  by  the  rotation  of  a  catenary  about  its  axis  ;  it  is  called  the  catenoid. 
Show  that  it  is  the  only  minimal  surface  of  revolution. 

14.  When  the  osculating  plane  of  a  line  of  curvature  makes  a  constant  angle 
•with  the  tangent  plane  to  the  surface,  the  line  of  curvature  is  plane. 

15.  A  plane  line  of  curvature  is  represented  on  the  unit  sphere  by  a  circle. 

16.  The  cylinder  whose  right  section  is  the  curve  defined  by  the  intrinsic  equa- 
tion p  =  a  —  «2/fr)  where  a  and  b  are  positive  constants,  has  the  characteristic  prop- 

erty that  upon  it  lie  curves  of  curvature  A  a  ~^   '    whose  geodesic  curvature  is 

' 


17.  When  a  surface  is  referred  to  an  orthogonal  system  of  lines,  and  the  radii  of 
geodesic  curvature  of  the  curves  v  =  const,  and  u  =  const,  are  pgu,  p,Jt,  respectively, 
the  geodesic  curvature  of  the  curve  which  makes  an  angle  00  with  the  lines  v  —  const. 
is  given  by  J_  =  d^o      cos00      sinflp 

Pg          dS  Pgu  Pgu 

18.  When  a  surface  is  referred  to  an  orthogonal  system  of  lines,  and  pa,  s 
denote  the  radius  of  geodesic  curvature  and  the  arc  for  one  system  of  isogonal 
trajectories  of   the   parametric  lines,   and  pg,  s'  the  similar  functions  for  the 
orthogonal  trajectories  of  the  former,  then  whatever  be  the  direction  of  the  first 

d   1        d    1 

curves  the  quantity  -    -  +  -      -  is  constant  at  a  point. 
ds  Pa      ds'  p^ 

19.  If  p  and  p'  denote  the  radii  of  first  curvature  of  a  line  of  curvature  and  its 
spherical  representation,  and  also  pg  and  p'y  the  radii  of  geodesic  curvature  of  these 
curves,  then  ds_fo          ds_dv 

P  ~  p'  '         Pa  ~  Pg'  ' 
where  ds  and  da  are  the  linear  elements  of  the  curves. 
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20.  When  a  surface  is  referred  to  its  lines  of  curvature,  and  0<>,  *o  denote  the 
angles  which  a  curve  on  the  surface  and  its  spherical  representation  make  with 
the  curves  v  —  const,,  the  radii  of  geodesic  curvature  of  these  curves,  denoted  by 
pg  and  pg  respectively,  are  in  the  relation 

ds  dff 

d00  --  =  d0o  --- 
Pa  Pg 

21.  When  the  curve 

1  C 
x=/(u)cos«,        y=/(u)sinu,        z  =  --  \f*(u)<Lu 

(I  */ 

is  subjected  to  a  helicoidal  motion  of  parameter  a  about  the  z-axis,  the  various 
positions  of  this  curve  are  orthogonal  trajectories  of  the  helices,  and  also  geodesies 
on  the  surface. 

22.  When  a  curve  is  subjected  to  a  continuous  rotation  about  an  axis,  and  at 
the  same  time  to  a  homothetic  transformation  with  respect  to  a  point  of  the  axis, 
such  that  the  tangent  to  the  locus  described  by  a  point  of  the  curve  makes  a  con- 
stant angle  with  the  axis,  the  locus  of  the  resulting  curves  is  called  a  spiral  surface. 
Show  that  if  the  z-axis  be  taken  for  the  axis  of  rotation  and  the  origin  for  the  center 
of  the  transformation,  the  equations  of  the  surface  are  of  the  form 

x  =  f(u)  e*rcos(u  +  v),        y  =/(u)  e*rsin  (u  +  t),        z  =  0  («)e**, 
where  his  A  constant. 

23.  A  spiral  surface  can  be  generated  in  the  following  manner:  Let  C  be  a 
curve,  I  any  line,  and  P  a  point  on  the  latter  ;  if  each  point  Jf  on  C  describes  an 
isogonal  trajectory  of  the  generators  on  the  circular  cone  with  vertex  P  and  axis  I 
in  such  a  way  that  the  perpendicular  upon  i,  from  the  moving  point  37".  revolves  about  / 
with  constant  velocity,  the  locus  of  these  curves  is  a  spiral  surface  (cf  .  Ex.  o,  §  33). 

24.  Show  that  the  orthogonal  trajectories  of  the  curves  u  =  const.,  in  Ex.  22. 
can  be  found  by  quadratures,  and  that  the  linear  element  can  be  put  in  the  form 


where  ^1  is  a  function  of  a  alone. 

25.  Show  that  the  lines  of  curvature,  minimal  lines,  and  asymptotic  lines  upon 
a  spiral  surface  can  be  found  by  quadrature. 


CHAPTER  V 

FUNDAMENTAL  EQUATIONS.    THE  MOVING  TRIHEDRAL 

63.  Christoffel  symbols.  In  this  chapter  we  derive  the  necessary 
and  sufficient  equations  of  condition  to  be  satisfied  by  six  func- 
tions, E,  I\  G ;  Z>,  D\  D",  in  order  that  they  may  be  the  fundamental 
quantities  for  a  surface. 

For  the  sake  of  brevity  we  make  use  of  two  sets  of  symbols, 
suggested  by  Christoffel,*  which  represent  certain  functions  of  the 
coefficients  of  a  quadratic  differential  form  and  their  derivatives  of 
the  first  order.  If  the  differential  form  is 

the  first  set  of  symbols  is  defined  by 

1  /da-,      da,.,      da,.,. 
=  _  /  — iL  _i L< 'A 

2101*4    aw,     a 

\        *  « 

where  each  of  the  subscripts  i,  &,  I  has  one  of  the  values  1  and  2.f 
From  this  definition  it  follows  that 


m-m 


When  these  symbols  are  used  in  connection  with  the  first  fun- 
damental quadratic  form  of  a  surface  ds*  =  Edu*  +  2Fdudv  -f-  G  cfo>2, 
they  are  found  to  have  the  following  significance : 

(  fill      1  3E  Til 


1  =  8F_  1  dE_ 
J     3w      28w' 


(1) 

L-*-J        t*    uv  L^J        M 

dG 


dv      2  du        L  2  J     2 

*  Crelle.,  Vol.  LXX,  pp.  241-245. 

t  This  equation  defines  these  symbols  for  a  quadratic  form  of  any  number  of  vari- 
ables u\,  ••• ,  un.   In  this  case  i,  k,  I  take  the  values  1,  •  •  • ,  n. 
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The  second  set  of  symbols  is  defined  by  the  equation 


where  Avl  denotes  the  algebraic  complement  of  avl  in  the  discrimi- 
nant ana2o—  ct'u  divided  by  the  discriminant  itself.  With  reference 
to  the  first  fundamental  quadratic  form  these  symbols  mean 

/~*  ZT*  ~E* 

\jf  — —  J_>  f*j 

and 


cv  cu  I  12  I  r;/  <7W 


fill  _          <7M  ^V  C«*         Jll\_ 

I  1  J  =  2//2  12  J  = 

(\2}^~p~ 
{f}- 


cu          cv 


2^- 
cy          £w  ?y    f221          r'1          rw  8v 


'2H- 
From  these  equations  we  derive  the  following  identities  : 


With  the  aid  of  these  identities  we  derive  from  (III,  15,  16)  the 
expressions 

iri2 


:)a^=      ^U 

From  the  above  definition  of  the  symbols  -I  *    >  we  obtain  the 
following  important  relation  : 


ikl  fik  ik 


64.    The  equations  of  Gauss  and  of  Codazz\    The  first  two  of 
equations  (IV,  10)  and  the  equation 


cu~ 
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,  .  ,  ,  ,.          .     d2x    tfy    d*z 

form  a  consistent  set  of  equations  linear  in  — -•>  — «•»  — ,  and  the 

2      du-    du2    du2 

determinant  is  equal  to  H.    Solving  for  —  5  we  get 


d^x      ( 111  dx      f  11~1  dx 

^H.i)^+I2j^+Mr; 


similar  equations  hold  for  y  and  z.    Proceeding  in  like  manner  with 
the  other  equations  (IV,  10)  and 


(6) 


dudv 


we  get  the  following  equations  of  Grauss  : 

V) 

ffr.          f12^i   fa        ( 

(7) 


dudv 


J  du 


cv 


For  convenience  of  reference  we  recall  from  §  48  the  equations 


(8) 


d_X__  FD'  — 
du 


i_ 

du 


FD-ED'  dx 


H2        du  H'2        dv 

dX      FD"-GD' dx  .  FD'-ED"  dx 

dv 


*v  H2         du  H'2 

The  conditions  of  integrability  of  the  Gauss  equations  (7)  are 


dv  \du2  ~  du  \du  dv 


dv  \du  dv       du 


By  means  of  (7)  and  (8)  these  equations  are  reducible  to  the  forms 

dx      ,  dx  _  _  dx      ,   dx  _  _ 


(9) 


where  av  «2,  •  •  • ,  «r2  are  determinate  functions  of  E,  F,  G ;  Z>,  Z)',  D" 
and  their  derivatives.  Since  equations  similar  to  (9)  hold  for  y  and 
z,  we  must  h-1  ;e 

(10)         a1=0,     a2=0,     ft1=0,     J2=0,     c1==0,     c2=0. 
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When  the  expressions  for  a^  a2,  b^  and  b.,  are  calculated,  it  is 
found  that  the  first  four  equations  are  equivalent  to  the  following : 

ipn.ipn-J12]!12}- 


//-  c 

DIF-&*  „      c   fill       8   f!21   .  flllfl21   .   flllf22 


!21  fill      f!21 


™"      T''-          2  /221       c  /121       f  221  f  121       f 221  Jill 

^liJ~^lim2AiJ+tiAi/ 

121/221      J12V 


itt¥ 

When  the  expressions  for  the  Christoffel  symbols  are  substituted 
in  these  equations  the  latter  reduce  to  the  single  equation 

T\  ~f~\ft  7~l^2  "I          f    o     I        T        2  f  "I       d/"*"! 

/lOv  DD    ~D     =      l      j    d    \     F-    SE      .L_CG\ 

H2  2  H  leu  \_EH  3v      H  cu\ 

2     f   O     ^  E1  1       Q  E'  IS7       d  XT' 

C    I     —    pJ?  J.    C-Ct  -T       GJLJ 

dv  \_H  cu      If  dv      EH  cu 

This  equation  was  discovered  by  Gauss,  and  is  called  the  Gauss 
equation  of  condition  upon  the  fundamental  functions.  The  left- 
hand  member  of  the  equation  is  the  expression  for  the  total  curva- 
ture of  the  surface.  Hence  we  have  the  celebrated  theorem  of 
Gauss  * : 

The  expression  for  the  total  curvature  of  a  surface  is  a  function 
of  the  fundamental  coefficients  of  the  frst  order  and  of  their  deriva- 
tives of  the  first  and  second  orders. 

When  the  expressions  for  cl  and  c.,  are  calculated,  we  find  that 
the  last  two  of  equations  (10)  are 


(13) 


3D"      cD' 
du        dv 

•i.e.,  p.  20. 
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These  are  the  Codazzi  equations,  so  called  because  they  are  equiva- 
lent to  the  equations  found  by  Codazzi  * ;  however,  it  should  be 
mentioned  that  Mainardi  was  brought  to  similar  results  some- 
what earlier,  f  It  is  sometimes  convenient  to  have  these  equations 
written  in  the  form 


(13') 


—  .  = 

= 


8  D" 


which  reduce  readily  to  (13)  by  means  of  (3). 

With  the  aid  of  equations  (7)  we  find  that  the  conditions  of 
integrability  of  equations  (8)  and  similar  ones  in  Y  and  Z  reduce 
to  (13). 

From  the  preceding  theorem  and  the  definition  of  applicable 
surfaces  (§  43)  follows  the  theorem  : 

Two  applicable  surfaces  have  the  same  total  curvature  at  corre- 
sponding points. 

As  a  consequence  we  have : 

Every  surface  applicable  to  a  plane  is  the  tangent  surface  of  a 
twisted  curve. 

For,  when  a  surface  is  applicable  to  a  plane  its  linear  element  is 
reducible  to  ds*  =  du*  +  dv2,  and  consequently  its  total  curvature 
is  .zero  at  every  point  by  (12).  From  (IV,  73)  it  follows  that 


//2  _    "V-*'  "I       i      v\fji  "M     _i_    ^V^'    -1  /      _  ft 
/r    —  I  ~T^~  —  u. 


[0(«,0)J 


Hence  X,  F,  Z  are  functions  of  a  single  parameter,  and  therefore 
the  surface  is  the  tangent  surface  of  a  twisted  curve  (cf.  §  27). 
Incidentally  we  have  proved  the  theorem : 

When  K  is  zero  at  all  points  of  a  surface  the  latter  is  developable^ 
and  conversely. 

*  Sulle  coordinate  curvilinee  d'una  superficie  e  dello  spazio,  Annali,  Ser.  3,  Vol.  II 
(18(>8),  p.  260. 

t  Giornale  dell' Istituto  Lombardo,  Vol.  IX,  p.  395. 
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65.  Fundamental  theorem.    When   the  lines  of  curvature   are 
parametric,  the  Gauss  and  Codazzi  equations  (12),  (13)  reduce  to 


DD"        d       - 


(14) 


d 


X* 


cu 

The  direction-cosines  of  the  tangents  to  the  parametric  curves, 
v  =  const,  and  u  =  const.,  have  the  respective  values 

JL      G3C  -L      cy  -L      G% 

J~E  cu       V ' E  ^u       **/E  fa 
1    ex         1    dy         1    dz 
cv 


X» 


(15) 


By  means  of  equations  (7)  and  (8)  we  find 
X.  1 


(16)    J 


'+D"x 

i —     -5       "Ai  '      7^     ' 

vj;    CM          v^ 


and  similar  equations  obtained  by  replacing  X^  A'2,  X  by 
respectively,  and  by  Z^  Z»,  Z.    From  (15)  we  have 


(17) 


We  proceed  to  the  proof  of  the  converse  theorem : 

Given  four  functions,  E,  G,  D,  D",  satisfying  equations  (14);  there 
exists  a  surface  for  which  E,  0,  G ;  Z>,  0,  D"  are  the  fundamental 
quantities  of  the  first  and  second  order  respectively. 


z=  CVEX^u 
=  CVzY^u 
z  =  CVsZ^aht 
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In  the  first  place  we  remark  that  all  the  conditions  of  integra- 
bility  of  the  equations  (16)  are  satisfied  in  consequence  of  (14). 
Hence  these  equations  admit  sets  of  particular  solutions  whose 
values  for  the  initial  values  of  u  and  v  are  arbitrary.  From  the 
form  of  equations  (16)  it  follows  (cf.  §  13)  that,  if  two  such  sets 
of  particular  solutions  be  denoted  by  Xv  X2,  X  and  F1?  F2,  F,  then 

(.  r2  +  X*  +  X*  =  const., 
(18)  F2  +  F22  +  F2  =  const., 

[  A;  Yl  +  X2  F2  +  XY=  const. 

From  the  theory  of  differential  equations  we  know  that  there  exist 
three  particular  sets  of  solutions  X^  A"2,  X\  Fa,  F2,  F;  Z^  Z^  Z, 
which  for  the  initial  values  of  u  and  v  have  the  values  1,  0,  0  ;  0,  1,  0  ; 
0,  0,  1.  In  this  case  equations  (18)  become 


22 


(19)  F12+F2+F2  = 

which  are  true  for  all  values  of  u  and  v.    In  like  manner  we  have 

(19') 


From  (16)  it  follows  that  the  expressions  in  the  right-hand  mem- 
bers of  (17)  are  exact  differentials,  and  that  the  surface  defined  by 
these  equations  has,  for  its  linear  element  and  its  second  quadratic 
form,  the  expressions 
(20)  Edu2  +  G  dv\         D  du2  +  D"dv* 

respectively. 

Suppose,  now,  that  we  had  a  second  system  of  three  sets  of 
solutions  of  equations  (16)  satisfying  the  conditions  (19),  (19'). 
By  a  motion  in  space  we  could  make  these  .AT's,  F's,  and  Z's  equal 
to  the  corresponding  ones  of  the  first  system  for  the  initial  values 
of  u  and  v.  But  then,  because  of  the  relations  similar  to  (18),  they 
would  be  equal  for  all  values  of  u  and  u,  as  shown  in  §  13.  Hence, 
to  within  a  motion  in  space,  a  surface  is  determined  by  two  quad- 
ratic forms  (20).  As  in  §  13,  it  can  be  shown  that  the  solution  of 
equations  (16)  reduces  to  the  integration  of  an  equation  of  Riccati. 
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Later  *  we  shall  find  that  the  direction-cosines  of  any  two  per- 
pendicular lines  in  the  tangent  plane  to  a  surface,  and  of  the  normal 
to  the  surface,  satisfy  a  system  of  equations  similar  in  form  to  (16). 
Moreover,  these  equations  possess  the  property  that  sets  of  solu- 
tions satisfy  the  conditions  (18)  when  the  parametric  lines  are  any 
whatever.  Hence  the  choice  of  lines  of  curvature  as  parametric 
lines  simplifies  the  preceding  equations,  but  the  result  is  a  general 
one.  Consequently  we  have  the  following  fundamental  theorem: 

When  the  coefficients  of  two  quadratic  forms, 

Edu*+2  Fdudv  +  Gdvt,         D  dur  +  2  D'dudv  +  Z>  W, 

satisfy  the  equations  of  Gauss  and  Codazzi,  there  exists  a  surface, 
unique  to  within  its  position  in  space,  for  which  these  forms  are 
respectively  the  first  and  second  fundamental  quadratic  forms;  and 
the  determination  of  the  surface  requires  the  integration  of  a  Riccati 
equation  and  quadratures. 

From  (III,  3),  (5)  and  (6),  it  follows  that  if  E,  F,  G;  D,  D',  D"  are  the  funda- 
mental functions  for  a  surface  of  coordinates  (z,  y,  z),  the  surface  symmetric  with 
respect  to  the  origin,  that  is,  the  surface  with  the  coordinates  (—  z,  —  y,  —  z),  has 
the  fundamental  functions  E,  F,  G  ;  -  D,  —  D',  —  D".  Moreover,  in  consequence 
of  the  above  theorem,  two  surfaces  whose  fundamental  quantities  bear  such  a  rela- 
tion can  be  moved  in  space  so  that  they  will  be  symmetric  with  respect  to  a  point. 
Two  surfaces  of  this  kind  will  be  treated  as  the  same  surface. 

EXAMPLES 

1.  W-hen  the  lines  of  curvature  of  a  surface  form  an  isothermal  system,  the 
surface  is  said  to  be  isothermic.   Show  that  surfaces  of  revolution  are  isothermic. 

2.  Show  that  the  hyperbolic  paraboloid 

a  b  ttu 

z  =  -(u  +  r),        y  =  -(u-t),        z  =  — 

is  isothermic. 

3.  When  a  surface  is  isothermic,  and  the  linear  element,  expressed  in  terms  of 
parameters  referring  to  the  lines  of  curvature,  is  ds2  =  X2(du2  +  de2),  the  equations 
of  Codazzi  and  Gauss  are  reducible  to 

c  .  Pi       I       cp«  c  .  p-2       1       cPi 

—  log  X  =  —  -      —i        —  log  X  =  —  -  ^  , 
du  Pt  Pi  —  P*  cu  CD  Pi  Pa  -  Pi  to 


(?2  £2  \  \2 

_l_  +  ^)logx  +  — 
C«2         CW  P!P2 


=  0. 

4.  Find  the  form  of  equations  (11),  (13)  when  the  surface  is  denned  in  terms  of 
symmetric  coordinates  (cf.  §  39). 

*  Cf  .  §  69.  Consult  also  Scheffers,  Vol.  II,  pp.  310  et  seq.  ;  Bianchi,  Vol.  I,  pp.  122-124. 
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5.  Show  that  K  is  equal  to  zero  for  the  tangent  surface  of  a  twisted  curve, 
taking  the  linear  element  of  the  latter  in  the  form  (105),  §20. 

6.  Show  that  the  total  curvature  of  the  surface  of  revolution  of  the  tractrix 
about  its  axis  is  negative  and  constant. 

7.  Establish  the  following  formulas,  in  which  the  differential  parameters  are 
formed  with  respect  to  the  form  Edu2  +  2  Fdudv  +  Gdv*: 


)  =  ~, 
where  the  quantities  have  the  same  significance  as  in  §  65. 


=  [  —  (-  — 
\Pi      P* 


8.  Deduce  the  identity  A2x 

and  show  therefrom  that  the  curves  in  which  a  minimal  surface  is  cut  by  a 
family  of  parallel  planes  and  the  orthogonal  trajectories  of  these  curves  form 
an  isothermal  system. 

66.  Fundamental  equations  in  another  form.  We  have  seen  in 
§  61  that  if  X,  F,  Z  denote  the  direction-cosines  of  the  normal  to 
a  surface,  the  direction-cosines  of  the  normal  to  the  spherical  rep- 
resentation of  the  surface  are  eJT,  eF,  eZ,  where  e  is  ±  1  according 
as  the  curvature  of  the  surface  is  positive  or  negative.  If,  then, 
the  second  fundamental  quantities  for  the  sphere  be  denoted  by 
A  .&',  3",  we  have 

/oi  \  ^  cJ^  &/ —  fy-  5^/^     -        C'& 

so  that  for  the  sphere  equations  (7)  become 

VX      fllVdX 
— T  =  i  .,    f  — —  • 

CU  *•  1   J     GU 


(22) 


tfx 


dudv 

o2  ~\T~         f  O  O  *\  /  o  ~y         C  O  O  "^  f  o  ~y 

C      -•  V  I      &  &      \         0  ^\.  I      *-  — J      I          (     *\  ^9-m-f 

— ^=1   1    I '"I   o   I ^    ' 

where  the  Christoffel  symbols  \T?\  are  formed  with  respect  to 
the  linear  element  of  the  spherical  representation,  namely 
(23)  d<r*  =  gdu*  +  2  &dudv  -f-  ^  dv\ 

The  conditions  of  integrability  of  equations  (22)  are  reducible 
by  means  of  the  latter  to 
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where  A.,  A9J  B\,  B,  are  the  functions  obtained  from  the  quantities 

DD"  —  D'1 
av  a2,  bv  bz  respectively  of  §  64  by  replacing  -  —  -  >  E,  F,  G 

by  1,  (£~,  &,  ^respectively.  Since  the  above  equations  must  be  sat- 
isfied by  Y  and  Z,  the  quantities  A^  Az,  Bv  Ba  must  be  zero.  This 
gives  the  single  equation  of  condition 

r 


cu  cv  cu 


Moreover,  the   Codazzi  equations   (13')   become,  in  consequence 
of  (21), 


(25) 

which  vanish  identically. 

If  equations  (IV,  13)  be  solved  for  —  and  — >  we  get 

cu         2v 


(26) 


ex  _$Et—$DeX     &D-£D>  dX 
~  ' 


Hu  cv 


By  means  of  equations  (22)  the  condition  of  integrability  of  these 
equations,  namely  ^  ,^  ^  ^  /^\ 

dv  \du/      3u  \cv/ 
and  similar  conditions  in  y  and  z,  reduce  to 


Hence  two  quadratic  forms 


whose  coefficients  satisfy  the  conditions  (24),  (27),  may  be  taken 
as  the  linear  element  of  the  spherical  representation  of  a  surface 
and  as  the  second  quadratic  form  of  the  latter.  When  X,  Y,  Z  are 
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known,  the  cartesian  coordinates  of  the  surface  can  be  found  by 
quadratures  (26) ;  however,  the  determination  of  the  former  requires 
the  solution  of  a  Riccati  equation. 


If  the  equations 
D  =  - 


n  v 
»       Is  =  —  >    —  —  =  —  >    —  — 

cu  du 


cx  dJt  _  _  ^\  dx  dX_  _  _  ^\  cx  dX 

cu   cv  *-l  dv  du  ^4  dv   dv 

be  differentiated  with  respect  to  u  and  v,  the  resulting  equations  may  be  reduced 
by  means  of  (7)  and  (22)  to  the  form :  * 

d_D 
du 
dD 
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67.  Tangential  coordinates.  Mean  evolute.  A  surface  may  be 
looked  upon  not  only  as  the  locus  of  a  point  whose  position 
depends  upon  two  parameters,  but  also  as  the  envelope  of  its 
tangent  planes.  This  family  of  planes  depends  upon  one  or  two 
parameters  according  as  the  surface  is  developable  or  not.  We 
considered  the  former  case  in  §  27,  and  now  take  up  the  latter. 

If  W  denotes  the  algebraic  distance  from  the  origin  to  the  tan- 
gent plane  to  a  surface  S  at  the  point  M  (x,  y,  z),  then 

(29)  W=xX+yY+zZ. 

If  this  equation  is  differentiated  with  respect  to  u  and  v,  the 
resulting  equations  are  reducible,  in  consequence  of  (IV,  3),  to 

dW     ^    8X  dW     ^    dX 

(30)  =2^7-'          ~T~=Z^X~T' 


»Cf.  Bianchi,  Vol.  I,  p.  157. 
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The  three  equations  (29),  (30)  are  linear  in  x,  y,  2,  and  in  con- 
sequence of  (IV,  79,  80)  their  determinant  is  equal  to  e//.  Hence 
we  have  jp  y  Z 

cW     cY     cZ 

cu      cu      cu 

cW     cY     cZ 

dv       cv      cv 

and  similar  expressions  for  y  and  z.  From  (IV,  11)  we  deduce  the 
identities  ,  -cZ  cY  e  /  cA-  dx\ 

I     T r _^_^     &  _ I    __     ff^ I        J-  v__ 

CU  CU         ff\  CU  CV  ) 

(ol)  < 

r^-^-e/-^+^V 

la  -      ~    //\         ^o        '°^a       / 

V.         CV  CV         //  \  CU  CV  f 

By  means  of  these  equations  the  above  expression  for  x  is 
reducible  to 

//~L    cu   cu          \cu   cv        cv   cu/          cv    cv  J 
Hence  we  have 
(32)    x  =  JrA'+Aj[(n',A'),    y  =  WY+  A((ir,  T),    z  =  TrZ+A^(TT',Z), 

the  differential  parameters  being  formed  with  respect  to  (23). 

Conversely,  if  we  have  four  functions  A',  I',  Z,  W  of  u  and  v, 
such  that  the  first  three  satisfy  the  identity 

/OQ\  JP2    ,     Y2  _L    7*  ==  1 

equations  (32)  define  the  surface  for  which  A,  I',  Z  are  the  direction- 
cosines  of  the  tangent  plane,  and  W  is  the  distance  of  the  latter  from 
the  origin.  For,  from  (33),  we  have 

^     cu  ^      cv 

in  consequence  of  which  and  formulas  (22)  we  find  from  (32)  that 

Moreover,  equation  (29)  also  follows  from  (32).  Hence  a  surface 
is  completely  defined  by  the  functions  A",  Y,  Z,  ir,  which  are 
called  the  tangential  coordinates  of  the  surface.* 

*Cf.  Weingarten,  Festschrift  der  Technischen  Hochschuie  zu  Berlin  (1884) ;  Bianchi, 
Vol.  I,  pp.  172-171 ;  Darboux,  Vol.  I,  pp.  234-248. 
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When  equations  (30)  are  differentiated,  we  obtain 


du  dudv 


ducv 


dv* 


By  means  of  (22),  (29),  and  (30)  these  equations  are  reducible  to 


(34) 


Ldudv 


2^  /i2v  05:      i 

1  J    du      I  2  J    2*  H 


dv* 


I      du          2J    dv 


When  these  expressions  for  Z>,  Z>,'  D"  are  substituted  in  the 
expression  (IV,  77)  for  p^+  />2,  the  latter  becomes 


By  means  of  (25)  this  equation  can  be  written  in  the  form 
(35)  /,1  +  /J2  =  -(AX+2JF), 

where  the  differential  parameter  is  formed  with  respect  to  the 
linear  element  (23)  of  the  sphere. 

Moreover,  if  A220  denotes  the  following  expression, 

A'*-    -i 
~ 


_  f22ya^_  f22V^\ 
1  1    an    1  2  J  a»/ 


it  follows  from  (34)  that 

DD"—  7)'2 

(37) 
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In  passing  we  shall  prove  that  A.22#  is  a  differential  parameter 
by  showing  that  it  is  expressible  in  the  form 

(38)  ^,2WV)-W. 


Without  loss  of  generality  we  take 
(39)  Edtf  +  Gdv1 


as  the  quadratic  form,  with  respect  to  which  these  differential 
parameters  are  formed.    Then 

1  1    /I  dG      1  oE\  1   dE 

A,w  =  —i     A,w  =  —  -  )»     A,(M,  A.w)=  --  ; 

E  2E\G8u      Ecu/  E*  du 


cv  \cu 


By  substitution  we  find 


Since  the  terms  in  the  right-hand  member  are  differential  param- 
eters, their  values  are  independent  of  the  choice  of  parameters 
u  and  v,  in  terms  of  which  (39)  is  expressed.  Hence  equation  (38) 
is  an  identity. 

/The  coordinates  a'0,  t/0,  z0  of  the  point  on  the  normal  to  a  sur- 
face halfway  between  the  centers  of  principal  curvature  have 
the  expressions 


The  surface  S0  enveloped  by  the  plane  through  this  point,  which 
is  parallel  to  the  tangent  plane  to  the  given  surface,  is  called  the 
mean  evolute  of  the  latter. 

If  iro  denotes  the  distance  from  the  origin  to  this  plane,  we  have 

(40)  W. 


By  means  of  (35)  this  may  be  written 
(41)  TF0  =  -iA; 
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EXAMPLES 

1.  Derive  the  equations  of  the  lines  of  curvature  and  the  expressions  for  the 
principal  radii  in  terms  of  W,  when  the  parametric  lines  on  the  sphere  are 

(i)  meridians  and  parallels  ; 
(ii)  the  imaginary  generators. 

Show  that  in  the  latter  case  the  curves  corresponding  to  the  generators  lie  sym- 
metrically with  respect  to  the  lines  of  curvature. 

2.  Let  Wi  and  Wi  denote  the  distances  from  the  origin  to  the  planes  through 
the  normal  to  a  surface  and  the  tangents  to  the  lines  of  curvature  u  =  const., 
u  =  const,  respectively,  so  that  we  have 

Wi  =  xX-L  +  yTl  +  zZi,  W2  =  xX2  +  yY»  +  «Z2. 

Show  that  ' 


p« 


Pl 


the  differential  parameters  being  formed  with  respect  to  Edu2  +  2  Fdudv  +  Gdv*. 
3.  If  2  q  =  x*  +  y2  +  22,  then  we  have 


4.  Show  that  when  the  lines  of  curvature  are  parametric 

_  J.   Fq_c_W  1  dq  _dW 

Pi  du  ~  cu  '  P2  cv  ~   8v 

5.  The  determination  of  surfaces  whose  mean  evolute  is  a  point  is  the  same 
problem  as  finding  isothermal  systems  of  lines  on  the  sphere. 

68.  The  moving  trihedral.  The  fundamental  equations  of  con- 
dition may  be  given  another  form,  in  which  they  are  frequently 
used  by  French  writers.  In  deriving  them  we  refer  the  surface  to 
a  moving  set  of  rectangular  axes  called  the  trihedral  T.  Its  ver- 
tex M  is  a  point  of  the  surface,  the  zy-plane  is  tangent  to  the 
surface  at  Jf,  and  the  positive  z-axis  coincides  with  the  positive 
direction  of  the  normal  to  the  surface  at  M.  The  position  of  the 
x-  and  y-axes  is  determined  by  the  angle  U  which  the  tangent  to 
the  curve  v  =  const,  through  M  makes  with  the  z-axis,  U  being  a 
given  function  of  u  and  v. 

In  Chapter  I  we  considered  another  moving  trihedral,  consisting 
of  the  tangent,  principal  normal,  and  binormal  of  a  twisted  curve. 
Let  us  associate  such  a  trihedral  with  the  curve  v  =  const,  through 
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M  and  call  it  the  trihedral  fu.  We  have  found  (§  16)  that  the  varia- 
tions of  the  direction-cosines  a',  b\  c'  of  a  line  L,  fixed  in  space, 
with  reference  to  £u,  as  its  vertex  moves  along  the  curve  which 
we  call  Cu,  are  given  by 

da'      V      dV          la!  ,   c'\      dc>      V 

(42)  3-  =  -'    3-  =  --  +  -'    ~T  =  ~' 

dsu      pu     d*u         \pu      rj      dsu      ru 

where  pu,  TU  denote  the  radii  of  first  and  second  curvature  of  CM, 
and  dsu  its  linear  element;  evidently  the  latter  may  be  replaced 
by  "VJBdu. 

The  direction-cosines  of  L  with  respect  to  the  trihedral  T  have 
the  values      |-  a  =  a'cos[7_  p  sin  ^  _  c>  cos  O>B)  sin  T, 

b  =  a'  sin  U  +  (b'  sin  o>u  —  c'  cos  &>„)  cos  U^ 

c  =  b'  cos  o>,,+  c'  sin  o>K, 

where  &>H  is  the  angle  which  the  positive  direction  of  the  2-axis 
makes  with  the  positive  direction  of  the  principal  normal  to  Cu  at  Jf, 
the  angle  being  measured  toward  the  positive  direction  of  the  binor- 
mal  of  (?„.  From  equations  (42)  and  (43)  we  obtain  the  following : 


(44; 


da      ,  db  dc  , 

—  =  or  —  cq,       —  =  cp  —  ar,     —  =  aq  —  bp, 

CU  CU  CU 


where  p,  q,  r  have  the  following  significance  : 


(45) 


p 

9 

r 

=  V^ 

v^ 

cos6r 
sinC^ 

/dwu 

dU\ 

^    P« 

dsj 

1\          .      rrCOSft)u 

-f  sm  I  - 


cos  C 


,COS  0> 


Pu 


If,  in  like  manner,  we  consider  the  trihedral  tr  of  the  curve 
u  =  const,  through  Jl/,  denoted  by  (7r,  we  obtain  the  equations 

da  cb  cc 

-  =  K-^:     £  =  <?*-"*      »*•**-**» 

where  p^  qv  rl  can  be  obtained  from  (45)  by  replacing  V^  U,  *B, 
<*>«'  PUI  T«  by  ^^»  V,  «v,  o>v,  pr,  rr.  As  V  denotes  the  angle  which  the 
tangent  to  the  curve  Cv  at  M  makes  with  the  z-axis,  we  have 

(46)  V-U=a>. 
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If  the  vertex  M  moves  along  a  curve  other  than  a  parametric 
line,  that  is,  along  a  curve  determined  by  a  value  of  dv/du,  the 
variations  of  a,  6,  c  are  evidently  given  by 


da  du      da  dv 
du  ds      dv  ds 


db  du      db  dv 
du  ds      dv  ds 


dc  du      do  dv 
du  ds      dv  ds 


in  which  the  differential  quotients  have  the  above  values. 

69.  Fundamental  equations  of  condition.  Suppose  that  we  asso- 
ciate with  the  trihedral  T  a  second  trihedral  *T0  whose  vertex  0  is 
fixed  in  space,  about  which  it  revolves  in  such  a  manner  that  its 
edges  are  always  parallel  to  the  corresponding  edges  of  T,  as  the 
vertex  of  the  latter  moves  over  the  surface  in  a  given  manner. 
The  position  of  T0  is  completely  determined  by  the  nine  direction- 
cosines  of  its  edges  with  three  mutually  perpendicular  lines  Lv  L2, 
L3  through  0.  Call  these  direction-cosines  av  b,,  cl ;  a2,  62,  c2 ;  as, 
63,  <?3.  These  functions  must  satisfy  the  equations 


(47) 


fBa      , 
--tr-cg, 

da 


db 

du 
db 

dv 


=  cp  —  ar, 


If  we  equate  the  two  values  of 


cucv 


dc  , 

£  =  «?-»?, 

dc 

—  =  aq,—  bp.. 

dv 

obtained  from  the  first 


two  of  these  equations,  and  in  the  reduction  of  the  resulting  equa- 
tion make  use  of  (47),  we  find 

dr      dr.  \        idq      dq, 

l—pq^+  <??M=  c{ rp,  +  pr, 

dv      du  I        \dv      du 

Since  this  equation  must  be  true  when  b  and  c  have  the  values 
b,,  c,;  J2,  c2;  63,  <?3,  the  expressions  in  parenthesis  must  be  equal 

to  zero.    Proceeding  in  the  same  manner  with  and »  we 

,,..,,.  „          &,      ,  ..  dudv         dudv 

obtain  the  following  fundamental  equations  * : 

dp  _  dp,  _ 

dv      du      *  l       "' 

^  -  ^  =  rp 
dv      du        "l 

dr      dr, 

— — —  =  pq  —  QP-I' 

dv      du 

*  These  equations  were  first  obtained  by  Combescure,  Annales  de  I'Ecole  Normale, 
Ser.  1,  Vol.  IV  (1867),  p.  108;  cf.  also  Darboux,  Vol.  I,  p.  48. 


(48) 
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These  necessary  conditions  upon  the  six  functions  jt>,  •  •  •  ,  r^  in 
order  that  the  nine  functions  ax,  •  •  •  ,  c3  may  determine  the  position 
of  the  trihedral  T0,  are  also  sufficient  conditions.  The  proof  of  this 
is  similar  to  that  given  in  §  65. 

Equations  (47)  have  been  obtained  by  Darboux  *  from  a  study 
of  the  motion  of  the  trihedral  T0.  He  has  called  p,  q,  •  •  •,  r^  the 
rotations. 

We  return  to  the  consideration  of  the  moving  trihedrals  T  and 
f..  Let  (a:,  y,  z)  and  (2^,  y',  z')  denote  the  coordinates  of  a  point  P 
with  respect  to  T  and  tu  respectively.  Between  these  coordinates 
the  following  relations  hold: 

'  x  =  x'  cosfr  —  (y1  sin  «„  —  z'  cos  &>„)  sin  £7, 
(49)  -  y  =  z*  sin  U  +  (y'  sin  mu  —  z'  cos  o>  J  cos  £7, 

.  z  =  i/  cos  vu  +  z'  sin  aJB. 

If  in  a  displacement  of  P  absolute  increments  with  respect  to 
the  trihedral  tu  at  JI  be  indicated  by  8,  and  increments  relative  to 
these  moving  axes  by  rf,  we  have,  from  §  16, 

&/_<&/      y>  Sy'_dy'      x'      z'  &'      dz>      y' 

l«*vi     —  —  —  —  -  -|-  j.,         —  —  —  —  —  i         i  --  »         —  —  —  —  ---  • 

<&»  *L  P*  "*•  "*«  P.  T«  "*«  ^*«  T!. 

From  (49),  (50),  and  (45)  we  obtain  the  following  f  : 

&c      dx       /-= 

-  =  --  h  vEcosU—  ru  +  qz, 
cu      du 


—  =  — 


rr. 


5z      dz 

—  =  --  ox  -f-  PV. 

gu      aw      ^ 

Equations  similar  to  these  follow  also  from  the  consideration 
of  the  trihedral  tv.  Hence,  when  the  trihedral  T  moves  over  the 
surface  with  its  vertex  M  describing  a  curve  determined  by  a 
value  of  dv/du,  the  increments  of  the  coordinates  of  a  point 
P(x,  y,  z),  in  the  directions  of  the  axes  of  the  trihedral,  in  the 

*  i.e.,  Vol.  I,  chaps,  i  and  v. 

t  In  deriving  these  equations  we  have  made  use  of  the  fact  that  equations  (49)  define 
a  transformation  of  coordinates,  and  consequently  hold  when  the  coordinates  are  replaced 
by  the  projections  of  an  absolute  displacement  of  P. 
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absolute  displacement  of  P,  which  may  also  be  moving  relative 
to  these  axes,  have  the  values  * 

Bx  =  dx  -f-  f  du  -f  £t  dv  +  (q  du  +  ql  dv)  z  —  (rdu  +  r1  dv)  y, 
=  dy  +  77  du  +  ijl  dv  +  (r  du  +  r:  c?y)  x  —  (pdu  +  pl  dv)  z, 
=  c?z  +  (pdu-{-pldv)y  —  (qdu  +  q1dv)x, 

where  we  have  put 


(51)  J 


(52) 


The  coordinates  of  M  are  (0,  0,  0),  so  that  the  increments  of  its 
displacements  are 

(53)  &x  =  £  du  +  ^dv,         §y  =  T)du  +  y^dv,         8z  =  0. 

If  (xv,  yv  «j)  denote  the  coordinates  of  M  with  respect  to  the 
fixed  axes  formed  by  the  lines  Lv  L2,  L3  previously  defined,  it 
follows  that 

(54)  ^  =  fa,  +  r,b»         ^  =  f  A  +  i/A, 

and  similar  expressions  for  yv  and  Zj,  where  at,  i^'^;  «2,  J2,  <?2; 
a,,  5,,  c,  are  the  direction-cosines  of  the  fixed  axes  with  reference 

3  '        o          o 

to  the  moving  axes.    Since  the  latter  satisfy  equations  (47),  the 

^2 

conditions  that  the  two  values  of  -  L  obtained  from  (54)  be  equal, 

32 
and  similarly  for  —  ^-  and 


du  cv 


cu  dv 


dudv 
•,  are 


(55) 


dv 


When  we  have  ten  functions  £,  |15  77,  77^  jt>,  jt?^  g,  q^  r,  r^  satis- 
fying these  conditions  and  (48),  the  functions  «1?  •••,  c3  can  be 
found  by  the  solution  of  a  Riccati  equation,  and  xv  y^  zl  by  quad- 
ratures. Hence  equations  (48)  and  (55)  are  sufficient  as  well  as 
necessary,  and  consequently  are  equivalent  to  the  Gauss  and 
Codazzi  equations. 

*  Cf.  Darboux,  Vol.  II,  p.  348. 
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70.  Linear  element.  Lines  of  curvature.  From  (53)  we  see  that 
the  linear  element  of  the  surface  is 

(56)  d*>  =  (f  du  +  f  j  dv)z  +  (17  du  +  ^  dvf. 

Hence  a  necessary  and  sufficient  condition  that  the  parametric 
lines  be  orthogonal  is 

(57)  f£i+Wi=0. 

For  a  sphere  of  radius  c  the  coordinates  of  the  center  are  (0,  0,  —  c),  it  being 
assumed  that  the  positive  normal  is  directed  outwards.  As  this  is  a  fixed  point,  it 
follows  from  equations  (51)  that  whatever  be  the  value  of  dc/du  we  must  have 

£  du  +  fide  —  (qdu  +  qidt)c  =  0, 
and  consequently 

<«>  !=^=!=^=c- 

Conversely,  when  these  equations  are  satisfied,  the  point  (0,  0,  —  c)  is  fixed  in  space, 
and  therefore  the  surface  is  a  sphere.  Moreover,  suppose  that  we  have  a  propor- 
tion such  as  (58),  where  the  factor  of  proportionality  is  not  necessarily  constant. 
For  the  moment  call  it  t.  When  the  values  from  (58)  are  substituted  in  (55)  and 
reduction  is  made  in  accordance  with  (48)  we  get 

ct  dt  _  ct      t   ct  __ 

co          cu  cv          du 

Hence  t  is  constant  unless  fa  —  fa  is  zero,  which,  from  (56)  and  §  31,  is  seen  to 
be  possible  only  in  case  the  surface  is  isotropic  developable. 

By  definition  (§  51)  a  line  of  curvature  is  a  curve  along  which 
the  normals  to  the  surface  form  a  developable  surface.  When  the 
vertex  is  displaced  along  one  of  these  lines,  a  point  (0,  0,  p)  must 
move  in  such  a  way  that  &r  and  Sy  are  zero.  Hence  we  must  have 

f  du  +  ^dv  +  (qdu  +  q^dv)p  =  0, 
17  du  +  rjl dv  —  (p  du  -f-  pl dv) p  =  Q. 

Eliminating  p  and  dv/du  respectively,  we  obtain  the  equation  of 
the  lines  of  curvature, 

(59)  (£  du  -4-  £j dv) (p du  +  p^ dv)  +  (17  du  +  rjl dv) (qdu  +  ql dv)  =  0, 
and  the  equation  of  the  principal  radii, 

From  (59)  it  follows  that  a  necessary  and  sufficient  condition 
that  the  parametric  lines  be  the  lines  of  curvature  is 

(61) 
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We  may  replace  these  equations  by 


thus  introducing  two  auxiliary  functions  X  and  \.    When  these 
values  are  substituted  in  the  third  of  (55),  we  have 


If  X  and  X1  are  equal,  the  above  equations  are  of  the  form  (58), 
which  were  seen  to  be  characteristic  of  the  sphere  and  the  iso- 
tropic  developable.  Hence  the  second  factor  is  zero,  so  that  equa- 
tions (61)  may  be  replaced  by 

(62)  #1+^=0,          ppi+qq^Q, 
or 

(63)  6=17  =  0,  J»  =  fc=0. 

From  (52)  it  follows  that  in  the  latter  case  the  x-  and  #-axes  are 
tangent  to  the  curves  v  =  const,  and  u  =  const.  We  shall  consider 
this  case  later. 

From  (60)  and  (52)  we  find  that  the  expression  for  the  total 
curvature  of  the  surface  is 


PiP2  — 

where  o>  denotes  the  angle  between  the  parametric  curves.    Hence 
the  third  of  equations  (48)  may  be  written 

(64)  V^'G'sin  to  _  H   _  dr  _  dr^ 

PiP*  PiPz  ~  8v      du 

71.  Conjugate  directions  and  asymptotic  directions.  Spherical 
representation.  We  have  found  (§  54)  that  the  direction  in  the 
tangent  plane  conjugate  to  a  given  direction  is  the  characteristic 
of  this  plane  as  it  envelopes  the  surface  in  the  given  direction. 
Hence,  from  the  point  of  view  of  the  moving  trihedral,  the  direc- 
tion conjugate  to  a  displacement,  determined  by  a  value  of  dv/du, 
is  the  line  in  the  ary-plane  which  passes  through  the  origin,  and 
which  does  not  experience  an  absolute  displacement  in  the 
direction  of  the  z-axis.  From  the  third  of  equations  (51)  it  is 
seen  that  the  equation  of  this  line  is 

(65)  (p  du  -f-  pvdv)  y  —  (  q  du  +  q^dv)  x  =  0. 
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If  the  increments  of  u  and  r,  corresponding  to  a  displacement  in 
the  direction  of  this  line,  be  indicated  by  c?tw  and  d^  the  quan- 
tities x  and  y  are  proportional  to  (|  d^u  +  ^d^v)  and  (rj  d^u  +  i71rf1w). 
When  a:  and  #  in  (65)  are  replaced  by  these  values,  the  resulting 
equation  may  be  reduced  to 

(66)      (pij  -  qg)  dudji  +  (pr}l  -  qgj  dudj)  +  (pj  -  qg)  djidv 


In  consequence  of  (55)  the  coefficients  of  dudj)  and  d^udv  are 
equal,  so  that  the  equation  is  symmetrical  with  respect  to  the 
two  sets  of  differentials,  thus  establishing  the  fact  that  the  rela- 
tion between  a  line  and  its  conjugate  is  reciprocal. 

In  order  that  the  parametric  lines  be  conjugate,  equation  (66) 
must  be  satisfied  by  du  =  0  and  dtv  =  0.  Hence  we  must  have 

(67)  prll  -  q^  =  0,  psi  -  qg  =  0. 

It  should  be  noticed  that  equations  (61)  are  a  consequeuce  of  the 
first  of  (62)  and  (67).  Hence  we  have  the  result  that  the  lines  of 
curvature  form  the  only  orthogonal  conjugate  system. 

From  (66)  it  follows  that  the  asymptotic  directions  are  given  by 

(68)  (pr,-qS)du*  +  (PT,l-qt1+p1rj-q1t)dwlv+(p1r,l-q1Zl)dv>  =  0. 

The  spherical  representation  of  a  surface  is  traced  out  by  the 
point  m,  whose  coordinates  are  (0,  0,  1)  with  respect  to  the  tri- 
hedral T0  of  fixed  vertex.  From  (51)  we  find  that  the  projections 
of  a  displacement  of  rn,  corresponding  to  a  displacement  along  the 
surface,  are 

(69)  SX=qdu  +  qldv,         BY  =  —  (p  du  +  pjdv),         BZ=0. 
Hence  the  linear  element  of  the  spherical  representation  is 

(70)  da*  =  (qdu  +  q^dvf  +  (pdu  +  p^dvf. 

The  line  defined  by  (65)  is  evidently  perpendicular  to  the  direc- 
tion of  the  displacement  of  m,  as  given  by  (69).  Hence  the  tangent 
to  the  spherical  representation  of  a  curve  upon  a  surface  is  perpen- 
dicular to  the  direction  conjugate  to  the  curve  at  the  corresponding 
point.  Therefore  the  tangents  to  a  line  of  curvature  and  its  rep- 
resentation are  parallel,  whereas  an  asymptotic  direction  and  its 
representation  are  perpendicular  (§  61). 
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72.  Fundamental  relations  and  formulas.    From  equations  (53) 
and  (69)  we  have,  for  the  point  M  on  the  surface, 

ox  oi/  8z 

.  du        '       du  cu 

(71)        ;*-     i=,  *  o- 

T~  ~~  ^i'     T~  =  u? 

dv  dv 

and 

—  -          —  -  —  -0 

du  du  du 

(72) 

—  =  -».,       -  =  0. 

dv  dv 

Consequently  the  following  relations  hold  between  the  fundamental 
coefficients,  the  rotations,  and  the  translations: 


(73) 


When,  in  particular,  the  parametric  system  on  a  surface  is  orthog- 
onal, and  the  x-  and  y-  axes  of  the  trihedral  are  tangent  to  the  curves 
v  =  const,  and  u  =  const,  through  the  vertex,  equations  (52)  are 

(74)  £=V^,         i/  =  &=0,         rj^Vo, 
and  equations  (55)  reduce  to 

/7_.  l   aV^"  i   dVt?  /-        /— 

(75)  r  =  --  —  --  1         r.  =  —  —=-    —  ,         »v  G  +  o.v  E  =  0. 


Moreover,  equations  (45)  and  the  similar  ones  for  p^  q^  rt  become 
_    /—  /^u_l\         _  _A/^;COS*'U  /— sino).. 

(76)^          "v          1^" 

.^v^cos^  ^/4«. 


^^  \  aSv  Tv 

The  first  two  of  equations  (75)  lead,  by  means  of  (76),  to 

__              sin  &>               1      "d^JE          sin«Sv          1      dvG 
\t  i  j  —  ~~  —         »         =  —         1 

PU  v  EG    fa  PV         VUG    fa 

which  follow  also  from  §  58. 

The  third  of  equations  (75)  establishes  the  fact,  previously 
remarked  in  §  59,  that  the  geodesic  torsion  in  two  orthogonal 
directions  differs  only  in  sign. 
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The  variations  of  the  direction-cosines  X\,  YI,  Z\  of  the  tangent  to  the  curve 
v  —  const,  are  represented  by  the  motion  of  the  point  (1,  0,  0)  of  the  trihedral  TO 
with  fixed  vertex.  From  (51)  we  have 


(78) 


=  0, 


From  these  equations  we  see  that  as  a  point  describes  a  curve  v  —  const.  ,  namely 
Ca,  the  tangent  to  this  curve  undergoes  an  infinitesimal  rotation  consisting  of  two 
components,  one  in  amount  rdu  about  the  normal  to  the  surface  and  the  other, 

—  q  du,  about  the  line  in  the  tangent  plane  perpendicular  to  the  tangent  to  CB. 
Consequently,  by  their  definition,  the  geodesic  and  normal  curvature  of  Cu  are 
r/Vl?  and  —  q/^  E  respectively.    Moreover,  it  is  seen  from  (72)  that  as  a  point 
describes  C«  the  normal  to  the  surface  undergoes  a  rotation  consisting  of  the  com- 
ponents q  du  about  the  line  in  the  tangent  plane  perpendicular  to  the  tangent,  and 

—  p  du  about  the  tangent.    Hence,  if  Cu  were  a  geodesic,  the  torsion  would  be 
p/^/E  to  within  the  sign  at  least.    Thus  by  geometrical  considerations  we  have 
obtained  the  fundamental  relations  (76). 

We  suppose  now  that  the  parametric  system  is  any  whatever. 
From  the  definition  of  the  differential  parameters  (§  37)  it  follows 

til  lit 


-ft 

E  = 


S-V  TW*     4. 

G  =  H-u. 


Consequently  if  P,  Q,  R  denote  functions  similar  to  p,  q,  r,  for  a 

general  curve 

<f>(u,  v)  =  const., 

which  passes  through  M  and  whose  tangent  makes  the  angle  <l> 
with  the  moving  z-axis,  we  have,  from  (45), 


(79) 


where  by  (III,  51)  Ht  -  =  A^A^  —  A^,  i/r)  and  i/r=  const,  defines 
any  other  family  of  curves. 

Moreover,  equations  analogous  to  (44)  are 

rfa  _  iR  —  cQ  db  _  cP  —  aR  dc  _  aQ  —  bP 


/——  [sin  to      <Y4>] 
P          ds  \ 


176  FUNDAMENTAL  EQUATIONS 

da      da  du      da  dv 

If  now  in  T"  =  ^3-  +  T--r- 

as      du  as      dv  as 

we  replace  the  expressions  for  —  and  —  from  (47),  and  similarly 
,      ,/,,        ,    ,   ,  f  ,  ,   .     du          dv 

for  do/as  and  dc/ds,  we  obtain 


Pds  =  Hl    A>  (  jo  C?M  -f-  jt?1  cfo),          #<&  = 

jfofs  =  H^  t±$(r  du  +  rv  dv). 

From  these  equations  and  (79)  we  derive  the  following  funda- 
mental formulas  : 


(80) 


( — }d8  =  cos  <£  (p  du  +  p. dv)  +  sin  4> (q  du  +  a.  dv). 

\ds      T) 

ds  =  sin  <I>  ( p  du  +  pv  dv)  —  cos  <I>  (q  du  +  ql  dv), 


P 
sin  w      d<&        du         dv 


p          ds         ds        l  ds 

By  means  of  the  last  of  equations  (80)  we  shall  express  the 
geodesic  curvature  of  a  curve  in  terms  of  the  functions  E,  F,  G, 
of  their  derivatives,  and  of  the  angle  0  which  the  curve  makes 
with  the  curve  v  =  const.  If  we  take  the  a>axis  of  the  trihedral 
tangent  to  the  curve  v  =  const.,  we  obtain  from  the  last  of  (80), 
in  consequence  of  (45), 

1      dd      ~*/E  du     /v6?      da>\dv 
p       ds       p  ,.   ds      \  p  .,       dv  I  ds 

iff  i  gu  \  r  gv  / 

From  (III,  15,  16)  we  obtain 

(  G  — 


E_ 


dv      H[2EG\      dv          dv         dv 

When  this  value  and  the  expressions  for  pgu  and  pgv  (IV,  57)  are 
substituted  in  the  above  equation,  we  have  the  formula  desired: 

!_£?      —ld—       F  dE      lg^VM|     1    I^G  _F  dE\dv 
~~~'+  ~  u      Edv/ds' 


EXAMPLES 

1.  A  necessary  and  sufficient  condition  that  the  origin  of  the  trihedral  The  the 
only  point  in  the  moving  xy-plane  which  generates  a  surface  to  which  this  plane  is 
tangent,  is  that  the  surface  be  nondevelopable. 
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2.  Determine  p  so  that  the  point  of  coordinates  (p,  0,  0)  with  respect  to  T  shall 
describe  a  surface  to  which  the  z-axis  of  T  is  normal ;  examine  the  case  when  the 
lines  of  curvature  are  parametric  and  the  z-axis  is  tangent  to  the  curve  v  =  const. 

3.  When  the  parametric  curves  are  minimal  lines  for  both  the  surface  and  the 
sphere,  it  is  necessary  that 

ij  =  t£ ,  rii  =  —  i£i,        q  =  — •  ip,        51  =  tpi, 

in  this  case  the  parametric  curves  on  the  surface  form  a  conjugate  system,  and  the 
surface  is  minimal  (cf.  §  55). 

4.  When  the  asymptotic  lines  on  a  surface  form  an  orthogonal  system,  we 
must  have  p|i  +  ^  =  0?        ^  +  ftl?  =  0) 

in  which  case  the  surface  is  minimal. 

5.  When  the  lines  of  curvature  are  parametric,  and  the  z-axis  of  T  is  tangent 
to  the  curve  v  =  const.,  equations  (80)  reduce  to 

1      dta      /I       1\   .  cosw      cos2*      sin2* 

-j-  =  I )  sin*  cos *,        = 1 , 

T      da      \PI      PS/  p  pi  pt 

sin  o>      d*  1       /  a  cPt  du      th  rp->  du\ 

— _L  I    '    t  I    *      , r  I , 

p         da      P*  —  Pi  \pi  cv  dt      q  &u  da/ 

6.  When  the  second  equation  in  Ex.  5  is  differentiated  with  respect  to  a,  the 
resulting  equation  is  reducible  to 

dp      sin  ia  /  du      2\          cPi  /du\'  cp^  /du\2do 

—  -| ( 3 )  =  o2  — -  [     - 1  +  3  o2  — - 1  — )  — 

da        p     \   da      T/  gu  \da/  dv  \da/  da 


7.  On  a  surface  a  given  curve  makes  the  angle  *  with  the  z-axis  of  a  trihedral  T; 
the  point  P0  of  coordinates  cos*,  sin  *,  0  with  reference  to  the  parallel  trihedral  T0 
with  fixed  vertex,  describes  the  spherical  indicatrix  of  the  tangent  to  the  curve ; 
the  direction-cosines  of  the  tangent  to  this  curve  are 

—  sin  *  sin  w,        cos  *  sin  w,        cos  w, 

where  u  has  the  significance  indicated  in  §  49,  and  the  linear  element  is  da/p;  derive 
therefrom  by  means  of  (51)  the  second  and  third  of  formulas  (80). 

8.  The  point  B,  whose  coordinates  with  reference  to  T0  of  Ex.  7  are 

sin*  cos  w,         —  cos*cosw,        sinw, 

describes  the  spherical  indicatrix  of  the  binormal  to  the  given  curve  on  the  surface, 
and  its  linear  element  is  ds/r ;  derive  therefrom  the  first  of  formulas  (80). 

73.  Parallel  surfaces.  We  inquire  under  what  conditions  the 
normals  to  a  surface  are  normal  to  a  second  surface.  In  order  that 
this  be  possible,  there  must  exist  a  function  t  such  that  the  point 
of  coordinates  (0,  0,  £),  with  reference  to  the  trihedral  T,  describes 
a  surface  to  which  the  moving  z-axis  is  constantly  normal.  Hence 
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we  must  have  Sz  =  0,  and  consequently,  by  equations  (51),  t  must 
be  a  constant,  which  may  have  any  value  whatever.  We  have, 
therefore,  the  theorem : 

If  segments  of  constant  length  be  laid  off  upon  the  normals  to  a  sur- 
face, these  segments  being  measured  from  the  surface,  the  locus  of  their 
other  end  points  is  a  surface  with  the  same  normals  as  the  given  surface. 

These  two  surfaces  are  said  to  be  parallel.  Evidently  there  is 
an  infinity  of  surfaces  parallel  to  a  given  surface,  and  all  of  them 
have  the  same  spherical  representation. 

Consider  the  surface  for  which  t  has  the  value  a,  and  call  it  $. 
From  (51)  it  follows  that  the  projections  on  the  axes  of  T  of  a  dis- 
placement on  S  have  the  values 

=  %  du  +  ^dv  +  (q  du  +  q{dv)  a, 


(82) 

Sy  =  t}  du  +  rj^v  —(pdu+  p^v)  a. 

Comparing  these  results  with  (53),  we  see  that  the  displacements 
on  the  two  surfaces  corresponding  to  the  same  value  of  dv/du  are 
parallel  only  in  case  equation  (59)  is  satisfied,  that  is,  when  the 
point  describes  a  line  of  curvature  on  S.  But  from  a  characteristic 
property  of  lines  of  curvature  (§  51)  it  follows  that  the  lines  of  curva- 
ture on  the  two  surfaces  correspond.  Hence  we  have  the  theorem  : 

The  tangents  to  corresponding  lines  of  curvature  of  two  parallel 
surfaces  at  corresponding  points  are  parallel. 

From  (82)  and  (73)  we  have  the  following  expressions  for  the 
first  fundamental  quantities  of  S: 

(83) 


or,  in  consequence  of  (IV,  78), 

a2 


(84) 


=  E(\  — 


PiP»/  \Pi 


«[«/!  +  1)  -2 

L  \PI    P*J 


ftp./  ft    p 
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The  moving  trihedral  for  S  can  be  taken  parallel  to  T  for  S, 
and  thus  the  rotations  are  the  same  for  both  trihedrals  ;  and  from 
(82)  it  follows  that  the  translations  have  the  values 


On  substituting  in  the  equations  for  S  analogous  to  (59),  (60),  (66), 
we  obtain  the  fundamental  equations  for  $  in  terms  of  the  functions 
for  S.  Also  from  (73)  we  have  the  following  expressions  for  the 
second  fundamental  coefficients  for  S: 

(85)  D  =  D-a€,         D'=D'-a&,         D"  =  D"  -  ag. 

Since  the  centers  of  principal  curvature  of  a  surface  and  its 
parallel  at  corresponding  points  are  the  same,  it  follows  that 

(86)  p^p^+a,          p,  =  P,+  a- 

Suppose  that  we  have  a  surface  whose  total  curvature  is  constant 
and  equal  to  1/r.  Evidently  a  sphere  of  radius  c  is  of  this  kind, 
but  later  (Chapter  VIII)  it  will  be  shown  that  there  is  a  large  group 
of  surfaces  with  this  property.  We  call  them  spherical  surfaces. 

From  (86)  we  have     ^  _  a)  (^  _  rt)  =  ^ 

so  that  if  we  take  a  =  ±  c,  we  obtain 


Hence  we  have  the  theorem  of  Bonnet  :  * 

With  every  surface  of  constant  total  curvature  \j<?  there  are  asso- 
ciated two  surfaces  of  mean  curvature  ±l/t?;  they  are  parallel  to  the 
former  and  at  the  distances  =p  c  from  it. 

And  conversely, 

With  every  surface  ivhose  mean  curvature  is  constant  and  different 
from  zero  there  are  associated  two  parallel  surf  aces,  one  of  which  has 
constant  total  curvature  and  the  other  constant  mean  curvature. 

74.  Surfaces  of  center.  As  a  point  M  moves  over  a  surface  S 
the  corresponding  centers  of  principal  curvature  Ml  and  J/0  describe 
two  surfaces  Sl  and  <S2,  which  are  called  the  surfaces  of  center  of  S. 
Let  Cl  and  €„  be  the  lines  of  curvature  of  S  through  J/,  and  Z\  and 
Da  the  developable  surfaces  formed  by  the  normals  to  S  along  C1 

*Noitvelles  annales  de  mathematiques,  Ser.  1,  Vol.  XII  (1853),  p.  433. 
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and  C2  respectively.  The  edge  of  regression  of  Dv  denoted  by  F^ 
is  a  curve  on  Sl  (see  fig.  17)',  and  consequently  Sl  is  the  locus  of 
one  set  of  evolutes  of  the  curves  Cl  on  S.  Similarly  S2  is  the  locus 
of  a  set  of  evolutes  of  the  curves  Cz  on  S.  For  this  reason  Sl  and 
S2  are  said  to  constitute  the  evolute  of  S,  and  S  is  their  involute. 
Evidently  any  surface  parallel  to  S  is  also  an  involute  of  Sl  and  S2. 
The  line  MVM2,  as  a  generator  of  Z>1?  is  tangent  to  I\  at  M^ 
and,  as  a  generator  of  Z>2,  it  is  tangent  to  F2  at  M2.  Hence  it  is  a 

common  tangent  of  the  surfaces  St  and  S2. 
From  this  it  follows  that  the  developable 
surface  D1  meets  St  along  Ft  and  envelopes 
S2  along  a  curve  F^.  Its  generators  are  con- 
sequently tangent  to  the  curves  conjugate 
to  F2'  (§  54).  In  particular,  the  generator 
M1M2  is  tangent  to  F2,  and  therefore  the 
directions  of  F2  and  F^  at  M2  are  conjugate. 
Similar  results  follow  from  the  considera- 
tion of  Z>2.  Hence : 

On  the  surfaces  of  center  of  a  surface  S 
the  curves  corresponding  to  the  lines  of  cur- 
vature of  Sform  a  conjugate  system. 


FIG.  17 


Since  the  developable  D1  envelopes  £2, 
the  tangent  plane  to  S2  at  M2  is  the  tangent 
plane  to  Dl  at  this  point.  But  the  tangent 
plane  at  M2  is  tangent  to  Dl  all  along  M1M2  (§  25),  and  consequently 
it  is  determined  by  M1MZ  and  the  tangent  to  Cl  at  M.  Hence  the 
normal  to  S  at  M2  is  parallel  to  the  tangent  to  Cn  at  M.  In  like 
manner,  the  normal  to  Sl  at  Ml  is  parallel  to  the  tangent  to  Cl  at  M. 
Thus,  through  each  normal  to  S  we  have  two  perpendicular  planes, 
of  which  one  is  tangent  to  one  surface  of  center  and  the  other  to 
the  second  surface.  But  each  of  these  planes  is  at  the  same  time 
tangent  to  one  of  the  developables,  and  is  the  osculating  plane  of 
its  edge  of  regression.  Hence,  at  every  point  of  one  of  these  curves, 
the  osculating  plane  is  perpendicular  to  the  tangent  plane  to  the 
sheet  of  the  evolute  upon  which  it  lies,  and  so  we  have  the  theorem : 
The  edges  of  regression  of  the  developable  surfaces  formed  by  the 
normals  to  a  surface  along  the  lines  of  curvature  of  one  family  are 


SUEFACES  OF  CENTER  181 

geodesies  on  the  surface  of  center  which  is  the  locus  of  these  edges  ; 
and  the  developable  surf  aces  formed  by  the  normals  along  the  lines  of 
curvature  in  the  other  family  envelope  this  surface  of  center  along  the 
curves  conjugate  to  these  geodesies. 

In  the  following  sections  we  shall  obtain,  in  an  analytical  manner, 
the  results  just  deduced  geometrically. 

75.  Fundamental  quantities  for  surfaces  of  center.  As  the  trihe- 
dral T  moves  over  the  surface  S  the  point  (0,  0,  p^  describes  the 
surface  of  center  S^  Let  the  lines  of  curvature  on  S  be  parametric, 
and  the  x-axis  of  T  be  tangent,  to  the  curve  v  =  const.  Now 

VE  VG 

(87)          77  =  ^  =  ^  =  ^=0,        9  =  -—-,        Pi  =  —  -' 

ri  ra 

so  that  the  first  two  of  equations  (48)  may  be  put  in  the  form 


(88) 

=d  i\\ 

~dv\pj 


The  projections  on  the  moving  axes  of  the  absolute  displace- 
ment of  Ml  corresponding  to  a  displacement  of  M  on  S  are  found 
from  (51)  to  be 


.(89)      &r1=0,     ^-dk 

Hence  the  linear  element  of  Sl  is 

(90)  ds?  =  dp*  +o 

consequently  the  curves  pl=  const,  on  Sl  are  the  orthogonal  tra- 
jectories of  the  curves  v  =  const.,  which  are  the  edges  of  regression, 
r\,  of  the  developables  of  the  normals  to  S  along  the  lines  of 
curvature  v  =  const. 

Let  us  consider  the  moving  trihedral  T^  for  Sl  formed  by  the 
tangents  to  the  curves  v  =  const,  and  p^  =  const,  at  Ml  and  the  nor- 
mal at  this  point.  From  (89)  it  follows  that  the  first  tangent  has 
the  same  direction  and  sense  as  the  normal  to  S,  and  that  the  sec- 
ond tangent  has  the  same  direction  as  the  tangent  to  u  =  const,  on 
£,  the  sense  being  the  same  or  different  according  as  (1  —  pjp^  is 
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positive  or  negative.  And  the  normal  to  Sl  has  the  same  direction 
as  the  tangent  to  v  =  const,  on  $,  and  the  contrary  or  same  sense 
accordingly. 

If  then  we  indicate  with  an  accent  quantities  referring  to  the 
moving  trihedral  Tv  we  have 

(91)  f*'=*-^         y'=«y, 

(a'=c,  b' —  eb,  c'  —  —  ea, 

where  e  is  ±1  according  as  (1  —  pl/p.2)  is  positive  or  negative.  From 
(89)  it  follows  that 


(92) 


When  the  values  (91)  are  substituted  in  equations  for  T^  similar 
to  equations  (47),  we  find 

)'=  r,          q'=eq,  r'=  —  ejo  =  0, 

ij  =  r1?        q[  =  eql  =  0,  r[  =  —  ep^ 

Since  r'  is  zero,  it  follows  from  (76)  that  the  curves  v  =  const,  are 
geodesies,  as  found  geometrically. 

The  various  fundamental  equations  for  S^  may  now  be  obtained 
by  substituting  these  values  in  the  corresponding  equations  of  the 
preceding  sections.  Thus,  from  (73)  we  have 

/^PiV  dp\  ^P^  /^Pi\         /-.      P\\ 

(94)  E. =[-!-=•]•>         f,  =  -LJ:-LJ:^         G.=\ — *  I -f- Crl  1 "|i 

\du/  du  dv  \dv I          \        p.2J 

which  follow  likewise  from  (90);  and  also 

(95)  A  = 


Hence    the    parametric    curves    on   Sl  form  a  conjugate  system 
(cf.  §  54). 

The  equation  of  the  lines  of  curvature  may  be  written 


l 

and  the  equation  of  the  asymptotic  directions  is 
(97)  4|.^_«^^=o. 


SURFACES  OF  CENTER  183 

The  expression  for  A't,  the  total  curvature  of  S^  is 


(98) 


From  (80)  and  (93)  it  follows  that  the  geodesic  curvature  at  M^  of 
the  curve  on  S1  which  makes  the  angle  <t\  with  the  curve  v  =  const. 
through  Ml  is  given  by 


Hence  the  radius  of  geodesic  curvature  of  a  curve  pl  =  const.,  that 
is,  a  curve  for  which  <I>1  is  a  right  angle,  has,  in  consequence  of 
(87),  the  value  p1  —  p.,.  In  accordance  with  §  57  the  center  of  geo- 
desic curvature  is  found  by  measuring  off  the  distance  pl—  p2,  in  the 
negative  direction,  on  the  z-axis  of  the  trihedral  T.  Consequently 
M2  is  this  center  of  curvature.  Hence  we  have  the  following  theo- 
rem of  Beltrami: 

The  centers  of  geodesic  curvature  of  the  curves  pl=  const.  on  St 
and  of  />.,=  const,  on  S.,  are  the  corresponding  points  on  Sz  and  Sl 
respectively. 

For  the  sheet  £2  of  the  evolute  we  find  the  following  results  : 

/        P  V 
(90')  ds%  =  El  1  -  -  )  du*  +  dpi  ; 

the  equation  of  the  lines  of  curvature  is 

(96')    r  ^  du*+  \r  ^  +  r,  ^  +Plq  (pa-  Pl)~\dudv  +  rlCpdvl=Q; 
en  \_    cv        l  du      ^i^vr-        i'J  i  fa 

the  equation  of  the  asymptotic  lines  is 

(970  ^^^-^2^^=0; 

pr  cv        pl  fa 

the  expression  for  the  total  curvature  is 


(98') 
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In  consequence  of  these  results  we  are  led  to  the  following 
theorems  of  Ribaucour,*  the  proof  of  which  we  leave  to  the  reader : 

A  necessary  and  sufficient  condition  that  the  lines  of  curvature  upon 
Si  and  £2  correspond  is  that  pl  —  pz=  c  (a  constant);  then  K^  =  Kz 
=  —  1/c2,  and  the  asymptotic  lines  upon  Sl  and  S2  correspond. 

A  necessary  and  sufficient  condition  that  the  asymptotic  lines  on  Sl 
and  S2  correspond  is  that  there  exist  a  functional  relation  between  pv 
and  p2. 

76.  Surfaces  complementary  to  a  given  surface.  We  have  just 
seen  that  the  normals  to  a  surface  are  tangent  to  a  family  of  geo- 
desies on  each  surface  of  centers.  Now  we  prove  the  converse : 

The  tangents  to  a  family  of  geodesies  on  a  surface  S{  are  normal 
to  an  infinity  of  parallel  surfaces. 

Let  the  geodesies  and  their  orthogonal  trajectories  be  taken  for 
the  curves  v  —  const,  and  u  =  const,  respectively,  and  the  param- 
eters chosen  so  that  the  linear  element  has  the  form 


We  refer  the  surface  to  the  trihedral  formed  by  the  tangents  to 
the  parametric  curves  and  the  normal,  the  z-axis  being  tangent  to 
the  curve  v  =  const.  Upon  the  latter  we  lay  off  from  the  point  Ml 
of  the  surface  a  length  X,  and  let  P  denote  the  other  extremity. 
As  Ml  moves  over  the  surface  the  projections  of  the  corresponding 
displacements  of  P  have  the  values 

/  /—      d  VG  \ 

(99)          d\+du,      IvG^  +  X—      -)dv,      —  \(qdu-{-q1dv). 
\  8u  / 

In  order  that  the  locus  of  P  be  normal  to  the  lines  3/xP,  we 
must  have  d\  +  du  =  0,  and  consequently 

X  =  —  u  +  c, 

where  c  denotes  the  constant  of  integration  whose  value  determines 
a  particular  one  of  the  family  of  parallel  surfaces.  If  the  direction- 
cosines  of  M^P  with  reference  to  fixed  axes  be  X^  Yv  Z^  the 
coordinates  of  the  surface  S,  for  which  c  =  0,  are  given  by 

i      '   i'        y     <7i         i'  i         i' 

where  2^,  y^  zl  are  the  coordinates  of  Mr 

»  Comptes  Rendus,  Vol.  LXXIV  (1872),  p.  1399. 
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The  surface  S1  is  one  of  the  surfaces  of  center  of  S.  In  order 
to  find  the  other,  £2,  we  must  determine  X  so  that  the  locus  of  P 
is  tangent  at  P  to  the  zz-plane  of  the  moving  trihedral.  The  con- 
dition for  this  is 


cu 
Hence  S.2  is  given  by 


cu  cu  du 

and  the  principal  radii  of  S  are  expressed  by 

(100)  =  M)  =. 


Bianchi*  calls  $2  the  surface  complementary  to  ^  for  the  given 
geodesic  system. 

Beltrami  has  suggested  the  following  geometrical  proof  of  the 
above  theorem.  Of  the  involutes  of  the  geodesies  v  =  const,  we 
consider  the  single  infinity  which  meet  S^  in  one  of  the  orthogonal 
trajectories  u  =  w0.  We  shall  prove  that  the  locus  of  these  curves 
is  a  surface  S,  normal  to  the  tangents  to  the  geodesies.  Consider 
the  tangents  to  the  geodesies  at  the  points  of  meeting  of  the  latter 
with  a  second  orthogonal  trajectory  u  =  ur  The  segments  of  these 
tangents  between  the  points  of  contact  M  and  the  points  P  of 
meeting  with  S  are  equal  to  one  another,  because  they  are  equal 
to  the  length  of  the  geodesies  between  the  curves  u  =  u0  and  u  =  uv 
Hence,  as  M  moves  along  an  orthogonal  trajectory  u  =  ul  of  the 
lines  MP,  P  describes  a  second  orthogonal  trajectory  of  the  latter. 
Moreover,  as  J/  moves  along  a  geodesic,  P  describes  an  involute 
which  is  necessarily  orthogonal  to  MP.  Since  two  directions  on  S 
are  perpendicular  to  JfP,  the  latter  is  normal  to  S. 

EXAMPLES 

1.  Obtain  the  results  of  §  73  concerning  parallel  surfaces  without  making  use  of 
the  moving  trihedral. 

2.  Show  that  the  surfaces  parallel  to  a  surface  of  revolution  are  surfaces  of 

revolution. 

•Vol.  I,  p.  293. 
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3.  Determine  the  conjugate  systems  upon  a  surface  such  that  the  corresponding 
curves  on  a  parallel  surface  form  a  conjugate  system. 

4.  Determine  the  character  of  a  surface  S  such  that  its  asymptotic  lines  corre- 
spond to  conjugate  lines  upon  a  parallel  surface,  and  find  the  latter  surface. 

5.  Show  that  when  the  parametric  curves  are  the  lines  of  curvature  of  a  surface, 
the  characteristics  of  the  yz-plane  and  xz-plane  respectively  of  the  moving  trihe- 
dral whose  x-axis  is  tangent  to  the  curve  v  =  const,  at  the  point  are  given  by 

(r  du  +  r\  dv)  y  —  q  (z  —  pi)  du  —  0, 
(rdu  +  r\dv)x  —  Pi(z  —  pz)dv  =  0; 

and  show  that  these  equations  give  the  directions  on  the  surfaces  Si  and  S2  which 
are  conjugate  to  the  direction  determined  by  dv/du. 

6.  Show  that  for  a  canal  surface  (§  29)  one  surface  of  centers  is  the  curve  of 
centers  of  the  spheres  and  the  other  is  the  polar  developable  of  this  curve. 

7.  The  surfaces  of  center  of  a  helicoid  are  helicoids  of  the  same  axis  and 
parameter  as  the  given  surface. 

GENERAL  EXAMPLES 

,—  p  .1.  iff 

1.  If  t  is  an  integrating  factor  of  -vEdu-\ —       — dv,  and  10  the  conjugate 

VE 

imaginary  function,  then  A2  log  ~i/tt0  is  equal  to  the  total  curvature  of  the  quadratic 
form  Edu2  +  2  Fdudv  +  Gdv2,  all  the  functions  in  the  latter  being  real. 

2.  Show  that  the  sphere  is  the  only  real  surface  such  that  its  first  and  second 
fundamental  quadratic  forms  can  be  the  second  and  first  forms  respectively  of 
another  surface. 

3.  Show  that  there  exists  a  surface  referred  to  its  lines  of  curvature  with  the 
linear  element  ds2  =  eau(du?  +  dv2),  where  a  is  a  constant,  and  that  the  surface  is 
developable. 

4.  When  a  minimal  surface  is  referred  to  its  minimal  lines 

D  =  *(u),        IX  =0,        V"  =  t(v}; 
hence  the  lines  of  curvature  and  asymptotic  lines  can  be  found  by  quadratures. 

5.  Establish  the  following  identities  in  which  the  differential  parameters  are 
formed  with  respect  to  the  linear  element : 

M*,  X)  =  -  ^  -  £l,  ®(x,  X)  =  X.xJ^  -  1), 

pi       p-2  \PI     n/ 

A     I*     V\~ 
AI  (X,   1  )  — 

Pi  P2  PI  P2 

6.  Prove  that  (cf.  Ex.  2,  p.  100) 

xl   e/i      i\     x,  a /i     i\        /i      i\ 

A2A  = —  —  ( 1 ) —  —I 1 )  —  J-l  -    +  -3  1 , 

^/Edu\pi      p2/      VG^V/"!      P*J          W      *»/ 

+       --  +  --       +  - 
PI 
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7.  Show  that  z2  +  y"  +  z-  =  W*  +  Ai  W, 

the  differential  parameter  being  formed  with  respect  to  (23). 

8.  A  necessary  and  sufficient  condition  that  all  the  curves  of  an  orthogonal 
system  on  a  surface  be  geodesies  is  that  the  surface  be  developable. 

9.  If  the  geodesic  curvature  of  the  curves  of  an  orthogonal  system  is  constant 
(different  from  zero)  all  over  the  surface,  the  latter  is  a  surface  of  constant  negative 
curvature. 

10.  When  the  linear  element  of  a  surface  is  in  the  form 

ds2  =  du2  +  2  cos  «  dudr  +  dc2, 

the  parametric  curves  are  said  to  form  an  equidistantial  system.    Show  that  in  this 
case  the  coordinates  of  the  surface  are  integrals  of  the  system 
c*x  ch/  c-z 

cuco  cucv  cu.cn 


cy  cz      cz  cy      cz  ex      cz  ex,      ex  cy      ex  cy 

CU  CO         CU  CV         CU  CV         CV  CU         CU  CV         C C  Cll 

11.  If  the  curves  v  =  const.,  u  =  const,  form  an  equidistantial  system,  the  tan- 
gents to  the  curves  v  =  const,  are  orthogonal  to  the  lines  joining  the  centers  of  geo- 
desic curvature  of  the  curves  u  =  const,  and  of  their  orthogonal  trajectories. 

12.  Of  all  the  displacements  of  a  trihedral  T  corresponding  to  a  small  displace- 
ment of  its  vertex  J/  over  the  surface  there  are  two  which  reduce  to  rotations ;  they 
occur  when  M  describes  either  of  the  lines  of  curvature  through  the  point,  and  the 
axes  of  rotation  are  situated  in  the  planes  perpendicular  to  the  lines  of  curvature, 
each  axis  passing  through  one  of  the  centers  of  principal  curvature. 

13.  When  a  surface  is  referred  to  its  lines  of  curvature,  the  curves  defined  by 

qi  CJ1  du3  +  3  ?2  ^  du*dv  +  3  J32  ^  dude2  +  p  *  ^  dv*  =  0 
cu  dv  cu  cv 

possess  the  property  that  the  normal  sections  in  these  directions  at  a  point  are 
straight  lines,  or  are  superosculated  by  their  circles  of  curvature  (cf .  Ex.  9,  p.  21 ; 
Ex.  6,  p.  177).  These  curves  are  called  the  superosculating  lines  of  the  surface. 

14.  Show  that  the  superosculating  lines  on  a  surface  and  on  a  parallel  surface 
correspond. 

15.  Show  that  the  Gauss  equation  (64)  can  be  put  in  the  following  form  due  to 
Liouville :  / 

VEG sin o> 


where  pg*  and  p^  denote  the  radii  of  geodesic  curvature  of  the  curves  v  —  const,  and 
u  =  const,  respectively. 

16.  When  the  parametric  curves  form  an  orthogonal  system,  the  equation  of 
Ex.  15  may  be  written 

JL=  ^l/±)__^lYJ.Vi-i. 


17.  Determine  the  surfaces  which  are  such  that  one  of  them  and  a  parallel 
divide  harmonically  the  segment  between  the  centers  of  principal  curvature. 
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18.  Determine  the  surfaces  which  are  such  that  one  of  them  and  a  parallel 
admit  of  an  equivalent  representation  (cf.  Ex.  14,  p.  113)  with  lines  of  curvature 
corresponding. 

19.  Derive  the  following  properties  of  the  surface 

a2  -  6a     uv  Va2  -  62  v  V&2  -  ti2  Va2  -  62  u  V»2  -  a2 

X  —  — ,      y  = ,      2  = —  ; 

ab     u  +  v  b  u  +  v  a  u  +  v 

(i)  the  parametric  lines  are  plane  lines  of  curvature ; 
(ii)  the  principal  radii  of  curvature  are  pi  =  »,  /?2  =  —  u ; 
(iii)  the  surface  is  algebraic  of  the  fourth  order ; 
(iv)  the  surfaces  of  center  are  focal  conies. 

20.  Given  a  curve  C  upon  a  surface  S  and  the  ruled  surface  formed  by  the  tan- 
gents to  S  which  are  perpendicular  to  C  at  its  points  M ;  the  point  of  each  generator 
JOfat  which  the  tangent  plane  to  the  ruled  surface  is  perpendicular  to  the  tan- 
gent plane  at  M  to  S  is  the  center  of  geodesic  curvature  of  C  at  M ;  when  the  ruled 
surface  is  developable,  this  center  of  geodesic  curvature  is  the  point  of  contact  of 
MN  with  the  edge  of  regression. 

21.  If  two  surfaces  have  the  same  spherical  representation  of  their  lines  of 
curvature,  the  locus  of  the  point  dividing  the  join  of  corresponding  points  in  con- 
stant ratio  is  a  surface  with  the  same  representation. 

22.  The  locus  of  the  centers  of  geodesic  curvature  of  a  line  of  curvature  is  an 
evolute  of  the  latter. 

23.  Show  that  when  E,  F,  G ;  D,  IX,  D"  of  a  surface  are  functions  of  a  single 
parameter,  the  surface  is  a  helicoid,  or  a  surface  of  revolution. 
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SYSTEMS  OF  CURVES.  GEODESICS 

77.  Asymptotic  lines.  We  have  said  that  the  asymptotic  lines 
on  a  surface  are  the  double  family  of  curves  whose  tangents  at 
any  point  are  determined  in  direction  by  the  differential  equation 

D  d  u*  +  2  D>dudv  +  D"dv*  =  0. 

These  directions  are  imaginary  and  distinct  at  an  elliptic  point, 
real  and  distinct  at  a  hyperbolic  point,  and  real  and  coincident  at  a 
parabolic  point.  If  we  exclude  the  latter  points  from  our  discussion, 
the  asymptotic  lines  may  be  taken  for  parametric  curves.  A  neces- 
sary and  sufficient  condition  that  they  be  parametric  is  (§  55) 

(1)  Z)  =  D"  =  0. 

Then  from  (IV,  25)  we  have 


where  p  as  thus  defined  is  called  the  radius  of  total  curvature. 
The  Codazzi  equations  (V,  13')  may  be  written 

ilogp  =  2fl2|>         ilo££  = 
cu,  12  J  dv 

of  which  the  condition  of  integrability  is 


In  consequence  of  (V,  3)  this  is  equivalent  to 


In  §  64  we  saw  that  K  is  a  function  of  £,  JP,  G  and  their  deriva- 
tives.   Hence  equations  (3)  are  two  conditions  upon  the  coefficients 
of  a  quadratic  form 
(6)  Edit  +  2  Fdudv  +  G  dv*, 

189 
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that  it  may  be  the  linear  element  of  a  surface  referred  to  its  asymp- 
totic lines.  When  these  conditions  are  satisfied  the  function  D'  is 
given  by  (2)  to  within  sign.  Hence,  if  we  make  no  distinction  be- 
tween a  surface  and  its  symmetric  with  respect  to  a  point,  from  §  65 
follows  the  theorem  : 

A  necessary  and  sufficient  condition  that  a  quadratic  form  (6)  be 
the  linear  element  of  a  surface  referred  to  its  asymptotic  lines  is  that 
its  coefficients  satisfy  equations  (3);  when  they  are  satisfied,  the  surface 
is  unique. 

For  example,  suppose  that  the  total  curvature  of  the  surface  is  the  same  at 
every  point,  thus  -, 

K  =  --, 
a2 

where  a  is  a  constant.    In  this  case  equations  (3)  are 

0**_F^  =  0|         ^-^  =  0, 

dv  du  dv  du 

which,  since  Hz  ^  0,  are  equivalent  to 

8E_  dG 

-  =  U,          —  '  =  U. 
dv  du 

Hence  E  is  a  function  of  «  alone,  and  G  a  function  of  v  alone.  By  a  suitable  choice 
of  the  parameters  these  two  functions  may  be  given  the  value  a2,  so  that  the  linear 
element  of  the  surface  can  be  written 


(7)  ds2  -  a2  (du2  +  2  cos  u  dudv 

where  u  denotes  the  angle  between  the  asymptotic  lines.  Thus  far  the  Codazzi  equa- 
tions are  satisfied  and  only  the  Gauss  equation  (V,  12)  remains  to  be  considered. 
When  the  above  values  are  substituted,  this  becomes 

(8)  -  =  sin  w. 

dudv 

Hence  to  every  solution  of  this  equation  there  corresponds  a  surface  of  constant 

curvature  --  whose  linear  element  is  given  by  (7). 

a2 

The  equation  of  the  lines  of  curvature  is  du2  —  d»2  =  0,  so  that  if  we  put 
u  +  v  =  2  «i,  u  —  v  —  2  »lt  the  quantities  MI  and  v\  are  parameters  of  the  lines  of  cur- 
vature, and  in  terms  of  these  the  equation  of  the  asymptotic  lines  is  du'}  —  d^2  =  0. 
Hence,  when  either  the  asymptotic  lines  or  the  lines  of  curvature  are  known  upon 
a  surface  of  constant  curvature,  the  other  system  can  be  found  by  quadratures. 

When  the  -asymptotic  lines  are  parametric,  the  Gauss  equations 
(V,  7)  may  be  written  {#0  80 

—  -£+a—  -+J  —  =  0, 
,q,  i  cu          du         dv 
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where  a,  J,  a^  7^  are  determinate  functions  of  u  and  r,  and  in 
consequence  of  (5) 

(10)  *  =  **!. 

C>~         fU 

Conversely,  if  two  such  equations  admit  three  real  linearly  inde- 
pendent integrals  /^(u,  v),  /2(w,  r)»  /S(M»  r)»  *^e  equations 

a-  =/I(M,  »),         y  =/,(M,  v),         z  =/3(w,  r) 

define  a  surface  on  which  the  parametric  curves  are  the  asymptotic 
lines.  For,  by  the  elimination  of  a,  J,  a^  bl  from  the  six  equations 
obtained  by  replacing  6  in  (9)  by  a-,  y,  z  we  get 


d'x  d*y  c*z 

CU  CU~  CU~ 

ex  dy  cz 

du  cu  du 

dx  dy  cz 

dv  dv  cv  . 


=  0, 


O..2  £»••-  Ci*.2 

Cv  Cl  CV 

dx  dy  cz 

du  cu  cu 

dx  c;i  cz 

dv  dv  dv 


=  0, 


which  are  equivalent  to  (1),  in  consequence  of  (IV,  2,  5).* 
As  an  example,  consider  the  equations 


of  which  the  general  integral  is  out)  +  6u  +  cv  +  d,  where  a,  6,  c,  d  are  constants. 
By  choosing  the  fixed  axes  suitably,  the  most  general  form  of  the  equations  of  the 
surface  may  be  put  in  the  form 

x  =  biu  +  CjB,         y  =  6jM  +  c2t?,         z  =  a3uv  +  63u  +  Cg». 

From  these  equations  it  is  seen  that  all  the  asymptotic  lines  are  straight  lines,  so 
that  the  surface  is  a  quadric.  Moreover,  by  the  elimination  of  u  and  u  from  these 
equations  we  have  an  equation  of  the  form  z  =  ax-  +  2  hxy  +  6y2  +  ex  +  dy.  Hence 
the  surface  is  a  paraboloid. 

78.  Spherical  representation  of  asymptotic  lines.  From  (IV,  77) 
we  have  that  the  total  curvature  of  a  surface,  referred  to  its  asymp- 
totic lines,  may  be  expressed  in  the  form 

(11)  JST=  — d' 

J) 

where  /{"'  =  €£—&-,  the  linear  element  of  the  spherical  represen- 
tation being  ja-  =  £<]„*  +  2  gdutiv  +  gdv*. 

*  Darbonx,  Vol.  I,  p.  138.  It  should  be  noticed  that  the  above  result  shows  that  the 
condition  that  equations  (9)  admit  three  independent  integrals  carries  with  it  not  only 
(10)  but  all  other  conditions  of  iiitegrability. 
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From  this  result  and  (2)  it  follows  that  * 

(12)  /*  =  —  . 

ff 

Hence  the  fundamental  relations  (IV,  74)  reduce  to 

(13)  E  =  pz€,         F=-p2^         G  =  p*& 
and  equations  (V,  26)  may  be  written 


* 

Moreover,  the  Codazzi  equations  (V,  27)  are  reducible  to 

(15)      ^°!f==_2{i2y,    gi°gp=  2{l2y. 

Consider  now  the  converse  problem  : 

To  determine  the  condition  to  be  satisfied  by  a  parametric  system 
of  lines  on  the  sphere  in  order  that  they  may  serve  as  the  spherical 
representation  of  the  asymptotic  lines  on  a  surface. 

First  of  all,  equations  (15)  must  satisfy  the  condition  of  integra- 
bility.  Then  p  is  obtainable  by  a  quadrature.  The  corresponding 
values  of  #,  y,  z  found  from  equations  (14)  and  from  similar  ones 
are  the  coordinates  of  a  surface  upon  which  the  asymptotic  lines 
are  parametric.  For,  it  follows  from  (14)  that 

dx  dX 


Furthermore,  p  is  determined  to  within  a  constant  factor;  conse- 
quently the  same  is  true  of  x,y,z\  therefore  the  surface  is  unique 
to  within  homothetic  transformations.  Hence  we  have  the  following 
theorem  of  Dini  : 

A  necessary  and  sufficient  condition  that  a  double  family  of  curves 
upon  the  sphere  be  the  spherical  representation  of  the  asymptotic  lines 
upon  a  surface  is  that  <£f,  <$,  ^  satisfy  the  equation 


the  corresponding  surfaces  are  homothetic  transforms  of  one  another, 
and  their  Cartesian  coordinates  are  found  by  quadratures. 

*  The  choice  p  =  —  />'///  gives  the  surface  symmetric  to  the  one  corresponding  to  (12), 
as  is  seen  from  (14),  and  hence  may  be  neglected. 
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When  equations  (1)  obtain,  the  fundamental  equations  (V,  28) 
lead  to  the  identities 


(18) 


The  third  and  fourth  of  these  equations  are  consequences  also  of 
(3)  and  (15). 

79.  Formulas   of  Lelieuvre.    Tangential  equations.     In  conse- 
quence of  (V,  31)  equations  (14)  may  be  put  in  the  form 

fo          /^dY         dZ\       ex  /    cY      ^cZ 

(19)          -  =  €p[Z Y-  -  }•>       —  =  —  ep[Z Y-  - 

cu          \    cu          cu/        cv  \    cv          dv 

where  e  is  ±  1  according  as  the  curvature  of  the  surface  is  positive 
or  negative.    Hence,  if  we  put 

(20)        Vl=V^x,      vs=V=r^r,       Vs=V 

we  have  the  following  formulas  due  to  Lelieuvre :  * 


(21) 


(2* 

"2            "3 

fa 

V           V 

— 

Q  _  .              O  .  . 

j                    ^~*  —  — 

C-.              Pii 

du 

^               3 

cD 

2               3 

£tt        ^W 

gu      gy 

K 

V3            Vl 

C'U 

V3            Wl 

ff  = 

!)v       t^v 

9                  **  —  

•y               n 

du 

8               1 

ct- 

8         g    1 

^M        CU 

2v      8v 

'dz 

Vl         V2 

cz 

Vl            V2 

"~^ 

f~  V            /~1J 

)                       —  ^_ 

O_.            /5fi 

cu 

1        2 

av 

1           2 

. 

du     du 

0V         Ct' 

The  conditions  of  integrability  of  these  equations  are 


2«  cv      cu  dv      dudv 
vi  v*  V3 

*  Bulletin  des  Sciences  Mathematiquea,  Vol.  XII  (1888),  p.  126. 
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By  means  of  (V,  22)  and  (15)  we  find  from  (20)  that  the  common 

ratio  of  these  equations  is  —=  - — -  —  <^.   Consequently  v^  v2,  vs  are 

,    ,.  ~  ,     '          ,.        VP  dudv 

solutions  of  the  equation 

d*0 


p  dudv 

Conversely,  we  have  the  theorem : 

(riven  three  particular  integrals  v^  i>2,  vs  of  an  equation  of  the  form 

(22)  =  X0, 

dudv 

where  X  is  any  function  whatever  of  u  and  v  ;  the  surface,  whose  co- 
ordinates are  given  by  the  corresponding  quadratures  (21),  has  the 
parametric  curves  for  asymptotic  lines,  and  the  total  curvature  of  the 
surface  is  measured  by 

Pto  X=      l=  1 

p2          („»  +  ,»+„«)« 

For,  from  (21),  it  is  readily  seen  that  vv  v2,  vs  are  proportional  to 
the  direction-cosines  of  the  normal  to  the  surface.  And  if  these 
direction-cosines  be  given  by  (20),  we  are  brought  to  (19),  from 
which  we  see  that  the  conditions  (16)  are  satisfied. 

Take,  for  example,  the  simplest  case =  0,  and  three  solutions 

ducv 

The  coordinates  of  the  surface  are 

/r 
j 

and  similar  expressions  for  y  and  z.   When,  in  particular,  we  take 
<bi  (u)  =  a;U  +  &,-,        \l>i  (v)  =  aso  +  &. 

~*   \        I  *  *?  T         \      f  '        •*" 

the  expressions  for  a;,  y,  z  are  of  the  form  auv  +  bu  +  cv  +  d,  and  consequently  the 
surface  is  a  paraboloid. 

From  equations  (V,  22,  34)  it  follows  that  when  the  asymptotic 
lines  are  parametric,  the  tangential  coordinates  A',  I7,  Z,  W  are 
solutions  of  the  equations 


d*0  _  f22V00  ,  /22V  00 

la73~liJ^  +  l2J  to~ 
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EXAMPLES 

1.  Upon  a  nondevelopable  surface  straight  lines  are  the  only  plane  asymptotic 
lines. 

2.  The  asymptotic  lines  on  a  minimal  surface  form  an  orthogonal  isothermal 
system,  and  their  spherical  images  also  form  such  a  system. 

3.  Show  that  of  all  the  surfaces  with  the  linear  element  ds2  =  du2  +  (w2  +  a2)  dtf2, 
one  has  the  parametric  curves  for  asymptotic  lines  and  another  for  lines  of  curva- 
ture.   Determine  these  two  surfaces. 

4.  The  normals  to  a  ruled  surface  along  a  generator  are  parallel  to  a  plane. 
Prove  conversely,  by  means  of  the  formulas  of  Lelieuvre,  that  if  the  normals  to  a 
surface  along  the  asymptotic  lines  in  one  system  are  parallel  to  a  plane,  which 
differs  with  the  curve,  the  surface  is  ruled. 

5.  If  we  take  vi  =  u,  j>2  =  *>,  vs  =  0("),  ^e  formulas  of  Lelieuvre  define  the 
most  general  right  conoid. 

6.  If  the  asymptotic  lines  in  one  system  on  a  surface  be  represented  on  the 
sphere  by  great  circles,  the  surface  is  ruled. 

80.  Conjugate  systems  of  parametric  lines.  Inversions.  It  is  our 
purpose  now  to  consider  the  case  where  the  parametric  lines  of  a 
surface  form  a  conjugate  system.  As  thus  defined,  the  character- 
istics of  the  tangent  plane,  as  it  envelops  the  surface  along  a  curve 
v  =  const.,  are  the  tangents  to  the  curves  u  =  const,  at  their  points 
of  intersection  with  the  former  curve ;  and  similarly  for  a  plane 
enveloping  along  a  curve  u  =  const. 

The  analytical  condition  that  the  parametric  lines  form  a  conju- 
gate system  is  (§  54) 

(25)  ZX=0. 

It  follows  immediately  from  equations  (V,  7)  that  x,  y,  z  are  solu- 
tions of  an  equation  of  the  type 

(26)  _!!?.  +  «£?  + a  !?  =  o, 

CUC>'  CU  CV 

where  a  and  b  are  functions  of  u  and  v,  or  constants.    By  a  method 
similar  to  that  of  §  77  we  prove  the  converse  theorem : 

Iff^Uy  ?-),/„  (w,  r),  f.,(u,  v)  be  three  linearly  independent  real  solu- 
tions of  an  equation  of  the  type  (26),  the  equations 

(27)  a:  =/,(«,  «),          y  =/,(«,  *),          *=/,(«,  P) 

define  a  surface  upon  which  the  parametric  curves  form  a  conjugate 

system.* 

»  Cf .  Darboux,  Vol.  I,  p.  122. 
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We  have  seen  that  the  lines  of  curvature  form  the  only  orthog- 
onal conjugate  system.  Hence,  in  order  that  the  parametric  lines 
on  the  surface  (27)  be  lines  of  curvature,  we  must  have 

F  =  —  -  +  dy.^  +  —  -  =  Q. 

du  dv      du  dv      du  dv 

But  this  is  equivalent  to  the  condition  that  xz+yz-\-z2  also  be  a 
solution  of  equation  (26),  as  is  seen  by  substitution.  Hence  we 
have  the  theorem  of  Darboux  *  : 

If  x,  y,  z,  x2  +  y2  +  z2  are  particular  solutions  of  an  equation  of  the 
form  (26),  the  first  three  serve  for  the  rectangular  coordinates  of  a 
surface,  upon  which  the  parametric  lines  are  the  lines  of  curvature. 

Darboux  f  has  applied  this  result  to  the  proof  of  the  following 
theorem  : 

When  a  surface  is  transformed  by  an  inversion  into  a  second  sur- 
face, the  lines  of  curvature  of  the  former  become  lines  of  curvature 
of  the  latter. 

By  definition  an  inversion,  or  a  transformation  by  reciprocal 
radii,  is  given  by 

C  X  C  u  C  % 

=  = 


where  c  denotes  a  constant.    From  these  equations  we  find  that 
(29)  (*2  +f+  z*)  (*»  +  yl  +  z  2)  =  c\ 

and  by  solving  for  x,  y,  z, 

(30)   **  __  ^  __  ,  «= 

V         /  _2    i      -.2    i     _2  & 


If,  now,  the  substitution      _. 


be  effected  upon  equation  (26),  the  resulting  equation  in  a  will 
admit,  in  consequence  of  (29)  and  (30),  the  solutions  x^  yv  zv  c*, 
and  therefore  is  of  the  form 

(31) 


. 
dudv         du         dv 

*  Vol.  I,  p.  136.  t  Vol.  I,  p.  207. 
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Moreover,  equation  (26)  admits  unity  for  a  particular  solution, 
and  consequently  ar*  4-  yl  +  z*  is  a  solution  of  (31),  which  proves 
the  theorem. 

As  an  example,  we  consider  a  cone  of  revolution.  Its  lines  of  curvature  are  the 
elements  of  the  cone  and  the  circular  sections.  When  a  transformation  by  recip- 
rocal radii,  whose  pole  is  any  point,  is  applied  to  the  cone,  the  transform  8  has  two 
families  of  circles  for  its  lines  of  curvature,  in  consequence  of  the  above  theorem 
and  the  fact  that  circles  and  straight  lines,  not  through  the  pole,  are  transformed 
into  circles.  Moreover,  the  cone  is  the  envelope  of  a  family  of  spheres  whose  cen- 
ters lie  on  its  axis,  and  also  of  the  one-parameter  family  of  tangent  planes  ;  the 
latter  pass  through  the  vertex.  Since  tangency  is  preserved  in  this  transformation, 
the  surface  S  is  in  two  ways  the  envelope  of  a  family  of  spheres  :  all  the  spheres 
of  one  family  pass  through  a  point,  and  the  centers  of  the  spheres  of  the  other 
family  lie  in  the  plane  determined  by  the  axis  of  the  cone  and  the  pole. 

81  .  Surfaces  of  translation.  The  simplest  form  of  equation  (26)  is 


cudv 
in  which  case  equations  (27)  are  of  the  type 

(32)  x^Ut+r*       y  =  &-f+rtJ       *  =  rs+Fgf 

where  Ur  f2,  U3  are  any  functions  whatever  of  u  alone,  and  V^  F2, 
J":J  any  functions  of  v  alone.  This  surface  may  be  generated  by 
effecting  upon  the  curve 

Xl=U»  Vl=UV  Zl=US 

a  translation  in  which  each  of  its  points  describes  a  curve  con- 
gruent with  the  curve 

*2  =  Fi>         yi=^a.          *2=rs- 

In  like  manner  it  may  be  generated  by  a  translation  of  the  second 
curve  in  which  each  of  its  points  describes  a  curve  congruent  with 
the  first  curve.  For  this  reason  the  surface  is  called  a  surface  of 
translation.  From  this  method  of  generation,  as  also  from  equa- 
tions (32),  it  follows  that  the  tangents  to  the  curves  of  one  family 
at  their  points  of  intersection  with  a  curve  of  the  second  family 
are  parallel  to  one  another.  Hence  we  have  the  theorem  of  Lie  *  : 

The  developable  enveloping  a  surface  of  translation  along  a  gener- 
ating curve  is  a  cylinder. 

*  Math.  Annalen,  Vol.  XIV  (1879),  pp.  332-367. 
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Lie  has  observed  that  the  surface  defined  by  (32)  is  the  locus  of 
the  mid-points  of  the  joins  of  points  on  the  curves 


It  may  be  that  these  two  sets  of  equations  define  the  same  curve 
in  terms  of  different  parameters.  In  this  case  the  surface  is  the 
locus  of  the  mid-points  of  all  chords  of  the  curve.  These  results 
are  only  a  particular  case  of  the  following  theorem,  whose  proof  is 
immediate  : 

The  locus  of  the  point  which  divides  in  constant  ratio  the  joins  of 
points  on  two  curves,  or  all  the  chords  of  one  curve,  is  a  surface 
of  translation  ;  in  the  latter  case  the  curve  is  an  asymptotic  line  of 
the  surface. 

When  the  equations  of  a  surface  of  translation  are  of  the  form 
x=U,         y  =  V,         z  =  Ul+Vl, 

the  generators  are  plane  curves  whose  planes  are  perpendicular. 
We  leave  it  to  the  reader  to  show  that  in  this  case  the  asymptotic 
lines  can  be  found  by  quadratures. 

82.  Isothermal-conjugate  systems.  When  the  asymptotic  lines 
upon  a  surface  are  parametric,  the  second  quadratic  form  may  be 
written  \  dudv.  When  the  surface  is  real,  so  also  is  this  quadratic 
form.  Therefore,  according  as  the  curvature  of  the  surface  is  posi- 
tive or  negative,  the  parameters  u  and  v  are  conjugate-imaginary 
or  real. 

We  consider  the  former  case  and  put 

u  =  u1  +  iv^         v  =  ui  ~  *X» 

when  wt  and  vl  are  real.  In  terms  of  these  parameters  the  second 
quadratic  form  is  \(du?+drf).  Hence  the  curves  wt=  const., 
vl==  const,  form  a  conjugate  system,  for  which 

(33)  D  =  D",         D'=0. 

Bianchi  *  has  called  a  system  of  this  sort  isothermal-conjugate.  Evi- 
dently such  a  system  bears  to  the  second  quadratic  form  an  ana- 
lytical relation  similar  to  that  of  an  isothermal-orthogonal  system 

*  Vol.  I,  p.  1C7. 
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to  the  first  quadratic  form.  In  the  latter  case  it  was  only  necessary 
that  E<!  —  F-  be  positive,  and  the  analogous  requirement,  namely 
DD"—I>'~  >  0,  is  satisfied  by  surfaces  of  positive  curvature.  Hence 
all  the  theorems  for  isothermal-orthogonal  systems  (§§  40,  41)  are 
translated  into  theorems  concerning  isothermal-conjugate  systems 
by  substituting  D,  D',  D"  for  £*,  F,  G  respectively  in  the  formulas. 
In  particular,  we  remark  that  if  the  curves  u  =  const.,  v  =  const. 
on  a  surface  form  an  isothermal-conjugate  system,  all  other  real 
isothermal-conjugate  systems  are  given  by  wt  =  const.,  i\  =  const., 
the  quantities  w1  and  i\  being  defined  by 

i/j  -f  ii\  =  <f>  (u  ±  10), 

where  </>  is  any  analytic  function. 

When  the  curvature  of  the  surface  is  negative  and  we  put 


in  the  second  quadratic  form  \dudi;  it  becomes  \(du{—di'i).  In 
this  case 

(34)  V  =  -D",         Z>'=0. 

Hence  the  curves  u^  =  const,  and  i\  =  const,  form  a  conjugate  sys- 
tem which  may  be  called  isothermal-conjugate.  With  each  change 
of  the  parameters  u  and  v  of  the  asymptotic  lines  there  is  obtained 
a  new  isothermal-conjugate  system.  Hence  if  u  and  v  are  parame- 
ters of  an  isothermal-conjugate  system  upon  a  surface  of  negative 
curvature,  the  parameters  of  all  such  systems  are  given  by 


where  $  and  i/r  denote  arbitrary  functions. 

It  is  evident  that  if  the  parameters  for  a  surface  are  such  that 

(35)  %,=  lr        D'=0, 

where  U  and  V  are  functions  of  u  and  r  respectively,  then  by  a 
change  of  parameters  which  does  not  change  the  parametric  curves 
we  can  reduce  (35)  to  one  of  the  forms  (33)  or  (34).  Hence  equa- 
tions (35)  are  a  necessary  and  sufficient  condition  that  the  para- 
metric curves  form  an  isothermal-conjugate  system.  Referring  to 
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§  77,  we  see  that  the  lines  of  curvature  upon  a  surface  of  constant 
total  curvature  form  an  isothermal-conjugate  system. 

When  equation  (35)  is  of  the  form  (33)  or  (34),  we  say  that  the 
parameters  u  and  v  are  isothermal-conjugate. 

83.  Spherical  representation  of  conjugate  systems.  When  the 
parametric  curves  are  conjugate,  equations  (IV,  69)  reduce  to 

^     GD*  FDD"  -     EDm 

~-1f^  -&-'  '•-&" 

From  these  equations  and  (III,  15)  it  follows  that  the  angle  to1 
between  the  parametric  curves  on  the  sphere  is  given  by 

,         &  F 

COS  (O  =  —  -  ;  =  :f  -  =  if  COS  ft), 


where  the  upper  sign  corresponds  to  the  case  of  an  elliptic  point 
and  the  lower  to  a  hyperbolic  point.  Hence  we  have  the  theorem: 
The  angles  between  two  conjugate  directions  at  a  point  on  a  sur- 
face, and  between  the  corresponding  directions  on  the  sphere,  are  equal 
or  supplementary,  according  as  the  point  is  hyperbolic  or  elliptic. 

When   the    parametric   curves   form  a  conjugate  system,  the 
Codazzi  equations  (V,  27)  reduce  to 


(36) 


and  equations  (V,  26)  become 
dx       D 


or 

_  ,  *.»  i       ^    *       •    •- 

cu 


(37) 


Hence,  when  a  system  of  curves  upon  the  sphere  is  given,  the 
problem  of  finding  the  surfaces  with  this  representation  of  a 
conjugate  system  reduces  to  the  solution  of  equations  (36)  and 
quadratures  of  the  form  (37),  after  X,  Y,  Z  have  been  determined 
by  the  solution  of  a  Riccati  equation.  By  the  elimination  of  D 
or  D"  from  equations  (36)  we  obtain  a  partial  differential  equation 
of  the  second  order. 
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From  the  general  equations  (V,  28)  we  derive  the  following, 
when  the  parametric  curves  form  a  conjugate  system:* 

'11 


(38) 


l\     dlogD      fllV     /22\_2logZ>"     /22V 

i/=          "lir  l2J=  ~*r  ~l2/' 


i2\  D"cn\'  ri2\       D  /22V 

l/=  'T-ll/1  12J"  ~zx'tlJ' 

f22\  Z>"  /12V  fll\_       D  /12V 

iiJ=  "3i2r  i2/=  ~  D"\\y 


84.  Tangential  coordinates.  Pro  jective  transformations.  The  prob- 
lem of  finding  the  surfaces  with  a  given  representation  of  a  con- 
jugate system  is  treated  more  readily  from  the  point  of  view  of 
tangential  coordinates.  For,  from  (V,  22)  and  (V,  34)  it  is  seen 
that  X,  Y",  Z,  and  W  are  particular  solutions  of  the  equation 


Hence  every  solution  of  this  equation  linearly  independent  of 
A',  F,  Z  determines  a  surface  with  the  given  representation  of  a 
conjugate  system,  and  the  calculation  of  the  coordinates  a-,  #,  z 
does  not  involve  quadratures  (§  67). 

Conversely,  it  is  readily  seen  that  if  the  tangential  coordinates 
satisfy  an  equation  of  the  form 

tfO          cO         cO  , 

a—  +  6  —  +  c0=0, 


dudv        du 
the  coordinate  lines  form  a  conjugate  system  on  the  surface. 

As  an  example,  we  determine  the  surfaces  whose  lines  of  curvature  are  repre- 
sented on  the  sphere  by  a  family  of  curves  of  constant  geodesic  curvature  and  their 
orthogonal  trajectories.  If  the  former  family  be  the  curves  v  =  const.,  and  if  the 
linear  element  on  the  sphere  be  written  <fcra  =  Edu?  +  Gdu2,  we  must  have  (IV,  60) 


where  <j>  (o)  is  a  function  of  v  alone.    By  a  change  of  the  parameter  »  this  may  be 
made  equal  to  unity.    In  this  case  equation  (39)  is  reducible  to 


*Cf.  Bianchi,  Vol.  I,  p.  167. 
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The  general  integral  of  this  equation  is 

/„  -T/Gdv[  TT      rv  IT    r^.  ~l  r  Verfu, 
e=ejl<>  ^+1    *  V  Ge       "          dv   , 

where  v0  denotes  a  constant  value  of  u,  and  U  and  V  are  arbitrary  functions  of  u 
and  v  respectively.    Hence: 

The  determination  of  all  the  surfaces  whose  lines  of  curvature  are  represented  on 
the  sphere  by  a  family  of  curves  of  constant  geodesic  curvature  and  their  orthogonal 
trajectories,  requires  two  quadratures. 

In  order  that  among  all  the  surfaces  with  the  same  represen- 
tation of  a  conjugate  system  there  may  be  a  surface  for  which  the 
system  is  isothermal-conjugate,  and  the  parameters  be  isothermal- 
conjugate,  it  is  necessary  that  equations  (36)  be  satisfied  by 
D"=±D,  according  as  the  total  curvature  is  positive  or  negative. 
In  this  case  equations  (36)  are 

ri2y   rnv      a  log  j_  /i2y  /22V 


The  condition  of  integrability  is 

d  [Y12V    /11V1      8  F/12V    /22\'l 

diim2)rdi2)ni/l 

When  this  is  satisfied  D  may  be  found  by  quadratures,  and  then 
the  coordinates,  by  (37).    Hence  we  have  the  theorem  : 

A  necessary  and  sufficient  condition  that  a  family  of  curves  upon 
the  sphere  represent  an  isothermal-conjugate  si/stem  on  a  surface, 
and  that  u  and  v  be  isothermal-conjugate  parameters,  is  that  <£",  &,  £ 
satisfy  (40);  then  the  surface  is  unique  to  within  its  homothetics, 
and  its  coordinates  are  given  by  quadratures. 

The  following  theorem  concerning  the  invariance  of  conjugate 
directions  and  asymptotic  lines  is  due  to  Darboux  : 

When  a  surface  is  subjected  to  a  protective  transformation  or  a 
transformation  by  reciprocal  polars,  conjugate  directions  and  asy  >///>- 
totic  lines  are  preserved. 

We  prove  this  theorem  geometrically.  Consider  a  curve  C  on  a 
surface  $and  the  developable  I)  circumscribing  the  surface  along  C. 
When  a  protective  transformation  is  effected  upon  S  we  obtain  a 
surface  S^  corresponding  point  with  point  to  /S,  and  C  goes  into  a 
curve  Coupon  /S^,  andD  into  a  developable  D^  circumscribing  Sl  along 
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Cj  ;  moreover,  the  tangents  to  C  and  Cl  correspond,  as  do  the  gener- 
ators of  D  and  D^  Since  the  generators  are  in  each  case  tangent  to 
the  curves  conjugate  to  C  and  C\  respectively,  the  theorem  is  proved. 
In  the  case  of  a  polar  reciprocal  transformation  a  plane  corre- 
sponds to  a  point  and  vice  versa,  in  such  a  way  that  a  plane  and  a 
point  of  it  go  into  a  point  and  a  plane  through  it.  Hence  S  goes 
into  Sp  C  into  Dv  D  into  Cv  and  the  tangents  to  C  and  generators 
of  D  into  the  generators  of  Dv  and  tangents  to  Cv  Hence  the 
theorem  is  proved. 

EXAMPLES 
1.  Show  that  the  parametric  curves  on  the  surface 


= 


u  +  v  u+v  u  +  v 

where  ihe  U's  are  functions  of  u  alone  and  the  F's  of  v  alone,  form  a  conjugate  system. 

2.  On  the  surface  z  =  UiVi,  y  =  Z72Fi,  z  —  F2,  where  Ui,  U^  are  functions  of 
u  alone  and  FI,  F2  of  r  alone,  the  parametric  curves  form  a  conjugate  system  and 
the  asymptotic  lines  can  be  found  by  quadratures. 

3.  The  generators  of  a  surface  of  translation  form  an  equidistantial  system 
(cf.  Ex.  10,  p.  187). 

4.  Show  that  a  paraboloid  is  a  surface  of  translation  in  more  than  one  way. 

5.  The  locus  of  the  mid-points  of  the  chords  of  a  circular  helix  is  a  right  helicoid. 

6.  Discuss  the  surface  of  translation  which  is  the  locus  of  points  dividing  in 
constant  ratio  the  chords  of  a  twisted  cubic. 

7.  From  (28)  it  follows  that 


(Z*  +  V*  +  Z-2)-2 

consequently  the  transformation  by  reciprocal  radii  is  conformal. 

8.  Determine  the  condition  to  be  satisfied  by  the  function  u  so  that  a  surface 

with  the  linear  element      ,„        „,      •>    j  o  ,    •  9    j  2\ 
as-  =  a-  (cos2  u  du2  +  sin2  u  dv2) 

shall  have  the  total  curvature  —  I/a2.    Show  that  if  the  parametric  curves  are  the 
lines  of  curvature,  they  form  an  isothermal-conjugate  system. 

9.  A  necessary  and  sufficient  condition  that  the  linear  element  of  a  surface 
referred  to  a  conjugate  system  can  be  written 

ds-  =  f  (cfdu2  -  2  ~r  dudv  +  £dtf), 

is  that  the  parametric  curves  be  the  characteristic  lines.    Find  the  condition  imposed 
upon  the  curves  on  the  unit  sphere  in  order  that  they  may  represent  these  lines. 

10.  Conjugate  systems  and  asymptotic  lines  are  transformed  into  curves  of  the 
same  sort  when  a  surface  is  transformed  by  the  general  projective  transformation 

ABC 

X  =  D'      y  =  n'      Z  =  J>> 

where  A,  B,  C,  D  are  linear  functions  of  the  new  coordinates  ij,  t/i,  z\. 
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85.  Equations  of  geodesic  lines.  We  have  defined  a  geodesic  to 
be  a  curve  whose  geodesic  curvature  is  zero  at  every  point  ;  conse- 
quently its  osculating  plane  at  any  point  is  perpendicular  to  the 
tangent  plane  to  the  surface. 

From  (IV,  49)  it  follows  that  every  geodesic  upon  a  surface  is 
an  integral  curve  of  the  differential  equation 


ds         ds/\     ds2          drj     \     ds 

^+^—}\(—--  —  V—  Y+  —  —  —  +  -  —  (—  Yl 

ds         ds/\_\du,      2  dv  /\ds  /       du  ds  ds      2  dv  \ds/  J 

?EL  f—  Y+  —  —  —  4-  (—  -  -  ^V^Yl  =  o 

du\ds)      dv  ds  da     \dv      2du)\ds)]~ 
If  the  fundamental  identity 

du\*     9     dudv 

^^~r~r 

ds  ds 

which  gives  the  relation  between  M,  v,  s  along  the  curve,  be  differ- 
entiated with  respect  to  «,  we  have 


O  /    i/* _  __  

ds\     ds'2  n  ^  ds2)^  "  ds\*~  ds2  ~~*  ^  ds2/^  du\ds 

I   J i_  9 \  j J   i   J  0 j j I J    i     

\dv         du/\ds/   ds      \    dv       du/  ds\ds/       dv  \ds 
If  this  equation  and  (41)  be  solved  with  respect  to  f  E  —  +  F  — 

I        J2  J2    \  \ 

and  [F——:  +  G-rt}"1    we  obtain 
\     ds2          ds*/ 

F^+F—4-±—(^+d—  —  ^+(d-l  _1£?  V-Y=0 
ds2         ds2      2  ^  U*/      «»  rfi.A     \»»      2  du)\ds) 

~d?         ds2     \du      2  dv)\ds)      du  ds  ds      2dv\ds/~ 

If  these  equations  be  solved  with  respect  to  -7-7  and  — ; '  we  have, 

ds  ds 

in  consequence  of  (V,  2), 


(42) 

ds 


ll/du\* 

" 


v  r 

^  +  l 


i  _ 

" 
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Every  pair  of  solutions  of  these  equations  of  the  form  w  =/a(«), 
v  =/„(«),  determines  a  geodesic  on  the  surface,  and  «  is  its  arc. 

But  a  geodesic  may  be  denned  in  terms  of  u  and  v  alone,  without 
the  introduction  of  the  parameter  s.    If  v  =  <f>(u)  defines  such  a 

curve,  then     dv_      du  ^  =  tf)»  (*±\*+  A'  — 

ds     f  <*/  ds*          \d»)  +*  df° 

Substituting  these  expressions  in  (42)  and  eliminating  —  »  we 
have,  to  within  the  factor  (du/dsf, 


From  (42)  it  follows  that  when  du/ds  is  zero, 

,44,  P2)        l(2G!f_F^_G^=0. 

llJ      2Jyf\        cv          c>'  cu) 


Hence,  when  this  condition  is  not  satisfied,  equation  (43)  defines 
the  geodesies  on  a  surface  ;  and  when  it  is  satisfied,  equations  (43) 
and  u  =  const,  define  them. 

From  the  theory  of  differential  equations  it  follows  that  there 
exists  a  unique  integral  of  (43)  which  takes  a  given  value  for 
u  =  w0,  and  whose  first  derivative  takes  a  given  value  for  u  =  t/0. 
Hence  we  have  the  fundamental  theorem  : 

Through  every  point  on  a  surface  there  passes  a  unique  geodesic 
with  a  given  direction. 

As  an  example,  we  consider  the  geodesies  on  a  surface  of  revolution.  We  have 
found  (§  46)  that  the  linear  element  of  such  a  surface  referred  to  its  meridians  and 
parallels  is  of  the  form 

(45)  d«2  =  (1  +  0'«)  du2  +  uW, 

where  z  =  «f>  (u)  is  the  equation  of  the  meridian  curve.    If  we  put 


(46)  ui  =  f 


and  indicate  the  inverse  of  this  equation  by  u  =  ^(«i),  we  have 
(47)  da*  =  du?  +  ^  A*, 

and  the  meridians  and  parallels  are  still  the  parametric  curves.    For  this  case  equa- 
tions (42)  are 

(48) 


. 
da*  ds*  ds  ds 
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The  first  integral  of  the  second  is 

/2du 

\l/z  —  =  c. 

Y  ds 

where  c  is  a  constant.    Eliminating  ds  from  this  equation  and  (47),  and  integrating, 
we  have 


(49)  c  C 

*> 


=  ±  t> 


-  c2 

where  Ci  is  a  constant.  The  meridians  v  =  const,  correspond  to  the  case  c  =  0. 
Hence  we  have  the  theorem: 

The  geodesies  upon  a  surface  of  revolution  referred  to  its  meridians  and  parallels 
can  be  found  by  quadratures. 

It  should  be  remarked  that  equation  (49)  defines  the  geodesies  upon  any  surface 
applicable  to  a  surface  of  revolution. 

86.  Geodesic  parallels.  Geodesic  parameters.  From  (43)  it  fol- 
lows that  a  necessary  and  sufficient  condition  that  the  curves 
v  =  const,  on  a  surface  be  geodesies  is  that 

(50)  {^UA/^-^. 
12J      2#2\       du         du 

If  the  parametric  system  be  orthogonal,  this  condition  makes  it 
necessary  that  E  be  a  function  of  u  alone,  say  E  =  U2.  By  replacing 

I   U  du  by  u  we  do  not  change  the  parametric  lines,  and  E  becomes 
equal  to  unity.    And  the  linear  element  has  the  form 

(51)  ds2=du*+Gdv\ 

where  in  general  G  is  a  function  of  both  u  and  v.  From  .this  it 
follows  that  the  length  of  the  segment  of  a  curve  v  =  const,  between 
the  curves  u  =  u0  and  u  —  wx  is  given  by 


/»«!  /»«! 

I    dsu=  I    du  =  ul— 

c/t/O  1/1/0 


Since  this  length  is  independent  of  u,  it  follows  that  the  segments 
of  all  the  geodesies  v  =  const,  included  between  any  two  orthog- 
onal trajectories  are  of  equal  length.  In  consequence  of  the  funda- 
mental theorem,  we  have  that  there  is  a  unique  family  of  geodesies 
which  are  the  orthogonal  trajectories  of  a  given  curve  C.  The  above 
results  enable  us  to  state  the  following  theorem  of  Gauss  * : 

If  geodesies  be  drawn  orthogonal  to  a  curve  C,  and  equal  lengths  be 
measured  upon  them  from  C,  the  locus  of  their  ends  is  an  orthogonal 

trajectory  of  the  geodesies. 

*  i.e.,  p.  25. 
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This  gives  us  a  means  of  finding  all  the  orthogonal  trajectories 
of  a  family  of  geodesies,  when  one  ef  them  is  known.  And  it  sug- 
gests the  name  geodesic  parallels  for  these  trajectories.  Referring 
to  §  37,  we  see  that  these  are  the  curves  there  called  parallels, 
and  so  the  theorem  of  §  37  may  be  stated  thus : 

-4.  necessary  and  sufficient  condition  that  the  curves  </>=  const,  be 
geodesic  parallels  is  that 

(52)  A^  =/(*), 

u'hcre  the  differential  parameter  is  formed  with  respect  to  the  linear 
element  of  the  surface,  and  f  denotes  any  function.  In  order  that  <f> 
be  the  length  of  the  geodesic  curves  measured  from  the  curve  <£=0, 
it  is  necessary  and  sufficient  that 

(53)  A^  =  l. 

Moreover,  we  have  seen  that  when  a  function  <f>  satisfies  (52),  a 
new  function  satisfying  (53)  can  be  found  by  quadrature.  When 
this  function  is  taken  as  u,  the  linear  element  has  the  form  (51). 
In  this  case  we  shall  call  u  and  v  geodesic  parameters. 

87.  Geodesic  polar  coordinates.  The  following  theorem,  due  to 
Gauss,*  suggests  an  important  system  of  geodesic  parameters : 

If  equal  lengths  be  laid  off  from  a  point  P  on  the  geodesies  through  P, 
the  locus  of  the  end  points  is  an  orthogonal  trajectory  of  the  geodesies. 

In  proving  the  theorem  we  take  the  geodesies  for  the  curves 
v  =  const.,  and  let  u  denote  distances  measured  along  these  geo- 
desies from  P.  The  points  of  a  curve  u  =  const,  are  consequently 
at  the  same  geodesic  distance  from  P,  and  so  we  call  them  geodesic 
circles.  It  is  our  problem  to  show  that  this  parametric  system  is 
orthogonal. 

From  the  choice  of  u  we  know  that  -£"  =  !,  and  hence  from  (50) 
it  follows  that  F  is  independent  of  u.  At  P,  that  is  for  u  =  0,  the 

derivatives  — »  — »  —  are  zero.    Consequently-  F  and  G  are  zero 

rv       rr      rr 

for  u  =  0,  and  the  former,  being  independent  of  u,  is  always  zero. 
Hence  the  theorem  is  proved. 

We  consider  such  a  system  and  two  points  J/,(u.  0).  J/^M,  i\) 
on  the  geodesic  circle  of  radius  u.  The  length  of  the  arc 

*L.c.,  p.  24. 
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is  given  by  /     V&  dv.    As  u  approaches  zero  the  ratio 

i/O 

approaches  the  angle  between  the  tangents  at  P  to  the  geodesies 
v  =  0  and  v  =  vt.    If  6  denotes  this  angle,  we  have 


6  =  lim  -  =  /       -T  —        dv. 
u=o        ^  Jo    L  cu  Ju=0 

In  order  that  v  be  0,  it  is  necessary  and  sufficient  that   -       =1. 

L  du  j«=0 

These  particular  geodesic  coordinates  are  similar  to  polar  coordi- 
nates in  the  plane,  and  for  this  reason  are  called  geodesic  polar 
coordinates.  The  above  results  may  now  be  stated  thus: 

The  necessary  and  sufficient  conditions  that  a  system  of  geodesic 
coordinates  be  polar  are 


(54)  a     =  o,  .1. 

L        J«=o  L  du   J«=o 

It  should  be  noticed,  however,  that  it  may  be  necessary  to  limit  the  part  of  the 
surface  under  consideration  in  order  that  there  be  a  one-to-one  correspondence 
between  a  point  and  a  pair  of  coordinates.  For,  it  may  happen  that  two  geodesies 
starting  from  P  meet  again,  in  which  case  the  second  point  of  meeting  would  be 
defined  by  two  sets  of  coordinates.*  For  example,  the  helices  are  geodesies  on  a 
cylinder  (§  12),  and  it  is  evident  that  any  number  of  them  can  be  made  to  pass 
through  two  points  at  a  finite  distance  from  one  another  by  varying  the  angle  under 
which  they  cut  the  elements  of  the  cylinder.  Hence,  in  using  a  system  of  geodesic 
polar  coordinates  with  pole  at  P,  we  consider  the  portion  of  the  surface  inclosed 
by  a  geodesic  circle  of  radius  r,  where  r  is  such  that  no  two  geodesies  through  P 
meet  within  the  circle,  t 

When  the  linear  element  is  in  the  form  (51),  the  equation  of 
Gauss  (V,  12)  reduces  to 


If  A~0  denotes  the  total  curvature  of  the  surface  at  the  pole  P, 
which  by  hypothesis  is  not  a  parabolic  point,  from  (54)  and 
(55)  it  follows  that 


' 


au'       o     ' 


_ 

L~ 


*  Notice  that  the  pole  is  a  singular  point  for  such  a  system,  because  7/2  =  0  for  «  =  0. 
t  Darboux  (Vol.  II,  p.  408)  shows  that  such  a  function  r  exists;  this  is  suggested 
also  by  §  94. 


GEODESIC  POLAK  COORDINATES  209 

Therefore,  for  sufficiently  small  values  of  u,  \ve  have 


. 

b 

Hence  the  circumference  and  area  of  a  geodesic  circle  of  radius  u 
have  the  values  * 


=  F'V 

Jo 

=  C*  C 

Jo    Jo 


^Gdudv  =  7TW 


where  e1  and  e2  denote  terms  of  orders  higher  than  the  third  and 
fourth  respectively. 

EXAMPLES 

1.  Find  the  geodesies  of  an  ellipsoid  of  revolution. 

2.  The  equations  x  =  u,  y  =  v  define  a  representation  of  a  surface  with  the 
linear  element  ds2  =  B(du2  +  d»2)  upon  the  zy-plane  in  such  a  way  that  geodesies 
on  the  former  are  represented  by  parabolas  on  the  latter. 

3.  Find  the  total  curvature  of  a  surface  with  the  linear  element 

„,  (a2  -  a2)  dw2  H-  2  uc  dudu  +  (a2  -  u2)  dt?2 

CIS     —  K  -  * 
(a*  -  U2  _  ,2)2 

where  E  and  a  are  constants  and  integrate  the  equation  of  geodesies  for  the  surface. 

4.  A  twisted  curve  is  a  geodesic  on  its  rectifying  developable. 

5.  The  evolutes  of  a  twisted  curve  are  geodesies  on  its  polar  developable. 

6.  Along  a  geodesic  on  a  surface  of  revolution  the  product  of  the  radius  of  the 
parallel  through  a  point  and  the  sine  of  the  angle  of  inclination  of  the  geodesic 
with  the  meridian  is  constant. 

7.  Upon  a  surface  of  revolution  a  curve  cannot  be  a  geodesic  and  loxodromic 
at  the  same  time  unless  the  surface  be  cylindrical. 

8.  Upon  a  helicoid  the  orthogonal  trajectories  of  the  helices  are  geodesies  and 
the  other  geodesies  can  be  found  by  quadratures. 

9.  If  a  family  of  geodesies  and  their  orthogonal  trajectories  on  a  surface  form 
an  isothermal  system,  the  surface  is  applicable  to  a  surface  of  revolution. 

10.  The  radius  of  curvature  of  a  geodesic  on  a  cone  of  revolution  at  a  point  P 
varies  as  the  cube  of  the  distance  of  P  from  the  vertex. 

88.  Area  of  a  geodesic  triangle.    With  the  aid  of  geodesic  polar 
coordinates  Gauss  proved  the  following  important  theorem  f  : 

The  excess  over  180°  of  the  sum  of  the  angles  of  a  triangle  formed 
by  geodesies  on  a  surface  of  positive  curvature,  or  the  deficit  from  180° 

*  Bertrand,  Journal  de  Mathematiques,  Ser.  1,  Vol.  XIII  (1848),  pp.  80-86.      t  L.c.,  p.  30. 
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of  the  sum  of  the  angles  of  such  a  triangle  on  a  surface  of  negative 
curvature,  is  measured  by  the  area  of  the  part  of  the  sphere  which 
represents  that  triangle. 

In  the  proof  of  this  theorem  Gauss  made  use  of  the  equation  of 
geodesic  lines  in  the  form 

.,R.  I  (cF       F  dE      im,          1    (dG      FdE\J 

(56)  dv  -\  --   ---  —  }au  H  —  }dv  =  Q, 

ff\du      ZEdu      2  dv  /  2H\cu      Edv) 


where  0  denotes  the  angle  which  the  tangent  to  a  geodesic  at  a 
point  makes  with  the  curve  v  =  const,  through  the  point.  This 
equation  is  an  immediate  consequence  of  formula  (V,  81).  When 
the  parametric  system  is  polar  geodesic,  this  becomes 

(57)  de= 

Let  ABC  be  a  triangle  whose  sides  are  geodesies,  and  let  #,  /3,  7 
denote  the  included  angles.  From  (IV,73)  it  follows  that  the  inclosed 
area  on  the  sphere  is  given  by 

(58)  (I  =  f  f  //-  dudv  =  e  ff£H  dudv, 

where  e  is  ±1  according  as  the  curvature  is  positive  or  negative, 
and  the  double  integrals  are  taken  over  the  respective  areas. 

Let  A  be  the  pole  of  a  polar  geodesic  system  and  AB  the  curve 
v  =  0.  From  (55)  and  (58)  we  have 


f*Ct     S*1l 

=  —  €.1      I 

J  o  Jo 


* 
vdu. 


In  consequence  of  (54)  we  have,  upon  integration  with  respect  to  u, 

i 
6t  =  e  I       1 

Jo 
which,  by  (57),  is  equivalent  to 


=  e       dv  +  e         d0. 


For,  at  B  the  geodesic  BC  makes  the  angle  TT  —  /8  with  the  curve 
v  —  0,  and  at  C  it  makes  the  angle  7  with  the  curve  v  =  a.    Hence 

wehave 


7—  r), 

which  proves  the  theorem. 
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Because  of  the  form  of  the  second  part  of  (58)  ££.may  be  said 
to  measure  the  total  curvature  of  the  geodesic  triangle,  so  that  the 
above  theorem  may  also  be  stated  thus : 

The  total  curvature  of  a  geodesic  triangle  is  equal  to  the  excess 
over  180° ',  or  deficit  from  180°,  of  the  sum  of  the  angles  of  the  tri- 
angle^  according  as  the  curvature  is  positive  or  negative. 

The  extension  of  these  theorems  to  the  case  of  geodesic  polygons 
is  straightforward. 

In  the  preceding  discussion  it  has  been  tacitly  assumed  that  all  the  points  of  the 
triangle  ABC  can  be  uniquely  defined  by  polar  coordinates  with  pole  at  A.   We 
shall  show  that  this  theorem  is  true,  even  if  this  assumption  is 
not  made. 

If  the  theorem  is  not  true  for  ABC,  it  cannot  be  true  for 
both  of  the  triangles  ABD  and  ACD  obtained  by  joining  A 
and  the  middle  point  of  BC  with  a  geodesic  AD  (fig.  18).  For,' 
by  adding  the  results  for  the  two  triangles,  we  should  have  the 
theorem  holding  for  ABC.  Suppose  that  it  is  not  true  for  A  BD. 
Divide  the  latter  into  two  triangles  and  apply  the  same  reason- 
ing. By  continuing  this  process  we  should  obtain  a  triangle  as 
small  as  we  please,  inside  of  which  a  polar  geodesic  system 
would  not  uniquely  determine  each  point.  But  a  domain  can  be  chosen  about  a 
point  so  that  a  unique  geodesic  passes  through  the  given  point  and  any  other  point 
of  the  domain.*  Consequently  the  above  theorem  is  perfectly  general.  9 

By  means  of  the  above  result  we  prove  the  theorem : 
Tii'O  geodesies  on  a  surface  of  negative  curvature  cannot  meet  in 
two  points  and  inclose  a  simply  connected  area. 

Suppose  that  two  geodesies  through  a  point  A  pass  through  a 
second  point  B,  the  two  geodesies  inclosing  a  simply  connected 
portion  of  the  surface  (fig.  19).    Take  any  geodesic  cutting  these 
two  segments  AB  in  points  C  and  D.    Since 
the  four  angles  ACD,  ADC,  BCD,  BDC  are 
together  equal  to  four  right  angles,  the  sum 
of  the  angles  of  the  two  triangles  ADC  and 
BDC  exceed  four  right  angles  by  the  sum 
of  the  angles  at  A  and  B.    Therefore,  in 

consequence  of  the  above  theorem  of  Gauss,  the  total  curvature 

of  the  surface  cannot  be  negative  at  all  points  of  the  area  ADBC. 

On  the  contrary,  it  can  be  shown  that  for  a  surface  of  positive 

curvature  geodesies  through  a  point  meet  again  in  general.    In 

*  Darboux,  Vol.  II,  p.  408 ;  cf.  §  M. 
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fact,  the  exceptional  points,  if  there  are  any,  lie  in  a  finite  portion 
of  the  surface,  which  may  consist  of  one  or  more  simply  connected 
parts.*  For  example,  the  geodesies  on  a  sphere  are  great  circles, 
and  all  of  these  through  a  point  pass  through  the  diametrically 
opposite  point.  Again,  the  helices  are  geodesies  on  a  cylinder 
(§  12),  and  it  is  evident  that  any  number  of  them  can  be  made  to 
pass  through  two  points  at  a  finite  distance  from  one  another  by 
varying  the  angle  under  which  they  cut  the  elements  of  the  cyl- 
inder. Hence  the  domain  of  a  system  of  polar  geodesic  coordinates 
is  restricted  on  a  surface  of  positive  curvature. 

89.  Lines  of  shortest  length.  Geodesic  curvature.  We  are  now 
in  a  position  to  prove  the  theorem  : 

If  two  points  on  a  surface  are  such  that  only  one  geodesic  passes 
through  them,  the  segment  of  the  geodesic  measures  the  shortest  dis- 
tance on  the  surface  between  the  two  points. 

Take  one  of  the  points  for  the  pole  of  a  polar  geodesic  system 
and  the  geodesic  for  the  curve  v  =  0.  The  coordinates  of  the 
second  point  are  (wt,  0).  The  parametric  equation  of  any  other 
curve  through  the  two  points  is  of  the  form  v  =  <f>  (w),  and  the 


length  of  its  arc  is 
f  Vl  +  6ty' 

Jo 


du. 


FIG.  20 


Since  G  >  0,  the  value  of  this  in- 
tegral is  necessarily  greater  than 
uv  and  the  theorem  is  proved. 
By  means  of  equation  (57)  we  derive  another  definition  of  geo- 
desic curvature.  Consider  two  points  M  and  M1  upon  a  curve  (7, 
and  the  unique  geodesies  g,  g'  tangent  to  Cat  these  points  (fig.  20). 
Let  P  denote  the  point  of  intersection  of  g  and  g',  and  fy  the 
angle  under  which  they  cut.  Liouville  f  has  called  Sty  the  angle  of 
geodesic  contingence,  because  of  its  analogy  to  the  ordinary  angle 
of  contingence.  Now  we  shall  prove  the  theorem: 

The  limit  of  the  ratio  8-^r/Ss,  as  M'  approaches  M,  is  the  geodesic 
curvature  of  C  at  M. 

*  For  a  proof  of  this  the  reader  is  referred  to  a  memoir  by  H.  v.  Mangoldt,  in  Crette, 
Vol.  XCI  (1881),  pp.  23-53. 

^Journal  de  Mathtmatiques,  Vol.  XVI  (1851),  p.  132. 
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In  the  proof  of  this  theorem  we  take  for  parametric  curves  the 
given  curve  (7,  its  geodesic  parallels  and  their  geodesic  orthogonals, 
the  parameter  u  being  the  distance  measured  along  the  latter  from  C. 
Since  the  geodesic  g  meets  the  curve  v  =  v0  orthogonally,  the  angle 
under  which  it  meets  v  =  v'  may  be  denoted  by  Tr/2  4-  &0.  As  M' 
approaches  J/,  80  approaches  dd  given  by  (57),  and  the  sum  of  the 
angles  of  the  triangle  M'PQ  approaches  180°.  Hence  fy  approaches 

—  dd,  so  that  we  have 

S>lr         dd       1  8VG 

lira  — -  = =  —  —  * 

6*           ds      -  cu 


which  is  the  expression  for  the  geodesic  curvature  of  the  curve  C. 
90.  Geodesic  ellipses  and  hyperbolas.  An  important  system  of 
parametric  lines  for  a  surface  is  formed  by  two  families  of  geodesic 
parallels.  Such  a  system  may  be  obtained  by  constructing  the  geo- 
desic parallels  of  two  curves  C^  and  C"2,  which  are  not  themselves 
geodesic  parallels  of  one  another,  or  by  taking  the  two  families  of 
geodesic  circles  with  centers  at  any  two  points  Fl  and  F^.  Let  u  and 
v  measure  the  geodesic  distances  from  C^  and  (72,  or  from  Fl  and  F0. 
They  must  be  solutions  of  (53).  Consequently,  in  terms  of  them, 
we  must  have  jg  Q. 

EG-F*  =  EG-F*  =   ' 

If,  as  usual,  co  denotes  the  angle  between  these  parametric  lines, 
we  have,  from  (III,  15,  16), 

v—  r>  —     ^  E»     cos  w 

sin2o>  sin2  co 

so  that  the  linear  element  has  the  following  form,  due  to  Weingarten  : 
du*+  2  cos  co  dudv  4-  di* 


,  2  _ 


sn  to 


Conversely,  when  the  linear  element  is  reducible  to  this  form, 
u  and  v  are  solutions  of  (53),  and  consequently  the  parametric 
curves  are  geodesic  parallels. 

In  terms  of  the  parameters  MJ  and  rv  denned  by  u  =  ul+vl  and 
v  =  u1—  t'j,  the  linear  element  (59)  has  the  form 

(60)  df=-^+-^L. 

.     2(i>  20> 

sin2-      cos2- 
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The  geometrical  significance  of  the  curves  of  parameter  wt  and  vl 
is  seen  when  the  above  equations  are  written 

(61)  w1=i(w  +  v),  v1=^(u  —  v). 

The  curves  uv  =  const,  and  vl  =  const,  are  respectively  the  loci  of 
points  the  sum  and  difference  of  whose  geodesic  distances  from  Cl 
and  (72,  or  from  Fl  and  Fz,  are  constant.  In  the  latter  case  these 
curves  are  analogous  to  ellipses  and  hyperbolas  in  the  plane,  the 
points  F1  and  Fz  corresponding  to  the  foci.  For  this  reason  they 
are  called  geodesic  ellipses  and  hyperbolas,  which  names  are  given 
likewise  to  the  curves  ul  =  const.,  vv  =  const.,  when  the  distances 
are  measured  from  two  curves,  Cl  and  <72.  From  (60)  follows  at 
once  the  theorem  of  Weingarten  :  * 

A  system  of  geodesic  ellipses  and  hyperbolas  is  orthogonal. 

By  means  of  (61)  equation  (60)  can  be  transformed  into  (59),  thus 
proving  that  when  the  linear  element  of  a  surface  is  in  the  form  (60), 
the  parametric  curves  are  geodesic  ellipses  and  hyperbolas. 

If  6  denotes  the  angle  which  the  tangent  to  the  curve  v1  —  const. 
through  a  point  makes  with  the  curve  v  =  const.,  it  follows  from 

(III,  23)  that  o>  .    » 

cos  0  =  cos  —  »         sin  v  =  sin  —  • 

L  — 

Hence  we  have  the  theorem  : 

Given  any  two  systems  of  geodesic  parallels  upon  a  surface  ;  the 
corresponding  geodesic  ellipses  and  hyperbolas  bisect  the  angles 
included  by  the  former. 

91.  Surfaces  of  Liouville.  Dini  f  inquired  whether  there  were 
any  surfaces  with  an  isothermal  system  of  geodesic  ellipses  and 
hyperbolas.  A  necessary  and  sufficient  condition  that  such  a  sur- 
face exist  is  that  the  coefficients  of  (60)  satisfy  a  condition  of  the 

form  (S  41)  .    .  „  &>  „  w 

F1sm2-  =  ^1cos2-» 

.*  & 

where  Ul  and  Vl  denote  functions  of  u1  and  r'x  respectively.  In 
this  case  the  linear  element  may  be  written 

(62)  ^^ 


*Ueber  die  Oberfliichen  fiir  welche  einer  der  beiden  Hauptkriimmungshalbmesser 
eine  Function  des  anderen  1st,  Crelle,  Vol.  LXII  (1863),  pp.  1GO-173. 
t  Annall,  Ser.  2,  Vol.  Ill  (1869),  pp.  269-293. 
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By  the  change  of  parameters  defined  by 


this  linear  element  is  transformed  into 

(63)  ds2  =  (  Uz  +  T2)  (du%  +  di>2), 

where  Ua  and  Vz  are  functions  of  uz  and  v2  respectively,  such  that 


Conversely,  if  the  linear  element  is  in  the  form  (63),  it  may  be 
changed  into  (62)  by  the  transformation  of  coordinates 


ul=  I  Vr,  Ju.,,         t\  =  / 


Surfaces  whose  linear  element  is  reducible  to  the  form  (63)  were 
first  studied  by  Liouville,  and  on  that  account  are  called  surfaces  of 
Liouville.*  To  this  class  belong  the  surfaces  of  revolution  and  the 
quadrics  (§§  96,  97).  We  may  state  the  above  results  in  the  form  : 

WJien  the  linear  element  of  a  surface  is  in  the  Liouville  form,  the 
parametric  curves  are  geodesic  ellipses  and  hyperbolas  ;  these  systems 
are  the  only  isothermal  orthogonal  families  of  geodesic  conies.^ 

92.  Integration  of  the  equation  of  geodesic  lines.  Having  thus 
discussed  the  various  properties  of  geodesic  lines,  and  having  seen 
the  advantage  of  knowing  their  equations  in  finite  form,  we  return 
to  the  consideration  of  their  differential  equation  and  derive  certain 
theorems  concerning  its  integration. 

Suppose,  in  the  first  place,  that  we  know  a  particular  first  inte- 
gral of  the  general  equation,  that  is,  a  family  of  geodesies  defined 
by  an  equation  of  the  form 

(64)  Mdu  +  Xdi<  =  0. 

From  (IV,  58)  it  follows  that  M  and  N  must  satisfy  the  equation 
_£_/  _     FN-GM  \      c/  FM-EN  \ 

cu  \JEX*  -  2  FMX  +  GM'2/      cv  \J  EN*  -  2  FMN  +  GM*/ 


*  Journal  de  Mathematiques,  Vol.  XI  (1846),  p.  345. 

t  The  reader  is  referred  to  Darboux,  Vol.  II,  p.  208,  for  a  discussion  of  the  conditions 
under  which  a  surface  is  of  the  Liouville  type. 
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In  consequence  of  this  equation  we  know  that  there  exists  a  func- 
tion </>  denned  by 

,cc.  8<f>  EN-FM  dd>  FN-GM 

(65)  —  =  —  -  —         —      ——  —  • 


Moreover,  we  find  that 

(66)  A^  =  l. 

From  (III,  31)  and  (65)  it  follows  that  the  curves  <£  =  const,  are 
the  orthogonal  trajectories  of  the  given  geodesies,  and  from  (66) 
it  is  seen  that  </>  measures  distance  along  the  geodesies  from  the 
curve  <f>  =  0.  Hence  we  have  the  theorem  of  Darboux  *  : 

When  a  one-parameter  family  -of  geodesies  is  defined  by  a  differ- 
ential equation  of  the  first  order,  the  finite  equation  of  their  orthogonal 
trajectories  can  be  obtained  by  a  quadrature,  which  gives  the  geodesic 
parameter  at  the  same  time. 

Therefore,  when  the  general  first  integral  of  the  equation  of 
geodesies  is  known,  all  the  geodesic  parallels  can  be  found  by 
quadratures. 

We  consider  now  the  converse  problem  of  finding  the  geodesies 
when  the  geodesic  parallels  are  known.  Suppose  that  we  have  a 
solution  of  equation  (66)  involving  an  arbitrary  constant  a,  which 
is  not  additive.  If  this  equation  be  differentiated  with  respect  to 
a,  we  get 

(6T) 


where  the  differential  parameter  is  formed  with  respect  to  the  linear 
element.  But  this  is  a  necessary  and  sufficient  condition  (§  37)  that 
the  curves  </>  =  const,  and  the  curves 

(68)  ^  =  const.=  a' 

da 

form  an  orthogonal  S3rstem.  Hence  the  curves  defined  by  (68) 
are  geodesies.  In  general,  this  equation  involves  two  arbitrary 
constants,  a  and  a',  which,  as  will  now  be  shown,  enter  in  such 
a  way  that  this  equation  gives  the  general  integral  of  the  differ- 
ential equation  of  geodesic  lines. 

*  Lemons,  Vol.  II,  p.  430;  cf.  also  Bianchi,  Vol.  I,  p.  202. 
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Suppose  that  a  appears  in  equation  (68),  and  write  the  latter  thus  : 

(69)  Y(UI  v->  «)=  #'> 
in  which  case  equation  (67)  becomes 

(70)  \(<t>,Y)=Q. 

0   /      /  *"*    f 

The  direction  of  each  of  the  curves  (69)  is  given  by  22-  /  -2-  .  If  this 

dul  dv  c6  /c6 
ratio  be  independent  of  a,  so  also  by  (70)  is  the  ratio  7—  /^-- 

Write  the  latter  in  the  form  ' 


s4^  Q  ji 

If  this  equation  and  (66)  be  solved  for  —  and  —  »  we  obtain  values 

GU          dv 

independent  of  a,  so  that  a  would  have  been  additive.    Hence  f 

~i       1^-9 

involves  a,  and  so  also  does  -Z./-S-,  and  therefore  a  direction  at 

cu  I   cv 

a  point  (MO,  v0)  determines  the  value  of  a  ;  call  it  a0.  If  then  a'0 
be  such  that  ./  a\-a' 

Y  V"o'  'o'  ao)  —  ao' 

the  geodesic  i/r  (M,  v,  a0)  =  a'0  passes  through  the  point  (MO,  v0)  and 
has  the  given  direction  at  the  point.  Hence  all  the  geodesies  are 
denned  by  equation  (68),  and  we  have  the  theorem: 

Griven  a  solution  of  the  equation  A1<£  =  1,  involving  an  arbitrary 

O  J 

constant  a,  in  such  a  way  that  —  involves  a;  the  equation 

GCL 

c<t>        , 

—  =  a, 

da 

for  all  values  of  a'  is  the  finite  equation  of  the  geodesies,  and  the 
arc  of  the  geodesies  is  measured  by  </>.* 

By  means  of  this  result  we  establish  the  following  theorem  due 
to  Jacobi  : 

If  a  first  integral  of  the  differential  equation  of  geodesic  lines  be 
known,  the  finite  equation  can  be  found  by  one  quadrature. 

Such  an  integral  is  of  the  form 

dv 
-=t(^«), 

*Cf.  Darboux,  Vol.  II,  p.  429. 
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where  a  is  an  arbitrary  constant.    As  this  equation  is  of  the  form 
(64),  the  function  <£,  defined  by 


r 
J 


(E 


+  2  Fr  + 


is  a  solution  of  equation  (66).    As  $  involves  a  in  the  manner 
specified   in  the   preceding  theorem,   the  finite   equation  of   the 

,     .       .     ty        , 
geodesies  is  -—  =  a  . 
da 

93.  Geodesies  on  surfaces  of  Liouville.  The  surfaces  of  Liouville 
(§  91)  afford  an  excellent  application  of  the  theorem  of  Jacobi. 
We  take  the  linear  element  in  the  form  * 

(71)  ds*  =  (U-V]  (Ufdu*  +  Vfdv*}, 

which  evidently  is  no  more  general  than  (63).    In  this  case  equa- 
tion (66)  becomes 

1   /^Y,    1  /W1_1 

'" 


When  this  equation  is  written  in  the  form 


one  sees  that  it  belongs  to.  the  class  of  partial  differential  equa- 
tions admitting  an  integral  which  is  the  sum  of  functions  of  u 
and  v  alone,  f  In  order  to  obtain  this  integral,  we  put  each  side 
equal  to  a  constant  a  and  integrate.  This  gives 

(72)  (f>  =  fui  ^U-a  du  ±  f  1\  Va  -  Vdv. 

Hence  the  equation  of  geodesies  is 

(78)  Z 

da 

If  6  denotes  the  angle  which  a  geodesic  through  a  point  makes 
with  the  line  v  =  const,  through  the  point,  it  follows  from  (III,  24) 

and  (71)  that  Tr    , 

a      F.  dv 
tan  6  =  -±  —  • 
Ul  du 

*  Cf.  Darboux,  Vol.  Ill,  p.  9.  t  Forsyth,  Differential  Equations  (1888),  p.  310. 
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If  the  value  of  dv/du  from  equation  (73)  be  substituted  in  this 

equation,   we   obtain  the    following    first   integral  .of   the   Gauss 

equation  (56): 

(74)  tTsin20  +  Fcos20  =  a. 

This  equation  is  due  to  Liouville.  * 

EXAMPLES 

1.  On  a  surface  of  constant  curvature  the  area  of  a  geodesic  triangle  is  pro- 
portional to  the  difference  between  the  sum  of  the  angles  of  the  triangle  and 
two  right  angles. 

2.  Show  that  for  a  developable  surface  the  first  integral  of  equation  (56)  can 
be  found  by  quadratures. 

3.  Given  any  curve  C  upon  a  surface  and  the  developable  surface  which  is  the 
envelope  of  the  tangent  planes  to  the  surface  along  C;  show  that  the  geodesic 
curvature  of  C  is  equal  to  the  curvature  of  the  plane  curve  into  which  C  is  trans- 
formed when  the  developable  is  developed  upon  a  plane. 

4.  When  the  plane  is  referred  to  a  system  of  confocal  ellipses  and  hyperbolas 
whose  foci  are  at  the  distance  2  c  apart,  the  linear  element  can  be  written 


Vw2  -  c2      c2  - 

5.  A  necessary  and  sufficient  condition  that  <j>  be  a  solution  of  Ai0  =  1  is  that 
ds2  —  d$2  be  a  perfect  square. 

6.  If  0  =  0ia  +  02,  where  0\  and  02  are  functions  of  u  and  c,  is  a  solution  of 
AI#  =  1,  the  curves  0\  =  const,  are  lines  of  length  zero,  and  the  curves  ^a  +  02  =  const, 
are  their  orthogonal  trajectories. 

7.  When  the  linear  element  of  a  spiral  surface  is  in  the  form  ds2  =  e2r(du2  -f  C72dc2), 
the  equation  Ai0  =  1  admits  the  solution  erU\,  where  U\  is  a  function  of  w,  which 
satisfies  an  equation  of  the  first  order  whose  integration  gives  thus  all  the  geodesies 
on  the  surface. 

8.  For  a  surface  with  the  linear  element 


where  V  and  FI  are  functions  of  v  alone,  the  equation  AI#  =  1  admits  the  solution 
0  =  ut/<!  (v)  +  \[>»  ("),  the  determination  of  the  functions  ^  and  ^2  requiring  the  solu- 
tion of  a  differential  equation  of  the  first  order  and  quadratures. 

9.   If  <f>  denotes  a  solution  of  AI<£  =  1  involving  a  nonadditive  constant  a,   the 
linear  element  of  the  surface  can  be  written 


©£*,  5 


where  ©(<£,  $)  indicates  the  mixed  differential  parameter  (III,  48). 

*L.c.,p.  348. 
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94.  Lines  of  shortest  length.  Envelope  of  geodesies.  We  can  go 
a  step  farther  than  the  first  theorem  of  §  89  and  show  that  whether 
one  or  more  geodesies  pass  through  two  points  Ml  and  M2  on  a  sur- 
face, the  shortest  distance  on  the  surface  between  these  points,  if  it 
exists,  is  measured  along  one  of  these  geodesies. 

Thus,  let  v  =/(M)  and  v  =fl(u)  define  two  curves  C  and  C1  passing 
through  the  points  M^  M2,  the  parametric  values  of  u  at  the  points 
being  ul  and  u2.  The  arc  of  C  between  these  points  has  the  length 


(75)         «=r 

*y  «i 


where  v'  denotes  the  derivative  of  v  with  respect  to  u.  For  con- 
venience we  write  the  above  thus : 

/»«« 

(76)  s  =  I    <f>(u,v,  v')du. 

v/Ul 

Furthermore,  we  put 

/i(«)  "/(*)•+ ««(«)i 

where  a)(u}  is  a  function  of  u  vanishing  when  u  is  equal  to  u^  and 
M2,  and  e  is  a  constant  whose  absolute  value  may  be  taken  so  small 
that  the  curve  Cl  will  lie  in  any  prescribed  neighborhood  of  C. 
Hence  the  length  of  the  arc  M1M2  of  Cl  is 


/»«i 

/    <fr  (w,  v  +  e  ft),  v'  +  e  co')  du. 

\J  u\ 


Thus  8i  is  a  function  of  e,  reducing  for  e  =  0  to  s.  Hence,  in  order 
that  the  curve  C  be  the  shortest  of  all  the  near-by  curves  which 
pass  through  M.v  and  Jf2,  it  is  necessary  that  the  derivative  of  »j 
with  respect  to  e  be  zero  for  e  =  0.  This  gives 


ztf  +  2«ri4H.o. 

dv       ay'    / 

On  the  assumption  that  w  admits  a  continuous  first  derivative 
in  the  interval  (wp  w2),  and  </>  continuous  first  and  second  deriva- 
tives, the  left-hand  member  of  this  equation  may  be  integrated 
by  parts  with  the  result 

a<p       d  8<p 

dv      du  i 
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for  (a  vanishes  when  u  equals  Mt  and  u2.  As  the  function  <u  is  arbi- 
trary except  for  the  above  conditions  upon  it,  this  equation  is 
equivalent  to  the  following  equation  of  Euler  *  : 


(77) 


- 

cv      du  cv 


When  this  result  is  applied  to  the  particular  form  of  $  in  equa- 
tion (75),  we  have 

£^_I_9^V+£2V» 

di          F+Gv'          \      cv 


'  +  Gv''2 


cv 


=Q 


which  is  readily  reducible  to  equation  (43). 

Hence  the  shortest  distance  between  two  points,  if  existent,  is 
measured  along  a  geodesic  through  the  points.  This  geodesic  is 
unique  if  the  surface  has  negative  total  curvature  at  all  points. 
For  other  surfaces  more  than  one  geo- 
desic may  pass  through  the  points  if 
the  latter  are  sufficiently  far  apart.  We 
shall  now  investigate  the  nature  of  this 
problem. 

Let  v  =/(M,  a)  define  the  family  of  geo- 
desics  through  a  point  J/0  (w0,  t'0),  and  let 
v=g(u)  be  the  equation  of  their  envel- 

ope €.  We  consider  two  of  the  geodesies  Cl  and  C2  (fig.  21),  and 
let  -^(MJ,  rj  and  J/0  (?*.,.  ?•„)  denote  their  points  of  contact  with  the 
envelope.  Suppose  that  the  arc  J/0J/"0  is  greater  than  M^M^  The 
distance  from  J/0  to  J/2,  measured  along  Cl  and  <£~is  equal  to 


FlG  2i 


f 

»/»l 


If  3/2  is  considered  fixed  and  3ft  variable,  the  position  of  the  latter 
is  determined  by  a.    The  variation  of  D  with  Ml  is  given  by 


cD 

ca 


r- 
cfca 


c4>cf 
^,^ 
cf  ca 


f,        f 

\<j>(it.f, 


du^ 
-rL 
da  J, 


*  Methodus  inveniendi  lineas  cnn^as  maximi  minimive  proprietate  gaudentes,  chap,  ii, 
§  21  (I.iiuanne,  1744);  cf.  Bolza,  Lectures  on  the  Calculus  of  Variations,  p.  22  (Chicago, 
11XM). 
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But  for  u  =  u^f  =  g  and /'  =  #';  consequently  the  last  term  is  zero. 

?if 
Integrating  the  first  member  by  parts,  and  noting  that  —  is  zero  for 

u  =  u0  and  u  =  uv  (§  26),  we  have 


BD  =  p  §/;/££  __rf_£ 
fa    J,,0   **W    dudf 


Since  Cl  is  a  geodesic,  the  expression  in  parenthesis  is  zero,  and 
hence  D  does  not  vary  with  Mr  This  shows  that  the  envelope  of 
the  geodesies  through  a  point  bears  to  them  the  relation  which 
the  evolute  of  a  curve  does  to  a  family  of  normals  to  the  curve. 
Moreover,  the  curve  <£f  is  not  a  geodesic,  for  at  each  point  of  it  there 
is  tangent  a  geodesic.  Hence  there  is  an  arc  connecting  Ml  and  M2 
which  is  shorter  than  the  arc  of  <£".  In  this  waj',  by  taking  different 
points  Ml  on  <£F,  we  obtain  any  number  of  arcs  connecting  M0  and 
Jf2  which  are  shorter  than  the  arc  of  (72,  each  consisting  of  an  arc 
of  a  geodesic  such  as  C1  and  the  geodesic  distance  M^M^.  It  is  then 
necessarily  true  that  the  shortest  distance  from  Jf0  to  a  point  M  of 
(72  beyond  M2  is  not  measured  along  C2.  However,  when  M  lies 
within  the  arc  M0M2,  a  domain  can  be  chosen  about  C2  so  small 
that  the  arc  M0M  of  C2  is  shorter  than  the  arc  M0M  of  any  other 
curve  within  the  domain  and  passing  through  these  points.* 

Another  historical  problem  associated  with  this  problem  is  the  following :  t 

Given  an  arc  Co  joining  two  points  A,  B  on  a  surface ;  to  find  the  curve  of  shortest 
length  joining  A  and  B,  and  inclosing  with  C0  a  given  area. 

The  area  is  given  by  J  J  Hdudv.  It  is  evident  that  two  functions  M  and  N  can 
be  found  in  an  infinity  of  ways  such  that 

H  -  —  -  — 
du       8v 

By  the  application  of  Green's  theorem  we  have 

CClfdudv  =  JVY—  -  ^£\  dudv  =  CMdu  +  Ndv, 

where  the  last  integral  is  curvilinear  and  is  taken  around  the  contour  of  the  area. 
Since  Co  is  fixed,  our  problem  reduces  to  the  determination  of  a  curve  C  along 

CK 

which  the  integral  I     Mdu  +  Ndv  is  constant,  and  whose  arc  AB,  that  is,  the 
JA 

*  For  a  more  complete  discussion  of  this  problem  the  reader  is  referred  to  Darhoux, 
Vol.  Ill,  pp.  86-112;  Bolza,  chap.  v. 

tin  fact,  it  was  in  the  solution  of  this  problem  that  Minding  (Crelle,  Vol.  V  (18:50), 
p.  2U7)  discovered  the  function  to  which  Bonnet  (Journal  de  I'Ecole  Potytecfiniqw, 
Vol.  XIX  (1848),  p.  44)  gave  the  name  geodesic  curvature.. 
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rB  i  - 
integral  /     ~vE  +  2  Fc'  -f  Gc/2du,  is  a  minimum.    From  the  calculus  of  variations 

•J  A 

we  know  that,  so  far  as  the  differential  equations  of  the  solution  is  concerned,  this 
is  the  same  problem  as  finding  the  curve  C  along  which  the  integral 

c(M  +  Nv')du 


f 

JA 


A 
is  a  minimum,  c  being  a  constant.    Euler's  equation  for  this  integral  is 


F+Go' 


<*u  \vE  +  2  Fr>'  +  Gt)'2/       ~vE  +  2  Fv'  +  Gc'2 

Comparing  this  result  with  the  formula  of  Bonnet  (IV,  56),  we  see  that  C  has  con- 
stant geodesic  curvature  1/c,  and  c  evidently  depends  upon  the  magnitude  of  the 
area  between  the  curves.  Hence  we  have  the  theorem  of  Minding:* 

In  order  that  a  curve  C  joining  two  points  shall  be  the  shortest  which,  together  with 
a  given  curve  through  these  points,  incloses  a  portion  of  the  surface  with  a  given  area, 
it  is  necessary  that  the  geodesic  curvature  of  C  be  constant. 

GENERAL  EXAMPLES 
1.  When  the  parametric  curves  on  the  unit  sphere  satisfy  the  condition 

_£_  j  12  r  =  _a  j  12  r  _  2  ( 12 1'  ( 12  r 

they  represent  the  asymptotic  lines  on  a  surface  whose  total  curvature  is 


2.  When  the  equations  of  the  sphere  have  the  form  (III,  35),  the  parametric 

c-0 
curves  are  asymptotic  and  the  equation  (22)  is  (1  +  uv)*-  --  =  —  20,  of  which  the 

general  integral  is 


, 

where  4>  (u)  and  \f>  (v)  denote  arbitrary  functions. 

3.  The  sections  of  a  surface  by  all  the  planes  through  a  fixed  line  L  in  space, 
and  the  curves  of  contact  of  the  tangent  cones  to  the  surface  whose  vertices  are 
on  L,  form  a  conjugate  system. 

4.  Given  a  surface  of  translation  x  =  w,  y  =  u,  z  =f(u)  +  <f>(v).  Determine  the 
functions  /  and  <j>  so  that  (p\  +  p2)  Z  =  const.,  where  Z  denotes  the  cosine  of  the 
angle  which  the  normal  makes  with  the  z-axis,  and  determine  the  lines  of  curva- 
ture on  the  surface. 

5.  Determine  the  relations  between  the  exponents  rn,-  and  n,  in  the  equations 

z  =  U^F"1,        y  =  Um*V"*,        z  =  f7m'F"3, 

so  that  on  the  surface  so  defined  the  parametric  curves  shall  form  a  conjugate  sys- 
tem, and  show  that  the  asymptotic  lines  can  be  found  by  quadratures. 

*  i.e.,  p.  297. 


224  GEODESICS 

6.  The  envelope  of  the  family  of  planes 

(Ui  +  Vl)x  +  (U2  +  V2)y  +  (U3  +  Va)z  +  (U*  +  V4)  =  0, 


where  the  CT's  are  functions  of  M  alone  and  the  Vs  of  »,  is  a  surface  upon  which 
the  parametric  curves  are  plane,  and  form  a  conjugate  system. 

7.  The  condition  that  the  parametric  curves  form  a  conjugate  system  on  the 
envelope  of  the  plane 

x  cos  M  +  y  sin  M  -f  z  cot »  =/(M,  »), 

is  that  /  be  the  sum  of  a  function  of  u  alone  and  of  v  alone ;  in  this  case  these 
curves  are  plane  lines  of  curvature. 

8.  Find  the  geodesies  on  the  surface  of  Ex.  7,  p.  219,  and  determine  the  expres- 
sions for  the  radii  of  curvature  and  torsion  of  a  geodesic. 

9.  A  representation  of  two  surfaces  upon  one  another  is  said  to  be  conformal- 
conjugate  when  it  is  at  the  same  time  conformal,  and  every  conjugate  system  on 
one  surface  corresponds  to  a  conjugate  system  on  the  other.    Show  that  the  lines  of 
curvature  correspond  and  that  the  characteristic  lines  also  correspond. 

10.  Given  a  surface  of  revolution  x  =  ucosv,  y  =  usinv,  z=/(u),  and  the 
function  <£  defined  by 

(i) 

where  A  and  c  are  constants ;  a  conf ormal-conjugate  representation  of  the  surface 
upon  a  second  surface  Xi  =  MI  cost?i,  y\_  =  Misinti,  z\  =  <j>(ui)  is  defined  by 


i  -    v   i  -t-   /    ~     Q>U 

c  log  MI  = 


where  F'  denotes  the  function  of  M  found  by  solving  (i)  for  <j>'. 

11.  If   two  families  of  geodesies  cut  under  constant  angle,  the  surface  is 
developable. 

12.  If  a  surface  with  the  linear  element 

where  a,  6,  c  are  constants,  is  represented  on  the  xy-plane  by  M  =  x,  v  =  y,  the 
geodesies  correspond  to  the  Lissajous  figures  defined  by 

Vft  sin- ! i  Va  sin- l  —  =  C, 

A  /> 

where  A,  J5,  C  are  constants. 

13.  When  there  is  upon  a  surface  more  than  one  family  of  geodesies  which, 
together  with  their  orthogonal  trajectories,  form  an  isothermal  system,  the  curva- 
ture of  the  surface  is  constant. 

14.  If  the  principal  normals  of  a  curve  meet  a  fixed  straight  line,  the  curve  is  a 
geodesic  on  a  surface  of  revolution  whose  axis  is  this  line.    Examine  the  case  where 
the  principal  normals  meet  the  line  under  constant  angle. 
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15.  A  representation  of  two  surfaces  upon  one  another  is  said  to  be  a  geodesic 
representation  when  to  a  geodesic  on  one  surface  there  corresponds  a  geodesic  on 
the  other.  Show  that  the  representation  is  geodesic  when  points  with  the  same 
parametric  values  correspond  on  surfaces  with  the  linear  elements 


where  the  I7's  are  functions  of  u  alone,  the  F's  of  c  alone,  and  h  is  a  constant. 

16.  A  surface  with  the  linear  element 

ds2  =  (u*  -  v*)  O  (-\  du2  +  0  (D)  dr2], 

where  <f>  is  any  function  whatever,  admits  of  a  geodesic  representation  upon  itself. 

17.  A  necessary  and  sufficient  condition  that  an  orthogonal  system  upon  a  sur- 
face may  be  regarded  as  geodesic  ellipses  and  hyperbolas  in  two  ways,  is  that  when 
the  curves  are  parametric  the  linear  element  be  of  the  Laouville  form  ;  in  this  case 
these  curves  may  be  so  regarded  in  an  infinity  of  ways. 

18.  Of  all  the  curves  of  equal  length  joining  two  points,  the  one  which,  together 
with  a  fixed  curve  through  the  points,  incloses  the  area  of  greatest  extent,  has  con- 
stant geodesic  curvature. 

19.  Let  F  be  any  curve  upon  a  surface,  and  at  two  near-by  points  P,  P'  draw 
the  geodesies  g,  ff'  perpendicular  to  T  ;  let  C  be  the  curve  through  P  conjugate 
to  <?,  P"  the  point  where  it  meets  g',  and  Q  the  intersection  of  the  tangents  to  g 
and  g'  at  P  and  P"  ;  the  limiting  position  of  Q,  as  P'  approaches  P,  is  the  center 
of  geodesic  curvature  of  T  at  P. 

20.  Show  that  if  a  surface  S  admits  of  geodesic  representation  upon  a  plane  in 
such  a  way  that  four  families  of  geodesies  are  represented  by  four  families  of  par- 
allel lines,  each  geodesic  on  the  surface  is  represented  by  a  straight  line  (cf.  Ex.  3, 
p.  209). 


CHAPTER  VII 

QUADRICS.     RULED  SURFACES.     MINIMAL  SURFACES 

95.  Confocal  quadrics.  Elliptic  coordinates.  Two  quadrics  are 
confocal  when  the  foci,  real  or  imaginary,  of  their  principal  sec- 
tions coincide.  Hence  a  family  of  confocal  quadrics  is  denned  by 
the  equation 

(1)  ^L_  +  _^!_  +  _^=l 

\       /  •>  I        7  9  >  9.  ' 

a2  —  u      b2—u      c2—u 

where  u  is  the  parameter  of  the  family  and  a,  b,  c  are  constants, 
such  that 

(2)  a2  >  b2  >  c2. 

For  each  value  of  u,  positive  or  negative,  less  than  a2,  equation 
(1)  defines  a  quadric  which  is 


(3) 


'  an  ellipsoid  when  c2  >  u  >  —  oo, 
an  hyperboloid  of  one  sheet  when  b2  >  u  >  c2, 
an  hyperboloid  of  two  sheets  when  a2  >  u  >  i2. 


As  u  approaches  c2  the  smallest  axis  of  the  ellipsoid  approaches 
zero.  Hence  the  surface  u  =  c2  is  the  portion  of  the  ary-plane, 
counted  twice,  bounded  by  the  ellipse 


Again,  the  surface  u  =  H2  is  the  portion  of  the  zz-plane,  counted 
twice,  bounded  by  the  hyperbola 

x*  z2 

~2  =  1'       3/=:°' 


which  contains  the  center  of  the  curve.    Equations  (4)  and  (5) 
define  the  focal  ellipse  and  focal  hyperbola  of  the  system. 
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Through  each  point  (z,  y,  z)  in  space  there  pass  three  quadrics 
of  the  family ;  they  are  determined  by  the  values  of  w,  which  are 
roots  of  the  equation 

(6)  <f>  (u)  =  (a2  -  u)  (b2  -  u)  (c2  -  u)  -  x2  (b2  -  u)  (c2  -  u) 

-  y2  (a2  -  u)  (c2 -  u)  -  z2  (a2 -u)(b2-u)  =  Q. 

Since        </>  (a2)  <  0,     <£  (b2)  >  0,     <f>  (c2)  <  0,     </>  (-  x)  >  0, 

the  roots  of  equation  (6),  denoted  by  u^  w2,  M3,  are  contained  in 
the  following  intervals : 

(7)  or  >ul>  &2,     b2  >  w2  >  c2,     <r  >  u3>  —  oo. 

From  (3)  it  is  seen  that  the  surfaces  corresponding  to  uv  M2,  w3  are 
respectively  hyperboloids  of  two  and  one  sheets  and  an  ellipsoid. 

Fig.  22  represents  three  confocal  quadrics;  the  curves  on  the 
ellipsoid  are   lines    of   cur- 
vature, and   on  the  hyper- 
boloid  of  one  sheet  they  are 
asymptotic  lines. 

From  the  definition  of  u^ 
«.„  u3  it  follows  that  <f>(u)  is 
equal  to  (ul—u)(u2—u)(u3—u). 
When  <£>  in  (6)  is  replaced 
by  this  expression  and  u 
is  given  successively  the 
values  a2,  62,  c2,  we  obtain  * 


FIG.  22 


(8) 


_  {b2-Ul)(b*-u2)(b2-u3) 
22*> 


(c2—  a2)(c2—  b2) 


These  formulas  express  the  Cartesian  coordinates  of  a  point  in 
space  in  terms  of  the  parameters  of  the  three  quadrics  which 
pass  through  the  point.  These  parameters  are  called  the  elliptic 
coordinates  of  the  point.  It  is  evident  that  to  each  set  of  these 


*  Kirchhoff,  Mechanik,  p.  203.    Leipsic,  1877. 
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coordinates  there  correspond  eight  points  in  space,  one  in  each 
of  the  eight  compartments  bounded  by  the  coordinate  planes. 

If  one  of  the  parameters  u{  in  (8)  be  made  constant,  and  the 
others  u^  %,  where  i  =f=  j  =£  k,  be  allowed  to  vary,  these  equations 
define  in  parametric  form  the  surface,  also  defined  by  equation 
(1),  in  which  u  has  this  constant  value  M,..  The  parametric  curves 
Uj  =  const.,  uk=  const,  are  the  curves  of  intersection  of  the  given 
quadric  and  the  double  system  of  quadrics  corresponding  to  the 
parameters  u-  and  uk. 

If  we  put 

(9)     a"  —  ui  =  a,    i2  —  u{  =  5,    c~  —  ui  =  < 
the  equation  of  the  surface  becomes 

^  _L  tf  _1_  2' 

(1°)  -  +  T  +  --- 


—  w^  =  w,    uk  —  ut  =  v, 


and  the  parametric  equations  (8)  reduce  to 


a(a  —  u)(a  —  v) 
(a  —  b)(a  —  c) 


ib(b-u)(b-v) 
N  (5  -  a)  (d  -  <?)  ' 

\c(c  —  u)(c  —  v) 

=   \M  -  —  -  r-L' 

N  (c  -  a)  (c  -  b] 


Moreover,  the  quadrics  which  cut  (10)  in  the  parametric  curves 
have  the  equations: 


(12) 


a—u 


u 


, 
^  a  —  v      b 


+ 


c  —  u 

t 

C—  V 


=  1, 


=  1. 


In  consequence   of  (3)   and  (9)  we  have  that  equations  (10) 
or  (11)  define 

an  ellipsoid  when  a  >  u  >  b  >  v  >c  >  0, 

(13)  •  an  hyperboloid  of  one  sheet  when  a>u>b>Q>c>v, 
an  hyperboloid  of  two  sheets  when  a>Q>b>u>c>v. 
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96.  Fundamental  quantities  for  central  quadrics.    By  direct  cal- 
culation we  find  from  (11) 

__u(u  —  v)  r-_n          r  _v(v~ M) 

/(«)  =    '  /(») 


(14) 


where  for  the  sake  of  brevity  we  have  put 
(15)  /(*)=  4  (a -*)(&-*)  (*-0). 

We  derive  also  the  following  : 


(16) 


and 
(17) 


Y= 

" 


-b)(a- 


—  a)(c  — 


labc  n  —  v 

1)  =  —  -v  — 


jy,_     labc  u  —  v 


uv  f(u)  N  uv  f(v) 

Since  F  and  D'  are  zero,  the  parametric  curves  are  lines  of  curva- 
ture. And  since  the  change  of  parameters  (9)  did  not  change  the 
parametric  curves,  we  have  the  theorem : 

The  quadrics  of  a  confocal  system  cut  one  another  along  lines  of 
curvature,  and  the  three  surfaces  through  a  point  cut  one  another 
orthogonally  at  the  point. 

This  result  is  illustrated  by  fig.  22. 
From  (14)  and  (17)  we  have 

1  labc  1  _  labc  1     _  abc 

P*          V**'        pfa     i*V 


(18) 


Hence  the  ellipsoid  and  hyperboloid  of  two  sheets  have  positive 
curvature  at  all  points,  whereas  the  curvature  is  negative  at  all 
points  of  the  hyperboloid  of  one  sheet. 
If  formulas  (16)  be  written 


Y=     I—  V-, 
the  distance  W  from  the  center  to  the  tangent  plane  is 


A.  =  \\- •> 

\  uv  a 


abcz 

Z  =  -v > 

uv  c 


(19) 
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Hence : 

The  tangent  planes  to  a  central  quadric  along  a  curve,  at  points 
of  which  the  total  curvature  of  the  surface  is  the  same,  are  equally 
distant  from  the  center. 

From  (18)  we  see  that  the  umbilical  points  correspond  to  the 
values  of  the  parameters  such  that  u  =  v.  The  conditions  (13) 
show  that  this  common  value  of  u  and  v  for  an  ellipsoid  is  5, 
and  c  for  an  hyperboloid  of  two  sheets,  whereas  there  are  no  real 
umbilical  points  for  the  hyperboloid  of  one  sheet.  When  these 
values  are  substituted  in  (11),  we  have  as  the  coordinates  of 
these  points  on  the  ellipsoid 


^20^  r-+  Ja(a~6)  „_() 

1  &  \/  )  X    ^L     \     —  }  U   —    V» 

N  (a-c?) 
and  on  the  hyperboloid  of  two  sheets 


la(a-c)  \b(b  —  c} 

(21)  #  =  ±\-        — -»         y  =  ±\-          —  >         2  =  0. 

N  (a  -  b)  N  (b  -  a) 

It  should  be  noticed  that  these  points  lie  on  the  focal  hyperbola 
and  focal  ellipse  respectively. 

97.  Fundamental  quantities  for  the  paraboloids.    The  equation 
of  a  paraboloid 

(22)  2z  =  ax>+by2 
may  be  replaced  by 

(23)  z=V^,         y=V^,          z  = -(aUl+ bv,). 

Hence  the  paraboloids  are  surfaces  of  translation  (§  81)  whose 
generating  curves  are  parabolas  which  lie  in  perpendicular  planes. 
By  direct  calculation  we  find 


la  1  b 

D=-  Z>'=0,      D"=-    — = 

so  that  the  equation  of  the  lines  of  curvature  is 

dvl      p  —  a  dv^      b      di\      b      /<&>A21 
1  du^      [  azb    d^      a   l  dur      a    l  \duj  J 
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where  c  is  an  arbitrary  constant. 

When  wt  and  i\  in  (24)  are  given  particular  values,  equation  (24) 
determines  two  values  of  c,  ct  and  c2,  in  general  distinct.  If  these 
latter  values  be  substituted  in  (24)  successively,  we  obtain  in  finite 
form  the  equations  of  the  two  lines  of  curvature  through  the  point 

(M  ,  v).    If  cl  and  c.,  be  replaced  by  —  ( -       - )  and  —  ( — )  re- 

\    bu    /  \    bv    I 

spectively,  we  have,  in  consequence  of  (23),  the  two  equations 

b  —  a 
'=  w(l  +  an) 

(25) 


Ivy"  +  (1  +  av)  3?  = 


av) 


ab 

b-a 
ab 


When  these  equations  are  solved  for  x1  and  y~,  we  find  that  equa- 
tion (22)  can  be  replaced  by 

a-b 


(26) 


y'2= 


b 

ft-q 
aft2    ( 
1  b-a 


(1  +  an  +  av). 


'2     ab 

and  the  parametric  curves  are  the  lines  of  curvature. 
Now  we  have 


(27) 


a  —  b  a(a  —  b)u  —  b 

E  =  (u  —  v)—  — ,       F  =  0, 

J  46-  «(l+aw) 

II  — a              a(a  —  b)v—b 
G  =  — — -  (u  —  v)  -      - — I , 
4b-                    v(I+av) 


A,  1,  Z  = 


and 


(29) 


(a-b)(u-v) 


(a  —  i)  (if  —  v) 


»  — ft]    ^ 
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From  (27),  (28),  and  (29)  we  obtain 

Vabz 


(30) 
and 

(31) 


•j 

—  =  Va8ft3  [a  (a  —  ft)  u  —  ft]~  [a  (a  —  ft)  v 

-t          

(P* 


From  these  results  we  find  that  the  ratio  W/z  is  constant  along 
the  curves  for  which  the  total  curvature  is  constant. 

We  suppose  that  b  is  positive  and  greater  than  a.  From  the 
first  of  (26)  it  follows  that  u  and  v  at  a  real  point  differ  in 
sign,  or  one  is  equal  to  zero.  We  consider  the  points  at  which 
both  u  and  v  are  equal  to  zero.  There  are  two  such  points, 
and  their  coordinates  are 

1      ft  —  a  1  ft  —  a 

(32)  *  =  0, 

Evidently  these  points  are  real  only  on  the  elliptic  paraboloid. 
From  (31)  it  follows  that  pl  and  p2  are  then  equal,  and  conse- 
quently these  are  the  umbilical  points.  Since  at  points  other 
than  these  u  and  v  must  differ  in  sign,  we  may  assume  that  u 
is  always  positive  and  v  negative.  Moreover,  from  (26)  it  is 
seen  that  u  and  v  are  unrestricted  except  in  the  case  of  the 
elliptic  paraboloid,  when  v  must  be  greater  than  —  I/a. 

98.  Lines  of  curvature  and  asymptotic  lines  on  quadrics.  From 
(14),  (27),  and  §  91  we  have  the  theorem  : 

The  lines  of  curvature  of  a  quadric  surface  form  an  isothermal 
system  of  the  Liouville  type. 

Bonnet  *  has  shown  that  this  property  is  characteristic  of  the 
quadrics.  There  are,  however,  many  surfaces  whose  lines  of  curva- 
ture form  an  isothermal  system.  They  are  called  isothermic  sur- 
faces. The  complete  determination  of  all  such  surfaces  has  never 
been  accomplished  (cf.  Ex.  3,  §  65). 

*  Memoire  sur  la  tMorie  des  surfaces  applicables  sur  une  surface  donn^e,  Journal  de 
I'  Ecole  Poly  technique,  Vol.  XXV  (1867),  pp.  121-132. 
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Prom  (17),  (29),  and  §  82  follows  the  theorem: 

The  lines  of  curvature  of  a  quadric  surface  form  an  isothermal- 
conjugate  system,  and  consequently  the  asymptotic  lines  can  be  found 
by  quadratures. 

We  shall  find  the  expressions  for  the  coordinates  in  terms  of 
the  latter  in  another  way. 

Equation  (10)  is  equivalent  to  the  pair  of  equations 


(33)         +  .-- 

\Va       VV        V       Vj/      \Va 

or  the  pair 

(34)          *  +  i 

Vb 

where  u  and  v  are  undetermined.    For  each  value  of  u  equations 

(33)  define  a  line  all  of  whose  points  lie  on  the  surface.    And  to 
each  point  on  the  surface  there  corresponds  a  value  of  u  determin- 
ing a  line  through  the  point.    Hence  the  surface  is  ruled,  and  it  is 
nondevelopable,   as  seen  from  (18).    Again,  for  each  value  of  v 
equations  (34)  define  a  line  whose  points  lie  on  the  surface  (10), 
and  these   lines   are   different   from  those   of    the  other  system. 
Hence  the  central  quadrics  are  doubly  ruled.     These   lines   are 
necessarily  the  asymptotic  lines.    Consequently,  if  equations  (33), 

(34)  be  solved  for  x,  y,  z,  thus  : 

/orx  x        u  +  v  y       MI'  —  1  z        .  >•  —  u 

(65)          —  =  = 


uv  +  l          V6      uv  +  1          Vc        uv  +  l 

we  have  the  surface  defined  in  terms  of  parameters  referring  to 
the  asymptotic  lines. 

In  like  manner  equation  (22)  may  be  replaced  by 

~vax  +  ivby  =  2  uz,         Vaa;  —  i^Tby  =  —  » 
or  t 

^b    =  -  »  Vox  —  i^/b    =  2  vz. 


Solving  these,  we  have 

/QC\  r 

(36)  Vo 


2 uv  '2  uu  2 uv 
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As  in  the  preceding  case,  we  see  that  the  surface  is  doubly  ruled,  * 
and  the  parameters  in  (36)  refer  to  the  asymptotic  system  of  straight 
lines.  Hence  : 

The  asymptotic  lines  on  any  quadric  are  straight  lines. 


EXAMPLES 

1.  The  focal  conies  of  a  family  of  confocal  quadrics  meet  the  latter  in  the 
umbilical  points. 

2.  Find  the  characteristic  lines  on  the  quadrics  of  positive  curvature. 

3.  The  normal  section  of  an  ellipsoid  at  a  point  in  the  direction  of  the  curve 
along  which  the  total  curvature  is  constant  is  an  ellipse  with  one  of  its  vertices 
at  the  point. 

rftfi 

4.  Find  the  equation  of  the  form =  MO  (cf .  §  79)  when  the  corresponding 

cudv 

surface  is  a  hyperboloid  of  one  sheet ;  when  a  hyperbolic  paraboloid. 

5.  Find  the  e volute  of  the  hyperboloid  of  one  sheet  and  derive  the  following 
properties : 

(a)  the  surface  is  algebraic  of  the  twelfth  order ; 

(b)  the  section  by  a  principal  plane  of  the  hyperboloid  consists  of  a  conic  and 
the  evolute  of  a  conic  ; 

(c)  these  sections  are  edges  on  the  surface ; 

(d)  the  curve  of  intersection  of  the  two  sheets  of  the  surface  is  cut  by  each  of 
the  principal  planes  in  four  ordinary  points,  four  double  points,  and  four  cusps, 
and  consequently  is  of  the  twenty-fourth  order. 

6.  Determine  for  the  evolute  of  a  hyperbolic  paraboloid  the  properties  analogous 
to  those  for  the  surface  of  Ex.  6. 

7.  Deduce  the  equations  of  the  surfaces  parallel  to  a  central  quadric ;  determine 
their  order  and  the  character  of  the  sections  of  the  surface  by  the  principal  planes 
of  the  quadric  ;  find  the  normal  curvature  of  the  curves  corresponding  to  the  asymp- 
totic lines  on  the  quadric. 

99.  Geodesies  on  quadrics.  Since  the  quadrics  are  isothermic 
surfaces  of  the  Liouville  type,  the  finite  equation  of  the  geodesies 
can  be  found  by  quadratures  (§  93).  From  (VI,  74),  (14)  and  (27), 

*  Moreover,  the  quadrics  are  the  only  doubly  ruled  surfaces.  For  consider  such  a  sur- 
face, and  denote  by  a,  b,  c  three  of  the  generators  in  one  system.  A  plane  a  through  a 
meets  b  and  c  in  unique  points  Ji  and  C,  and  the  line  BC  meets  a  in  a  point  A.  The  line 
ABC  is  a  generator  of  the  second  system,  and  the  only  one  of  this  system  in  the  plane  a. 
The  other  lines  of  this  system  meet  <r  in  the  line  a.  On  this  account  the  plane  a  cuts  the 
surface  in  two  lines,  a  and  ABC,  that  is,  in  a  degenerate  conic.  Hence  the  surface  is  of 
the  second  degree. 
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it  follows  that  the  first  integral  of  the  differential  equation  of 
geodesies  on  any  one  of  the  quadrics  is 

(37)  M  sin20  +  v  cos20  =  a, 

where  a  is  a  constant  of  integration  and  d  measures  the  angle 
which  a  geodesic,  determined  by  a  value  of  a,  makes  with  the  lines 
of  curvature  v  =  const.  We  recall  that  in  equations  (11)  and  (26) 
the  parameter  u  is  greater  than  v,  except  at  the  umbilical  points, 
where  they  are  equal.  We  shall  discuss  the  general  case  first. 

Consider  a  particular  point  M' (u',  v').  According  as  a  is  given 
the  value  u'  or  v',  equation  (37)  defines  the  geodesic  tangent  at 
M'  to  the  line  of  curvature  u  =  u'  or  v  =  v'  respectively.  It  is 
readily  seen  that  the  other  values  of  a,  determining  other  geo- 
desies through  J/',  lie  in  the  interval  between  u'  and  v'.  More- 
over, to  each  value  of  a  in  this  domain  there  correspond  two 
geodesies  through  J/'  whose  tangents  are  symmetrically  placed 
with  respect  to  the  directions  of  the  lines  of  curvature.  From 
this  result  it  follows  also  that  the  whole  system  of  geodesies  is 
defined  by  (37),  when  a  is  given  the  limiting  values  of  u  and  v 
and  all  the  intermediate  values. 

We  write  equation  (37)  in  the  form 

(38)  (M-a)sin20  +  (v-a)cos20=0, 

and  consider  the  geodesies  on  a  central  quadric  defined  by  this 
equation  when  a  has  a  particular  value  a'.  Suppose,  first,  that  a' 
is  in  the  domain  of  the  values  of  u.  Then  at  each  point  of  these 
geodesies  v  <  a'  and  consequently  from  (38)  u  >  a'.  We  have  seen 
that  these  geodesies  are  tangent  to  the  line  of  curvature  u  =  a'- 
From  (11)  it  follows  that  they  lie  within  the  zone  of  the  surface 
bounded  by  the  two  branches  of  the  curve  u  =  a'.  When,  now, 
a'  is  in  the  domain  of  the  values  of  ?',  u  —  a'  is  positive,  and  con- 
sequently from  (38)  v  <  a'.  Hence  the  geodesies  tangent  to  the 
curve  v  =  a'  lie  outside  the  zone  bounded  by  the  two  branches  of 
the  line  of  curvature  v  =  a'.  Similar  results  are  true  for  the  parabo- 
loids, with  the  difference,  as  seen  from  (26),  that  the  geodesies 
tangent  to  u  =  a'  lie  outside  the  region  bounded  by  this  curve, 
whereas  the  curves  tangent  to  v  =  a'  lie  inside  the  region  bounded 
by  v  =  a'. 


236  QUADRICS 

100.  Geodesies  through  the  umbilical  points.  There  remains  for 
consideration  the  case  where  a  takes  the  unique  value  which  u 
and  v  have  at  the  umbilical  points.  Let  it  be  denoted  by  a0,  so 
that  the  curves  defined  by 

(39)  (u  -  a0)  sin20  +  (v  -  ac)  cos20  =  0 

are  the  umbilical  geodesies.    We  have,  at  once,  the  theorem : 

Through  each  point  on  a  quadric  with  real  umbilical  points  there 
pasy  two  umbilical  geodesies  which  are  equally  inclined  to  the  lines 
of  curvature  through  the  point. 

Hence  two  diametrically  opposite  umbilical  points  of  an  ellipsoid 
are  joined  by  an  infinity  of  geodesies,  and  no  two  geodesies  through 
the  same  umbilical  point  meet  again  except  at  the  diametrically 
opposite  point.  These  properties  are  possessed  also  by  a  family  of 
great  circles  on  a  sphere  through  two  opposite  points.  On  the 
elliptic  paraboloid  and  on  each  sheet  of  the  hyperboloid  of  two 
sheets  there  are  two  families  of  umbilical  geodesies,  but  no  two 
of  the  same  family  meet  except  at  the  umbilical  point  common  to 
all  curves  of  the  family. 

For  the  ellipsoid  (11)  a0=  b  and  equations  (VI,  72,  73)  become 


1  f  I  «          "  j       1   f  I  v 

=  —  l\  -  du±-    /x  - 

2J  Na-ttM-e  2J   \a  —  vv  — 


dv, 


d<f>_  _1    C  I  _  u  __  du        1    C  I  v  __  dv 

~db~  ~4J   ^(a-u)(u-c)u-b      4J  \(a  —  v)(v  —  c)  v-b' 

Similar  results  hold  for  the  hyperboloid  of  two  sheets  and  the 
elliptic  paraboloid.  Hence  the  distances  of  a  point  P  from  two 
umbilical  points  (not  diametrically  opposite)  are  of  the  form 


Hence  we  have  : 

The  lines  of  curvature  on  the  quadrics  with  real  umbilical  points 
are  geodesic  ellipses  and  hyperbolas  with  the  umbilical  points  for  foci. 

101.  Ellipsoid  referred  to  a  polar  geodesic  system.  A  family  of 
umbilical  geodesies  and  their  orthogonal  trajectories  constitute 
an  excellent  system  for  polar  geodesic  coordinates,  because  the 
domain  is  unrestricted  (§  87)  except  in  the  case  of  the  ellipsoid, 
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and  then  only  the  diametrically  opposite  point  must  be  excluded. 
We  consider  such  a  system  on  the  ellipsoid,  and  let  O  denote  the 
pole  of  the  system  and  #',  O",  O"'  the  other  umbilical  points  (fig.  23). 
If  we  put 


(40) 


<f>  =  -  /  -\l  -  du  —  —  I  \l  -  dv, 

2J   >a-wu-c  2J   \a-vv-c 


_  1    C  u  du        1    C  v  dv 

2  J   \a  —  uu  —  c   u  —  b      2  J  \a  —  vv  —  c   v  —  b' 


i)(u  —  c)u  —  b      '2J    >(a  —  v)(i 
it  is  readily  found  that 


(6 -«)(&_„) 

By  means  of  (11)  we  may  reduce  the  linear  element  to  the  form 
^2^2  ,   (a-b)(b-c) 


In  order  that  the  coordinates  be  polar  geodesic,  ^  must  be 
replaced  by  another  parameter  measuring  the  angles  between 
the  geodesies.  For  the  ellipsoid 

equation  (39)  is  ^^\  ^>\ 

(42)  (u— &)sin20+(v-6)cos20=0. 


As  previously  seen,  6  is  half  of 
one  of  the  angles  between  the 
two  geodesies  through  a  point 

J/.    As  M  approaches  0  along  0^- ^^6' 

the  geodesic  joining  these  two  FlG  23 

points,  the  geodesic  O'MO'"  ap- 
proaches the  section  i/  =  Q-   Consequently  the  angle  2  0  approaches 
the  angle  .1/00',  denoted  by  a>,  or  its  supplementary  angle.    Hence 
we  have  from  (42) 

(43)  lim 


We  take  a>  in  place  of  -^  and  indicate  the  relation  between  them 
by  -fy  =/(&>).    From  (41)  we  have 


=  V(M  -  b)  (b  -  v)f'((o). 
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This  expression  satisfies   the  first  of  conditions  (VI,  54).     The 
second  is 

(44)         liml 


If  we  make  use  of  the  formulas  (III,  11)  and  (40),  we  find 


8u  _  g      (a  —  u)  (u  —  c)  u  —  b      dv  _     \(a—  v}(v  —  c)  b  —  v 

—  —  <a  -\J—  —  '     '  T  —  —      \l~  —  ' 

d(>  M  u  u  —  v      dt  M  v         .   u  —  v 


d(j>  M  u  u  —  v      dtp 

so  that  equation  (44)  reduces  to 


r  j("  -»)("-")  +  i(«-»)  (. 

I     >  M  >  U 


By  means  of  (43)  we  pass  from  this  to 

<«>  'w 


Hence  the  linear  element  has  the  following  form  due  to  Roberts  *  : 

v2 

sin"  to 

The  second  of  equations  (40)  may  now  be  put  in  the  form 

dv 


—  b 


i  r  I        u du   _i  r  I       v 

2  J  N  (a  —  u)  (u  —  c)  u  —  b      2  J   \  (a  —  v)  (v  —  c)  v 
l~     ~b~  a> 

'^(T^)^1*'*11*-1-* 

where  C  denotes  the  constant  of  integration.  In  order  to  evaluate 
this  constant,  we  consider  the  geodesic  through  the  point  (0,  ft,  0). 
At  this  point  the  parameters  have  the  values  u  —  a,  v  =  c,  and  the 
angle  co  has  a  definite  value  &>.  Hence  the  above  equation  may  be 
replaced  by 


1    C*  u  du        1    Cv    I  v  dv 

2Ja    \a  —  uu-cu  —  b~2Jc    \a  —  vv  —  c  v 


(a-b)(b  —  c)     *\  tan  *> 

2y 

*  Journal  de  Math<*matiques,Vo\.  XIII  (1848),  pp.  1-11. 


dv 
b 
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In  like  manner,  for  the  umbilical  geodesies  through  one  of  the 
other  points  (not  diametrically  opposite)  we  have 


1   Cn    (I        u  du     \  1    r    I  v  dv 

2Ja   N  (a  —  u)  (u  —  c)  u  —  b      '2Jc    \(a  —  v)(v  —  c)v  — 


It  follows  at  once  from  these  formulas  that  if  M  is  any  point  on 
a  line  of  curvature  u  =  const,  or  v  =  const.,  we  have  respectively 

MOO1   t      MO'O  MOO'          MO'O 

tan  — tan  — - —  =  const.,        tan  — - —  cot  — - —  =  const. 

102.  Properties  of  quadrics.  From  (18)  it  follows  that  for  the 
central  quadrics  Euler's  equation  (IV,  34)  takes  the  form 

1  =  -  (v  cos20  +  M  sin20) 
R 

By  means  of  (19)  and  (37)  this  reduces  to 

1  W3 

*  ••  •*• 

(4. )  —  =  —  «——• 

K  abc 

In  like  manner,  we  have  for  the  paraboloids 
(48)  |  =  _?£p  + «,(*_«)]. 

Hence  we  have : 

Along  a  geodesic  or  line  of  curvature  on  a  central  quadric  the 
product  RWZ  is  constant,  and  on  a  paraboloid  the  ratio  RWz/z*. 

Consider  any  point  P  on  a  central  quadric  and  a  direction 
through  P.  Let  a,  &  7  be  the  direction-cosines  of  the  latter. 
The  semi-diameter  of  the  ellipsoid  (10)  parallel  to  this  direction  is 
given  by 

,49)  I-^  +  £  +  *. 

p2      a       b       c 

r,     jo...                             cos  0  co:      sin0  dz 
By  definition  a  =  — = 1 —  — , 


240  QUADRICS 

and  similarly  for  /3  and  7.    When  the  values  of  #,  #,  z,  E,  G  from 
(11)  and  (14)  are  substituted,  equation  (49)  reduces  to 

1  =  cos'20     sin2fl 

ft*  U  V 

By  means  of  (19)  and  (37)  this  may  be  reduced  to 

(50)  ap*W2=abc. 

From  this  follows  the  theorem  of  Joachimsthal  : 

Along  a  geodesic  or  a  line  of  curvature  on  a  central  quadric  the 
product  of  the  semi-diameter  of  the  quadric  parallel  to  the  tangent 
to  the  curve  at  a  point  P  and  the  distance  from  the  center  to  the 
tangent  plane  at  P  is  constant. 

From  (47)  and  (50)  we  obtain  the  equation 


for  all  points  on  the  quadric.  Since  W  is  the  same  for  all  direc- 
tions at  a  point,  the  maximum  and  minimum  values  of  p  and  11 
correspond.  Hence  we  have  the  theorem: 

In  the  central  section  of  a  quadric  parallel  to  the  tangent  plane  at 
a  point  P  the  principal  axes  are  parallel  to  the  directions  of  the  lines 
of  curvature  at  P.* 

EXAMPLES 

1.  On  a  hyperbolic  paraboloid,  of  which  the  principal  parabolas  are  equal,  the 
locus  of  a  point,  the  sum  or  difference  of  whose  distances  from  the  generators 
through  the  vertex  of  the  paraboloid  is  constant,  is  a  line  of  curvature. 

2.  Find  the  radii  of  curvature  and  torsion,  at  the  extremity  of  the  mean  diam- 
eter of  an  ellipsoid,  of  an  umbilical  geodesic  through  the  point. 

3.  Find  the  surfaces  normal  to  the  tangents  to  a  family  of  umbilical  geodesies 
on  an  ellipsoid,  and  determine  the  complementary  surface  (cf.  §  76). 

4.  The  geodesic  distance  of  two  diametrically  opposite  umbilical  points  on  an 
ellipsoid  is  equal  to  one  half  the  length  of  the  principal  section  through  the 
umbilical  points. 

5.  Find  the  form  of  the  linear  element  of  the  hyperboloid  of  two  sheets  or  the 
elliptic  paraboloid,  when  the  parametric  system  is  polar  geodesic  with  an  umbilical 
point  for  pole. 

6.  If  MI  and  3f2  are  two  points  of  intersection  of  a  geodesic  through  the  umbilical 
point  0  with  a  line  of  curvature  v  =  const.  ,  then 


tan  -  cot  -  =  const. 
2  2 

*For  a  more  complete  discussion  of  the  geodesies  on  quadrics,  the  reader  is  referred 
to  a  memoir  by  v.  Braunmiihl,  in  Math.  Annalen,  Vol.  XX  (1882),  pp.  556-686. 
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7.  Given  a  line  of  curvature  on  an  ellipsoid  and  the  geodesies  tangent  to  it; 
the  points  of  intersection  of  pairs  of  these  geodesies,  meeting  orthogonally,  lie  on 
a  sphere. 

8.  Given  the  geodesies  tangent  to  two  lines  of  curvature ;  the  points  of  inter- 
section of  pairs  of  these  geodesies,  meeting  orthogonally,  lie  on  a  sphere. 

103.  Equations  of  a  ruled  surface.  A  surface  which  can  be  gen- 
erated by  the  motion  of  a  straight  line  is  called  a  ruled  surface. 
Developables  are  ruled  surfaces  for  which  the  lines,  called  the 
generators,  are  tangent  to  a  curve.  As  a  general  thing,  ruled  sur- 
faces do  not  possess  this  property,  and  in  this  case  they  are  called 
skew  surfaces.  Now  we  make  a  direct  study  of  ruled  surfaces,  par- 
ticularly those  of  the  skew  type,  limiting  our  discussion  to  the 
case  where  the  generators  are  real.* 

A  ruled  surface  is  completely  determined 
by  a  curve  upon  it  and  the  direction  of  the 
generators  at  their  points  of  meeting  with 

the  curve.   We  call  the  latter  the  directrix           __    , _ 

Z>,  and  the  cone  formed  by  drawing  through 


a  point  lines  parallel  to  the  generators  the  FIG  24 

director-cone.    If  the  coordinates  of  a  point 

Jf0  of  D  are  a*0,  y0,  20,  expressed  in  terms  of  the  arc  v  measured 
from  a  point  of  it,  and  7,  wi,  n  are  the  direction-cosines  of  the  gen- 
erator through  J/0,  the  equations  of  the  surface  are 

(51)  x  =  r0  -f  lu,         y  =  y0 -f  mu,         z  =  z0  +  WM, 

where  M  is  the  distance  from  J/0  to  a  point  M  on  the  generator 
through  M0.  If  #0  denotes  the  angle  which  the  generator  through 
J/o  makes  with  the  tangent  at  M0  to  D,  then 

(52)  -cos  0,  =  x'J  +  y,m  +  zfa 

where  the  accent  indicates  differentiation  with  respect  to  v  (fig.  24). 
From  (51)  we  find  for  the  linear  element  the  expression 

(53)  d?  =  du2  +  2  cos  00  dudv  +  (aV  +  2  bu  + 1)  dv*, 
where  we  have  put  for  the  sake  of  brevity 

(54) 


•  We  shall  use  the  term  ruled  to  specify  the  surfaces  of  the  skew  type,  and  developable 
for  the  others. 
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Since  the  generators  are  geodesies,  their  orthogonal  trajectories 
can  be  found  by  quadratures  (§  92).  We  arrive  at  this  result 
directly  by  remarking  that  the  equation  of  these  trajectories  is 

(m»  26)  du  +  cos  00dv  =  0, 

and  that  0n  is  a  function  of  v  alone. 


104.  Line  of  striction.  Developable  surfaces.  We  shall  now  con- 
sider the  quantities  which  determine  the  relative  positions  of  the 
generators  of  a  ruled  surface. 

Let  g  and  g'  be  two  generators  determined  by  parametric  values 
v  and  v  +  Sv,  and  let  X,  /A,  v  denote  the  direction-cosines  of  their 
common  perpendicular.  If  the  direction-cosines  of  g  and  g'  be 
denoted  by  I,  m,  n  ;  I  +  SI,  m  +  8w,  n  +  Sn  respectively,  we  have 

(  l\  +  nip,  +  nv  =  0, 

(55)  < 

(  (l+Sl)\  +  (m  +  $m)p  +  (n+&n)v=Q, 

and  consequently 

(56)  X  :  n  :  v  =  (mSn  —  nSm)  :  (n8l  —  ISri)  :  (ISm  —  mSl). 
From  (54)  it  follows  that 

(mn'-  nm')*+(nl'-  lrif+(lm'-  ml')*=  a2, 
arid  by  Taylor's  theorem, 

(57)  l+&l  =  l 


Hence  equations  (56)  may  be  replaced  by 


X  =  -  (mn'—  m'n)  -f-  e., 
a 


(58) 


where  et,  e0,  es  denote  expressions  of  the  first  and  higher  orders  in  Bv. 
If  M(x,  y,  z)  and  M'(x-\-Sx,  y  +  %,  z  -f  Bz)  are  the  points  of 
meeting  of  this  common  perpendicular  with  g  and  g1  respectively 
(fig.  24),  the  length  MM',  denoted  by  A,  is  given  by 

(59)  A 

11        v 
or 


(60)  A  =  XSr  +  ftSy  +  v8z. 
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From  (51),  after  the  manner  of  (57),  we  obtain 
Sx  =  (X'Q  +  Til')  Sv  +  ISu  +  cr, 

where  a-  involves  the  second  and  higher  powers  of  Sv.    When  this 
and  similar  values  for  Sy  and  Sz  are  substituted  in  (60),  we  have 

(61)  £=,  +  « 

where 


(62) 


I      m     n 
I'     m'    n' 


and  e  involves  first  and  higher  powers  of  Sv.    In  consequence  of 
(52)  and  (54)  we  have 

(63)  /=a*sm*00-^ 

w 

As  Sv  approaches  zero,  the  point  M  approaches  a  limiting  posi- 
tion C,  which  is  called  the  central  point  of  the  generator.  Let  a 
denote  the  value  of  u  for  this  point.  In  order  to  find  its  value  we 
remark  that  it  follows  from  the  equations  (55)  and  (59)  that 

Sx  Si      Sy  8m      Sz  Sn  _  ,. 
Sv  Sv      Sv  Sv      Sv  Sv 

If  the  above  expressions  for  these  quantities  be  substituted  in  this 
equation,  we  have  in  the  limit,  as  Sv  approaches  zero, 

(64)  a^u  +  b  =  0. 
Consequently 

(65) 


The  locus  of  the  central  points  is  called  the  line  of  striction.  Its 
parametric  equation  is  (64).  Evidently  b  =  0  is  a  necessary  and 
sufficient  condition  that  the  line  of  striction  be  the  directrix. 

From  (61)  and  (63)  it  is  seen  that  the  distance  between  near-by 
generators  is  of  the  second  order  when 

(66)  a2sin200-62=0. 

Without  loss  of  generality  we  may  take  the  line  of  striction 
for  directrix,  in  which  case  we  may  have  sin00=0,  that  is,  the 
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generators  are  tangent  to  the  directrix.  Another  possibility  is 
afforded  by  a  —  0.  From  (54)  it  is  seen  that  the  only  real  sur- 
faces satisfying  this  condition  are  cylinders.  Hence  (cf.  §  4) : 

A  necessary  and  sufficient  condition  that  a  ruled  surface,  other  than 
a  cylinder,  be  developable  is  that  the  distance  between  near-by  genera- 
tors be  of  the  second  or  higher  orders  ;  in  this  case  the  edge  of  regres- 
sion is  the  line  of  striction. 

105.  Central  plane.  Parameter  of  distribution.  The  tangent 
plane  to  a  ruled  surface  at  a  point  M  necessarily  contains  the 
generator  through  M.  It  has  been  found  (§  25)  that  for  a  devel- 
opable surface  this  plane  is  tangent  at  all  points  of  the  generator. 

We  shall  see  that  in  the  case  of  skew 
surfaces  the  tangent  plane  varies  as  M 
moves  along  the  generator.  We  deter- 
mine the  character  of  this  variation  by 
finding  the  angle  which  the  tangent 
plane  at  M  makes  with  the  tangent 
plane  at  the  central  point  C  of  the  gen- 
erator through  M.  The  tangent  plane 
at  C  is  called  the  central  plane. 
Let  g  and  gv  be  two  generators,  and  MM'  their  common  per- 
pendicular (fig.  25).  Through  the  point  M  of  g  draw  the  plane 
normal  to  g ;  it  meets  g^  in  Mv  and  the  line  through  M  parallel 
to  g^  in  M2.  The  limiting  positions  of  the  planes  M^MM  and 
M'MM,  as  <7t  approaches  g,  are  the  tangent  planes  at  M  and  at  C, 
the  limiting  position  of  M.  The  angle  between  these  planes,  de- 
noted by  <£',  is  equal  to  MM1M2,  and  the  angle  between  g  and  g^ 
denoted  by  cr,  is  equal  to  MMM2.  By  construction  MMZM1  and 
MMM2  are  right  angles.  Hence 

.,      MM,      MM  tan  a- 

tan  d>'  =  -     -A  =  -  —  • 

MM' 


In  the  limit  M  is  the  central  point  C,  and  so  we  have 

p 


.  ,      (u  —  a)  da-          (u  —  a)  a 
tan<f>=lim  tan<f>'=-     —  '-  —  =  ±-          - 
pdv 


for  we  have          da3  =  lim  (8/2  -f  Sm2  +  8n2)  =  a* 
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It  is  customary  to  write  the  above  equation  in  the  form 
(67) 


The  function  $  thus  defined  is  called  the  parameter  of  distribution. 
It  is  the  limit  of  the  ratio  of  the  shortest  distance  between  two 
generators  and  their  included  angle.  As  it  is  independent  of  the 
parameter  w,  we  have  the  theorem  : 

The  tangent  of  the  angle  between  the  tangent  plane  to  a  ruled 
surface  at  a  point  M  and  the  central  plane  is  proportional  to  the 
distance  of  M  from  the  central  point. 

From  this  it  follows  that  as  J/  moves  along  a  generator  from  —  oo 
to  +  oo,  0  varies  from  —  Tr/2  to  Tr/2.  Hence  the  tangent  planes  at 
the  infinitely  distant  points  are  perpendicular  to  the  central  plane. 
Since  /3  =  0  is  the  condition  that  a  surface  be  developable,  the 
tangent  plane  is  the  same  at  all  points  of  the  generator. 

We  shall  now  derive  equation  (67)  analytically.  From  (51)  we  find 
that  the  direction-cosines  of  the  normal  to  the  surface  are  of  the  form 


(68)  X  =  ~  mn  u 

a+tt  +  sn0 

the  expressions  for  Y  and  Z  are  similar  to  the  above.  The 
direction-cosines  X0,  I"0,  Z0  of  the  normal  at  the  central  point  are 
obtained  from  these  by  replacing  u  by  a.  From  this  we  have 

(69)  cos<f>=2A".X0 

(mz'0  —  ny'0)(mn'—m'n)(u  +  a)  +  a*ua 


(aV  +  2  bit  +  sin200)*  (aV  +2ba  +  sin200)4 

which  leads  to 

rt*  /,/  _  nrV 

tan  d>  = 


From  this  equation  and  (67)  we  have 

4 


(70)  J8.±. 


<r 


I      in     n 
V     m'    n' 


When  the  surface  is  defined  by  its  linear  element,  /3  is  thus  deter- 
mined only  to  within  an  algebraic  sign.  We  shall  find,  however, 
that  this  is  not  the  case  when  the  surface  is  defined  by  equations 
of  the  form  (51). 
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To  this  end  we  take  a  particular  generator  g  for  the  z-axis. 
Then  for  g  we  have 

xQ  =  y0=Q,         l  =  m  =  Q,         w=l,         w'=0. 

Let  also  the  central  plane  be  taken  for  the  zz-plane  and  the  central 
point  for  the  origin.  From  (68)  it  follows  that  y'0  =  0.  Since  the 
origin  is  the  central  point,  b  =  0  and  consequently  Z'=0.  Hence 
the  equation  of  the  tangent  plane  at  a  point  of  g  has  the  simple  form 

(71)  «»'u£-afo=0, 

|  and  77  being  current  coordinates.  If  the  coordinate  axes  have 
the  usual  orientation,  and  the  angle  <f>  is  measured  positively  in 
the  direction  from  the  positive  a>axis  to  the  positive  ^-axis, 
from  equation  (71)  we  have 

/70\ 

(72) 


Comparing  this  with  equation  (67),  we  find  for  /9  the  value  x'Jm'. 
In  order  to  obtain  the  same  value  from  (70)  for  these  particular 
values,  we  must  take  the  negative  sign.  Hence  we  have,  in 

general, 

1    • 

I      m     n 

V     m'    n' 


•"0 

(73) 


It  is  seen  from  (72)  that,  as  a  point  moves  along  a  generator  in 
the  direction  of  u  increasing,  the  motion  of  the  tangent  plane  is 
that  of  a  right>handed  or  left-handed  screw,  according  as  ft  is 
negative  or  positive. 

EXAMPLES 

1.  Show  that  for  the  ruled  surface  defined  by 


z  =  I  u<j>du  -f  \f/v, 


where  #  and  ^  are  any  functions  of  w,  the  directrix  and  the  generators  are  minimal. 
Determine  under  what  condition  the  curvature  of  the  surface  is  constant. 

2.  Determine  the  condition  that  the  directrix  of  a  ruled  surface  be  a  geodesic. 


PARAMETER  OF  DISTRIBUTION  247 

3.  Prove,  by  means  of  (62),  that  the  lines  of  curvature  of  a  surface  F(x,  y,  2)  =  0 
are  defined  by  ^         dy         jz 

fF         cF         cF 

»  5  =   0. 

cx          dy          cz 

-  cf         ,  c -T         -  c  r 
d  — ,     d  —  i     d  — 
dx         iy          cz 

4.  The  right  helicoid  is  the  only  ruled  surface  whose  generators  are  the  principal 
normals  of  their  orthogonal  trajectories.    Find  the  parameter  of  distribution. 

5.  Prove  for  the  hyperboloid  of  revolution  of  one  sheet  that : 

(a)  the  minimum  circle  is  the  line  of  striction  and  a  geodesic ; 
(6)  the  parameter  of  distribution  is  constant. 

6.  With  every  point  P  on  a  ruled  surface  there  is  associated  another  point  P' 
on  the  same  generator,  such  that  the  tangent  planes  at  these  points  are  perpendicular. 
Prove  that  the  product  OP  •  OP',  where  O  denotes  the  central  point,  has  the  same 
value  for  all  points  P  on  the  same  generator. 

7.  The  normals  to  a  ruled  surface  along  a  generator  form  a  hyperbolic  paraboloid. 

8.  The  cross-ratio  of  four  tangent  planes  to  a  ruled  surface  at  points  of  a  gen- 
erator is  equal  to  the  cross-ratio  of  the  points. 

9.  If  two  ruled  surfaces  are  symmetric  with  respect  to  a  plane,  the  values  of 
the  parameter  of  distribution  for  homologous  generators  differ  only  in  sign. 

106.  Particular  form  of  the  linear  element.  A  number  of  prop- 
erties of  ruled  surfaces  are  readily  obtained  when  the  linear  element 
is  given  a  particular  form,  which  we  will  now  deduce. 

Let  an  orthogonal  trajectory  of  the  generators  be  taken  for  the 
directrix.  In  this  case 

(74)  00  =  £,       F 


If  we  make  the  change  of  parameters, 

PT  rr 

(75)  u  =  w,         vl  =  /   a  dv, 

Jo 

the  linear  element  (53)  is  reducible  to 

(76)  ds2  =  du2  +  [(u  -  a)2  +  £2]  dv*. 

The  angle  6  which  a  curve  i\=f(u)  makes  with  the  generators  is 
given  by 


(77)  tan  0  =  >/(«*  -  «)2 

Also  the  expression  for  the  total  curvature  is 

(78)  *— 
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Hence  a  real  ruled  surface  has  no  elliptic  points.  All  the  points 
are  hyperbolic  except  along  the  generators  for  which  y3  =  0,  and 
at  the  infinitely  distant  points  on  each  generator.  Consequently 
the  linear  element  of  a  developable  surface  may  be  put  in  the  form 

(7  9)  ds*  =  d u*  +(u-  afdv\ 

Also,  in  the  region  of  the  infinitely  distant  points  of  a  ruled  sur- 
face the  latter  has  the  character  of  a  developable  surface.  As 
another  consequence  of  (78)  we  have  that,  for  the  points  of  a 
generator  the  curvature  is  greatest  in  absolute  value  at  the  cen- 
tral point,  and  that  at  points  equally  distant  from  the  latter  it 
has  the  same  value. 

When  the  linear  element  is  in  the  form  (76),  the  Gauss  equation 
of  geodesies  (VI,  56)  has  the  form 


(u  —  a)  dvl  =  0. 

An  immediate  consequence  is  the  theorem  of  Bonnet : 

If  a  curve  upon  a  ruled  surface  has  two  of  the  following  properties, 
it  has  the  third  also,  namely  that  it  cut  the  generators  under  constant 
angle,  that  it  be  a  geodesic  and  that  it  be  the  line  of  striction. 

A  surface  of  this  kind  is  formed  by  the  family  of  straight  lines 
which  cut  a  twisted  curve  under  constant  angle  and  are  perpen- 
dicular to  its  principal  normals.  A  particular  case  is  the  surface 
formed  of  the  binormals  of  a  curve.  It  is  readily  shown  from  (73) 
that  the  parameter  of  distribution  of  this  surface  is  equal  to  the 
radius  of  torsion  of  the  curve. 

107.  Asymptotic  lines.  Orthogonal  parametric  systems.  The  gen- 
erators are  necessarily  asymptotic  lines  on  a  ruled  surface.  We 
consider  now  the  other  family  of  these  lines.  From  (51)  and  (68) 
we  find  r  ,  , 


(80)       #  =  0,  £>'= 


V    m'    n' 
I     m     n 


'       '       ' 


-*-*-  •  •  •  -*•*•  it    ,          //  /     .          f 

zj+nu    n    z'0+n'u 


I    4+l'u 
m    y'0+m'u 


Hence   the  differential   equation  of  the  other  family  of  asymp- 
totic lines  is  of  the  form 


dv 
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where  i,  Jtf,  N  are  functions  of  v.    As  this  is  an  equation  of  the 
Riccati  type,  we  have,  from  §  14,  the  theorem  of  Serret: 

The  four  points  in  which  each  generator  of  a  ruled  surface  is  cut 
by  four  curved  asymptotic  lines  are  in  constant  cross-ratio. 

From  §  14  it  follows  also  that  when  one  of  these  asymptotic 
lines  is  known  the  others  can  be  found  by  quadratures. 

When  the  surface  is  referred  to  an  orthogonal  system  and  the  linear  element  is 
in  the  form  (76),  written 

(81)  ds2  =  du2  +  a2  [(u  -  a)2  +  /S2]  dt>2, 

the  expressions  (80)  can  be  given  a  simpler  form. 

From  (73)  and  (81)  we  have 

H  =  a[(u-a)*  +  p]*,      Jy  =  ^' 

j± 

From  the  equations       "Zxtf.  =  0,      Zz62  =  1,  ZP  =  1, 

and  (54)  we  obtain,  by  differentiation, 

Za&co"  =  0,        ZH'  =  0,          Zz5'l  =  -  6, 

ZJ'J"  =  oa',   Z«"  =  -  a2,    Zl'z£'  =  b'-t, 
where  t  is  denned  by  ZZ"«o  =  t. 

If  the  expression  for  D"  in  (80)  be  multiplied  by  the  determinant  of  the  right- 
hand  member  of  (73),  and  the  result  be  divided  by  its  equal,  —  a2/3,  we  have,  in 
consequence  of  the  above  identities, 

D"  =  --  -—  [u2  (fa2  -  aa'6)  +  u  (2  tb  -  aa'  -  W)  +  t  -  V]. 


If  equations  (74)  be  solved  for  a  and  b  as  functions  of  a  and  /3,  and  the  resulting 
expressions  be  substituted  in  this  equation,  we  have 

D"  =  -  |^{r[(u  -  a)2  +  /S2]  +  0>  -  a)  +  /So-}, 

where  the  primes  indicate  differentiation  with  respect  to  ti,  given  by  (75),  and  r 
is  denned  by  n' 


From  the  above  equations  it  follows  that  the  mean  curvature  (cf  .  §  52)  is  express- 
ible in  the  form 
(82)  *    |    *=      r[( 


[(u  -  a)2  +  p]* 

EXAMPLES 

1.  When  the  linear  element  of  a  ruled  surface  is  in  the  form  (76),  the  direction- 
cosines  of  the  limiting  position  of  the  common  perpendicular  to  two  generators  are 

y&  -I-  am"          z'0  +  an' 
a/3  afi  a/3 
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2.  Prove  that  the  developable  surfaces  are  the  only  ruled  surfaces  with  real 
generators  whose  total  curvature  is  constant. 

3.  Show  that  the  perpendicular  upon  the  z-axis  from  any  point  of  the  cubic 
x  =  u,  y  —  w2,  z  =  u3  lies  in  the  osculating  plane  at  the  point,  and  find  the  asymp- 
totic lines  on  the  ruled  surface  generated  by  this  perpendicular. 

4.  Determine  the  function  <j>  in  the  equations 

x  —  M,         y  =  un,        z  =  <f>  (u), 

so  that  the  osculating  plane  at  any  point  M  of  this  curve  shall  pass  through  the 
projection  P  of  M  on  the  y-axis.  Find  the  asymptotic  lines  on  the  surface  gener- 
ated by  the  line  MP. 

5.  Show  that  the  equations 

x  =  u  sin  0  cos  f ,        y  =  u  sin  6  sin  f,        z  =  v  +  u  cos  6, 

where  6  and  \f/  are  functions  of  «,  define  the  most  general  ruled  surface  with  a  rec- 
tilinear directrix,  and  prove  that  the  equation  of  asymptotic  lines  can  be  integrated 
by  two  quadratures.  Discuss  the  case  where  6  is  constant. 

6.  Concerning  the  curved  asymptotic  lines  on  a  ruled  surface  the  following  are 
to  be  proved  : 

(a)  if  one  of  them  is  an  orthogonal  trajectory  of  the  generators,  the  determina- 
tion of  the  rest  reduces  to  quadratures ; 

(b)  if  two  of  them  are  orthogonal  trajectories,  they  are  curves  of  Bertrand ; 

(c)  if  all  of  them  are  orthogonal  trajectories,  the  surface  is  a  right  helicoid. 

7.  Determine  the  condition  that  the  line  of  striction  be  an  asymptotic  line,  and 
show  that  in  this  case  the  other  curved  asymptotic  lines  can  be  found  by  quadratures. 

8.  Find  a  ruled  surface  of  the  fourth  degree  which  is  generated  by  a  line  pass- 
ing through  the  two  lines  z  =  0,  y  =  0;  z  =  0,  x  +  y  +  z  =  1.    Show  that  these  lines 
and  the  line  a;  =  0,  x  +  y  +  z  =  1  are  double  lines.    Find  the  line  of  striction. 

9.  The  right  helicoid  is  the  only  ruled  surface  each  of  whose  lines  of  curvature 
cuts  the  generators  under  constant  angle ;  however,  on  any  other  ruled  surface 
there  are  in  general  four  lines  of  curvature  which  have  this  property. 

108.  Minimal  surfaces.  In  1760  Lagrange  extended  to  double 
integrals  the  Euler  theorems  about  simple  integrals  in  the  calculus 
of  variations,  and  as  an  example  he  proposed  the  following  problem*: 

driven  a  closed  curve  C  and  a  connected  surface  S  bounded  by  the 
curve  ;  to  determine  8  so  that  the  inclosed  area  shall  be  a  minimum. 

If  the  surface  be  defined  by  the  equation 

z  =/(3,  y}, 

the  problem  requires  the  determination  of  f(x,  y}  so  that  the  inte- 
gral (cf.  Ex.  1,  p.  77)     /»/•• 
I  W 

*  (Euvres  de  Lagrange,  Vol.  I,  pp.  354-357.  Paris,  1867. 
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extended  over  the  portion  of  the  surface  bounded  by  C  shall  be  a 
minimum.    As  shown  by  Lagrange,  the  condition  for  this  is 

(83)  d  (         P         V-J/          ? 
Myi  +  ^+jV     cy\i/l+p*+ 

or,  in  other  form, 

(84)  (l  +  f)r- 


Lagrange  left  the  solution  of  the  problem  in  this  form,  and 
Meusnier,*  sixteen  years  later,  proved  that  this  equation  is 
equivalent  to  the  vanishing  of  the  mean  curvature  (§  52),  thus 
showing  that  the  surfaces  furnishing  the  solution  of  Lagrange's 
problem  are  characterized  by  the  geometrical  property  which  now 
is  usually  taken  as  the  definition  of  minimal  surfaces;  however,  the 
name  indicates  the  connection  with  the  definition  of  Lagrange.f 

In  what  follows  we  purpose  giving  a  discussion  of  minimal  sur- 
faces from  the  standpoint  of  their  definition  as  the  surfaces  whose 
mean  curvature  is  zero  at  all  the  points.  At  each  point  of  such  a 
surface  the  principal  radii  differ  only  in  sign,  and  so  every  point 
is  a  hyperbolic  point  and  its  Dupin  indicatrix  is  an  equilateral 
hyperbola.  Consequently  minimal  surfaces  are  characterized  by 
the  property  that  their  asymptotic  lines  form  an  orthogonal  sys- 
tem. Moreover,  the  tangents  to  the  two  asymptotic  lines  at  a 
point  bisect  the  angles  between  the  lines  of  curvature  at  the  point, 
and  vice  versa. 

We  recall  the  formulas  giving  the  relations  between  the  funda- 
mental quantities  of  a  surface  and  its  spherical  representation 
(IV,  70): 

(85)       £=KmD  —  KEi     &=Km&  —  KFi     g=KmD"-KG. 


From  these  we  have  at  once  the  theorem  : 

The  necessary  and  sufficient  condition  that  the  spherical  represen- 
tation of  a  surface  be  conformal  is  that  the  surface  be  minimal. 

*  Memoire  sur  la  .courbure  des  surfaces,  Memoires  des  Savants  Strangers,  Vol.  X 
(1785),  p.  477. 

t  For  a  historical  sketch  of  the  development  of  the  theory  of  minimal  surfaces  and  a 
complete  discussion  of  them  the  reader  is  referred  to  the  Le<;ons  of  Darboux  (Vol.  I,  pp. 
267  et  seq.).  The  questions  in  the  calculus  of  variations  involved  in  the  study  of  mini- 
mal surfaces  are  treated  by  Riemann,  Gesammelte  Werke,  p.  287  (Leipzig,  1876)  ;  and  by 
Schwarz,  Gesammelte  Abhandlungen,  Vol.  I,  pp.  223,  270  (Berlin,  1890). 
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Hence  isothermal  orthogonal  systems  on  the  surface  are  repre- 
sented by  similar  systems  on  the  sphere,  and  conversely.  All  the 
isothermal  orthogonal  systems  on  the  sphere  are  known  (§§  35,  40). 
Suppose  that  one  of  these  systems  is  parametric  and  that  the  linear 
element  is  d<r*=\(du2+  dv*). 

From  the  general  condition  for  minimal  surfaces  (IV,  77),  namely 

(86)  £D"  +£D-2&D'=  0, 
it  follows  that  in  this  case  „  _  ~ 

In  consequence  of  this  the  Codazzi  equations  (V,  27)  are  reducible  to 

(87)  ^-^  =  0,         f  +  ^'  =  0. 

ov       cu  cu       ov 

By  eliminating  D  or  D'  we  find  that  both  D  and  D'  are  integrals 
of  the  equation  ~<LQ  ^.Q 

du*  +  dv*  =  °* 
Hence  the  most  general  form  of  D'  is 

(88)  D'  =  (/>  (u  +  iv}  +  ty(u  —  iv), 

where  $  and  -fr  are  arbitrary  functions.    Then  from  (87)  we  have 

(89)  D  =  -D"=-  i  (<£  -  i/r)  +  c, 

where  c  is  the  constant  of  integration.  To  each  pair  of  functions 
</>,  ty  there  corresponds  a  minimal  surface  whose  Cartesian  coordi- 
nates are  given  by  the  quadratures  (V,  26),  namely 


(90)        .- 

du         \\     du  to  J        dv 

and  similar  expressions  in  y  and  z.    Evidently  the  surface  is  real 
only  when  <f>  and  ty  are  conjugate  functions. 

In  obtaining  the  preceding  results  we  have  tacitly  assumed  that 
neither  D  nor  D'  is  zero.  We  notice  that  either  may  be  zero  and 
then  the  other  is  a  constant,  which  is  zero  only  for  the  plane. 
These  results  may  be  stated  thus: 

Every  isothermal  system  on  the  sphere  is  the  representation  of  the 
lines  of  curvature  of  a  unique  minimal  surface  and  of  the  asymptotic 
lines  of  another  minimal  surface. 
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The  converse  also  is  true,  namely: 

The  spherical  representation*  of  the  lines  of  curvature  and  of  the 
asymptotic  lines  of  a  minimal  surface  are  isothermal  systems. 

For,  if  the  lines  of  curvature  are  parametric,  equation  (86)  may 
be  replaced  by  D  =  p^         D>,  =  _  p^ 

where  p  is  equal  to  either  principal  radius  to  within  its  algebraic 
sign.  When  these  values  and  Z>'  =  ^=0  are  substituted  in  the 
Codazzi  equations  (V,  27),  we  obtain 


cv 

so  that  &l$  '=  U/V,  which  proves  the  first  part  of  the  theorem  (§  41). 
When  the  asymptotic  lines  are  parametric,  we  have  D=D"=&=0, 
and  equations  (V,  27)  reduce  to 


ev 
from  which  it  follows  that  £/g=U/V. 

109.  Lines  of  curvature  and  asymptotic  lines.  Adjoint  minimal 
surfaces.  We  return  to  the  consideration  of  equations  (87)  and 
investigate  first  the  minimal  surface  with  its  lines  of  curvature 
represented  by  an  isothermal  system.  Without  loss  of  generality,* 
we  may  take 

(91)  D  =  -Z>"  =  1,         IX=0. 

From  (IV,  77)  it  follows  that 

-  =  --  -  =  —  X2,          E  =  G  =  p, 

PlP«.  Pi 

where  p  =  \pi\  =  \ps]. 

Hence  we  have  the  theorem  : 

The  parameters  of  the  lines  of  curvature  of  a  minimal  surface  may 
be  so  chosen  that  the  linear  elements  of  the  surface  and  of  its  spher- 
ical representation  have  the  respective  forms 

d?  =  p  (du*  +  dv*),         da3  =  -  (du*  +  dip), 

P 

where  p  is  the  absolute  value  of  each  principal  radiut. 

*  Any  other  value  of  the  constant  leads  to  homothetic  surfaces- 
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In  like  manner  we  may  take,  for  the  solution  of  equations  (87), 
(92)  D  =  JD"=0,          D'  =  l. 

Again  we  find       1  1 


,  , 

PiPz  Pi 

so  that  we  have  a  result  similar  to  the  above  : 

The  parameters  of  the  asymptotic  lines  of  a  minimal  surface  may 
be  BO  chosen  that  the  linear  elements  of  the  surface  and  of  its  spherical 
representation  have  the  respective  forms 

ds2  =  p  (du2  +  dv2),          da-2  =  -  (du2  +  dv*), 

P 

where  p  is  the  absolute  value  of  each  principal  radius. 

From  the  symmetric  form  of  equations  (87)  it  follows  that  if 
(88)  and  (89)  represent  one  set  of  solutions,  another  set  is  given  by 


These  values  are  such  that 

DD'{  +  D"Dl  -  2  D'D[  =  0, 

which  is  the  condition  that  asymptotic  lines  on  either  surface  cor- 
respond to  a  conjugate  system  on  the  other  (§  56).  When  this 
condition  is  satisfied  by  two  minimal  surfaces,  and  the  tangent 
planes  at  corresponding  points  are  parallel,  the  two  surfaces  are 
said  to  be  the  adjoints  of  one  another.  Hence  a  pair  of  functions 
</>,  -^  determines  a  pair  of  adjoint  minimal  surfaces.  When,  in  par- 
ticular, the  asymptotic  lines  on  one  surface  are  parametric,  the 
functions  have  the  values  (92),  and  on  the  other  the  values  (91). 
It  follows,  then,  from  (90),  that  between  the  Cartesian  coordinates 
of  a  minimal  surface  and  its  adjoint  the  following  relations  hold: 

QQ  dx  ?jx          dx       dzm 

(tfO)  -  =  --  »  -  '  =  -  , 

cu          dv  dv      cu 

and  similar  expressions  in  the  #'s  and  z's,  when  the  parametric 
curves  are  asymptotic  on  the  locus  of  (#,  y,  z). 

110.  Minimal  curves  on  a  minimal  surface.  The  lines  of  length 
zero  upon  a  minimal  surface  are  of  fundamental  importance.  When 
they  are  taken  for  parametric  curves,  the  equations  of  the  surface 
take  a  simple  form,  which  we  shall  now  obtain. 
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Since  the  lines  of  length  zero,  or  minimal  lines,  are  parametric, 
we  have 


From  (85)  it  follows  that  the  parametric  lines  on  the  sphere  also  are 
minimal  lines,  that  is,  the  imaginary  rectilinear  generators.  And 
from  (86)  we  find  that  D'  is  zero.  Conversely,  when  the  latter  is 
zero,  and  the  parametric  lines  are  minimal  curves,  it  follows  from 
(IV,  33)  that  Km  is  equal  to  zero.  Hence  : 

A  necessary  and  sufficient  condition  that  a  surface  be  minimal  is 
that  the  lines  of  length  zero  form  a  conjugate  system.* 

In  consequence  of  (94)  and  (VI,  26)  the  point  equation  of  a 
minimal  surface,  referred  to  its  minimal  lines,  is 

'     =  0. 


cucv 

Hence  the  finite  equations  of  the  surface  are  of  the  form 

(95)  x^+r*         y  =  U,+  l\,         z  =  £'3+F3, 

where  U^  ?72,  Us  are  functions  of  u  alone,  and  V^  F2,  F8  are 
functions  of  v  alone,  satisfying  the  conditions 

(96)  u?  +  v'*  +  u'i  =  o,       17  +  F22  +  v?  =  o. 

From  (95)  it  is  seen  that  minimal  surfaces  are  surfaces  of  trans- 
lation (§  81),  and  from  (96)  that  the  generators  are  minimal 
curves  (§  22).  In  consequence  of  the  second  theorem  of  §  81  we 
may  state  this  result  thus : 

A  minimal  surface  is  the  locus  of  the  mid-points  of  the  joins  of 
points  on  two  minimal  curves. 

In  §  22  we  found  that  the  Cartesian  coordinates  of  any  minimal 
curve  are  expressible  in  the  form 

(97)       f  (1  -  w2)  F(u)  flu,     i  f  (1  +  u*)  F(u)  du,     2  Cu  F(u)  du. 

*  This  follows  also  from  the  fact  that  an  equilateral  hyperbola  is  the  only  conic  for 
which  the  directions  with  angular  coefficients  ±  i  are  conjugate. 
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Hence  by  the  above   theorem  the   following   equations,  due  to 
Enneper  *,  define  a  minimal  surface  referred  to  its  minimal  lines : 


(98) 


x  =  i  f  (1  -  u2)  F(u)  du  +  |J*(1  -  v*)  3>  (v)  dv, 
)  du  -  1 


2=1  uF(u)du+  I  v<&(v)dv, 


where  F  and  <I>  are  any  analytic  functions  whatever.  Moreover, 
any  minimal  surface  can  be  defined  by  equations  of  this  form. 
For,  the  only  apparent  lack  of  generality  is  due  to  the  fact  that 
the  algebraic  signs  of  the  expressions  (98)  are  not  determined 
by  equations  (96),  and  consequently  the  signs  preceding  the 
terms  in  the  right-hand  members  of  equations  (98)  could  be 
positive  or  negative.  But  it  can  be  shown  that  by  a  suitable 
change  of  the  parameters  and  of  the  functions  F  and  4>  all  of 
these  cases  reduce  to  (98).  Thus,  for  example,  we  consider  the 
surface  defined  by  the  equations  which  result  when  the  second 
terms  of  the  right-hand  members  of  (98)  are  replaced  by 


In  order  that  the  surface  thus  defined  can  be  brought  into  coin- 
cidence, by  a  translation,  with  the  surface  (98),  we  must  have 

(1  -  ttf)  <&!&»!  =  (1  -  v2)  3>  dv,         (1  +  v*)  ^Idv1  =  -  (1  +  v2)  $  dv, 


Dividing  these  equations,  member  by  member,  we  have 
l-<         1  +  f  2     vl 


from  which  it  follows  that 

h 

Substituting  this  value  in  the  last  of.  the  above  equations,  we  find 


Zeitschrift  fur  Mathematik  und  Phytik,  Vol.  IX  (1864),  p.  107. 
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and  this  value  satisfies  the  other  equations.  Similar  results  fol- 
low when  another  choice  of  signs  is  made.  The  reason  for  the 
particular  choice  made  in  (98)  will  be  seen  when  we  discuss  the 
reality  of  the  surfaces. 

Incidentally  we  have  proved  the  theorem  : 

When  a  minimal  surface  is  defined  by  equations  (98),  the  necessary 
and  sufficient  condition  that  the  two  generating  curves  be  congruent 
is  that 

(99)  ,(ll)  =  _l 

From  (98)  we  obtain 


so  that  the  linear  element  is 

(100)  <f*2  =  (1  +  uvf  F(u)  3>  (v)  dudv. 

We  find  for  the  expressions  of  the  direction-cosines  of  the  normal 


1  +  uv  1  +  uv 

and  the  linear  element  of  the  sphere  is 

,  „  _  4  dudv 
Also  we  have 

(102)  D  =  —  F(u),         Z>'=0,         Z>"=  —  4>(v), 

so  that  the  equations  of  the  lines  of  curvature  and  of  the  asymp- 
totic lines  are  respectively 

(103)  F(u)d\ 

(104)  F(u)d-t 

These  equations  are  of  such  a  form  that  we  have  the  theorem : 

When  a  minimal  surface  is  referred  to  its  minimal  lines,  the  finite 
equations  of  the  lines  of  curvature  and  asymptotic  lines  are  given  by 
quadratures,  which  are  the  same  in  both  cases. 

In  order  that  a  surface  be  real  its  spherical  representation  must 
be  real.  Consequently  u  and  v  must  be  conjugate  imaginaries,  as 
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is  seen  from  (101)  and  §  13,  and  the  functions  F  and  4>  must  be 
conjugate  imaginary.  Hence  if  R6  denotes  the  real  part  of  a 
function  0,  all  real  minimal  surfaces  are  denned  by 

x  =  R  f  (1  -  w2)  F(u)  du,         y=R  Ci  (1  +  w2)  F(u)  du, 
z=R  f%uF(u)du, 

where  F(u)  is  any  function  whatever  of  a  complex  variable  u. 
In  like  manner  the  equations  of  the  lines  of  curvature  may  be 
written  in  the  form 

(105)  R  I  ^F(u)  du  =  const.,       R  I  i^F(u)du  =  const. 

111.  Double  minimal  surfaces.  It  is  natural  to  inquire  whether 
the  same  minimal  surface  can  be  denned  in  more  than  one  way  by 
equations  of  the  form  (98).  We  assume  that  this  is  possible,  and 
indicate  by  wt,  vl  and  F^uJ,  ^>1(v1)  the  corresponding  parameters 
and  functions.  As  the  parameters  u^  v^  refer  to  the  lines  of  length 
zero  on  the  surface,  each  is  a  function  of  either  u  or  v.  In  order  to 
determine  the  forms  of  the  latter  we  make  use  of  the  fact  that  the 
positive  directions  of  the  normal  to  the  surface  in  the  two  forms  of 
parametric  representation  may  have  the  same  or  opposite  senses. 
When  they  have  the  same  sense,  the  expressions  (101)  and  similar 
ones  in  ut  and  vl  must  be  equal  respectively.  In  this  case 

(106)  Wj=w,  v1=v. 

If  the  senses  are  opposite,  the  respective  expressions  are  equal  to 
within  algebraic  signs.  From  the  resulting  equations  we  find 

(107)  ««!  =  --,        v1  =  --- 

V  U 

When  we  compare  equations  (98)  with  analogous  equations  in 
ul  and  vt,  we  find  that  for  the  case  (106)  we  must  have 


and  for  the  case  (107) 
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Hence  we  have  the  theorem  : 

A  necessary  and  sufficient  condition  that  two  minimal  surfaces,  deter- 
mined by  the  pairs  of  functions  F,  <£  and  F^  4>t,  be  congruent  is  that 


(108)  F\(u)  =  --t 

U* 

to  the  point  (u.  v)  on  one  surface  corresponds  the  point  (  --  »  --  )  on 

'      i'        u/ 

the  other,  and  the  normals  at  these  points  are  parallel  but  of  different 
sense. 

In  general,  the  functions  F  and  Fl  as  given  by  (108)  are  not  the 
same.  If  they  are,  so  also  are  <I>  and  4>r  In  this  case  the  right-hand 
members  of  equations  (98)  are  unaltered  when  u  and  v  are  replaced 
by—  1/v  and  —  1/u  respectively.  Hence  the  Cartesian  coordinates 

of  the  points  (u,  v)  and  (  --  »  --  )  differ  at  most  by  constants.   And 

\     v        ui 

so  the  regions  of  the  surface  about  these  points  either  coincide  or 
can  be  brought  into  coincidence  by  a  translation.  In  the  latter  case 
the  surface  is  periodic  and  consequently  transcendental. 

Suppose  that  it  is  not  periodic,  and  consider  a  point  PQ(UO,  v0).  As 
u  varies  continuously  from  «0  to  —  l/r0,  v  varies  from  v0  to  —  l/i/0, 
and  the  point  describes  a  closed  curve  on  the  surface  by  returning 
to  P0.  But  now  the  positive  normal  is  on  the  other  side  of  the  sur- 
face. Hence  these  surfaces  have  the  property  that  a  point  can  pass 
continuously  from  one  side  to  the  other  without  going  through  the 
surface.  On  this  account  they  were  called  double  minimal  surfaces 
by  Lie,*  who  was  the  first  to  study  them. 

From  the  third  theorem  of  §  110  it  follows  that  double  minimal 
surfaces  are  characterized  by  the  property  that  the  minimal  curves 
in  both  systems  are  congruent.  The  equations  of  such  a  surface 
may  be  written 


The  surface  is  consequently  the  locus  of  the  mid-points  of  the 
chords  of  the  curve 


which  lies  upon  the  surface  and  is  the  envelope  of  the  parametric 
curves. 

*  Math.  Annalen,  Vol.  XIV  (1878),  pp.  315-350. 
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EXAMPLES 

1.  The  focal  sheets  of  a  minimal  surface  are  applicable  to  one  another  and  to 
the  surface  of  revolution  of  the  evolute  of  the  catenary  about  the  axis  of  the  latter. 

2.  Show  that  there  are  no  minimal  surfaces  with  the  minimal  lines  in  one 
family  straight. 

3.  If  two  minimal  surfaces  correspond  with  parallelism  of  tangent  planes,  the 
minimal  curves  on  the  two  surfaces  correspond. 

4.  If  two  minimal  surfaces  correspond  with  parallelism  of  tangent  planes,  and 
the  joins  of  corresponding  points  be  divided  in  the  same  ratio,  the  locus  of  the 
points  of  division  is  a  minimal  surface. 

5.  Show  that  the  right  helicoid  is  defined  by  F(u)  =  im/2  u"2,  where  m  is  a  real 
constant,  and  that  it  is  a  double  surface. 

2 

6.  The  surface  for  which  F(u)  =  —     —  is  called  the  surface  of  Scherk.   Find  its 

1  —  u* 

equation  in  the  Monge  form  z  —  f(x,  y).    Show  that  it  is  doubly  periodic  and  that 
it  is  a  surface  of  translation  with  real  generators  which  are  in  perpendicular  planes. 

7.  By  definition  a  meridian  curve  on  a  surface  is  one  whose  spherical  representa- 
tion is  a  great  circle  on  the  unit  sphere.   Show  that  the  surface  of  Scherk  possesses 
two  families  of  plane  meridian  curves. 

112.  Algebraic  minimal  surfaces.  Weierstrass*  remarked  that 
formulas  (98)  can  be  put  in  a  form  free  of  all  quadratures.  This 
is  done  by  replacing  F(u)  and  4>(v)  by  f'"(u)  and  <£'"(v),  where 
the  accents  indicate  differentiation,  and  then  integrating  by 
parts.  This  gives 


/// /     \      i          -/•//     \           J* /     \     *      -1-  i  If/ 

"(u)  +  uf'(u)  —f(u)  -\ —  <p"(t 

4-  w2  1  4-  f)2 

•    "*    j*n/..\         ' ei/..\    i     'j?/..\         *  *    i    l 


(109) 


z  =  uf"(u)  — f'(u}  +  v$"(v)  —  </>'(v). 

It  is  clear  that  the  surface  so  defined  is  real  when  /  and  <j>  are 
conjugate  imaginary  functions.  In  this  case  the  above  formulas 
may  be  written : 

'x  =  E[(l-  u2)f"(u)  +  2  uf'(u)  -  2/(w)], 
(110)  \y  =  Ri  [(1  +  u*)f"(u)  -  2  uf'(u)  +  2/(u)]f 


*  Monatsberichte  der  Berliner  Akademie  (1866),  p.  619. 
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However,  it  is  not  necessary,  as  Darboux  *  has  pointed  out,  that 
f  and  </>  be  conjugate  iraaginaries  in  order  that  the  surface  be  real. 
For,  equations  (109)  are  unaltered  if  /and  <£  be  replaced  by 

f^u)  =/(u)  +  A  (1  -  u*)  +  Bi  (1  +  w2)  +  2  <7w, 
<k(v)  =  0(tf)  -  A  (1  -  v2)  4-  Bi  (1  +  v8)  -  2  Cv, 

where  .4,  2?,  (7  are  any  constants  whatever.  Evidently,  if  /  and  <j> 
are  conjugate  imaginaries,  the  same  is  not  true  in  general  of  /x 
and  <f>l  ;  but  the  surface  was  real  for  the  former  and  consequently 
is  real  for  the  latter  also.  It  is  readily  found  that  fl  and  <f>l 
are  conjugate  imaginary  functions  only  in  case  A,  B,  C  are  pure 
imaginaries. 

Formulas  (109)  are  of  particular  value  in  the  study  of  algebraic 
surfaces.  Thus,  it  is  evident  that  the  surface  is  algebraic  when/ 
and  <f>  are  algebraic.  Conversely,  every  algebraic  minimal  surface 
is  determined  by  algebraic  functions  /  and  </>.  In  proving  this  we 
follow  the  method  suggested  by  Weierstrass.f 

We  establish  first  the  following  lemma  : 

Given  a  function  Q^  +  iij)  and  let  ^(^,  77)  denote  the  real  part 
of  <I>  ;  if  in  a  certain  domain  an  algebraic  relation  exists  between  ^ 
£,  and  77,  <I>  is  an  algebraic  function  of  f  +  z?/. 

If  the  point  £  =  0,  77  =  0  does  not  lie  within  the  domain  under 
consideration,  this  can  be  effected  by  a  change  of  variables  without 
vitiating  the  argument.  Assuming  that  this  has  been  done,  we 
develop  the  function  <I>  in  a  power  series,  thus  : 

3>  =  a0  +  ibQ  +  (a,  +  ibj  (£  +  iii)  +  (a,  +  iba)  (£  +  «;)*  +  •  -  •  , 
where  the  a's  and  J's  are  real  constants.    Evidently  "^  is  given  by 


\  (at-  ti.,)  (f  -  i'/r  + 

Let  F(Vi  ^,  77)  =  0  denote  a  rational  integral  relation  between  "S^, 
£,  and  ?;.  When  ^  has  been  replaced  by  the  above  value,  and  the 
resulting  expression  is  arranged  in  powers  of  £  and  77,  the  coeffi- 
cient of  every  term  is  identically  zero.  They  will  continue  to  be 
zero  when  £  and  77  have  been  replaced  by  two  complex  quantities 

*  Vol.  T,  p.  293.         t  Monatsberichte  der  Berliner  Akademie  (1867),  pp.  511-518. 
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a  and  /3,  provided  that  the  development  remains  convergent.  The 
condition  for  the  latter  is  that  the  moduli  of  a  and  /3  be  each  one 
half  the  modulus  of  £  +  iij.  This  condition  is  satisfied  if  we  take 


2 

2» 

Now  we  have 

1 

1 

^i 

^  (  (Y      J™>i  ~~~"  /  ft    -    -  -  7/) 

\    1     (p  /  C  , 

y^j  r*j        f\  \Mo            i 

>/     2      vs 

so  that 

y^\                       /^T               -»-t    r  JtL 

,]  =  0, 

which  proves  the  lemma. 

In  applying  this  lemma  to  real  minimal  surfaces  we  note  from 

(101)  that 

X         u  +  v  Y        u—v 


l-Z         2  \-Z        2i 

consequently  the  left-hand  members  of  these  equations  are  equal 
to  u1  and  vl  respectively,  where  u  =  wx  +  ivr  When  the  surface  is 
algebraic  there  exists  an  algebraic  relation  between  the  functions 

X          Y 

-  -  »  -  -  and  each  of  the  Cartesian  coordinates.*  Since,  then, 
.L  —  &  J_  —  /j 

there  is  an  algebraic  relation  between  wt,  v^  and  each  of  the 
coordinates  given  by  (110),  it  follows  from  the  lemma  that  each 
of  the  three  expressions 


=  (1  -  u2)f"(u)  +  2  uf(u)  - 
(w)  =  *'(!  +  u2)f"(u)-  2  iuf'(u)  +  2  if(u), 


are  algebraic  functions  of  w,  and  so  also  is/(w)  ;  for, 


Hence  we  have  demonstrated  the  theorem  of  Weierstrass  : 

The  necessary  and  sufficient  condition  that  equation  (110)  define  an 
algebraic  surface  is  thatf(u)  be  algebraic. 


*  For,  if  the  surface  is  defined  by  F(x,  y,  z)  —  0,  the  direction-cosines  of  the  normal 

X          T 
1  -  Z'  1  -  Z' 


X          Y 

are  functions  of  x,  y,  z.    Eliminating  two  of  the  latter  between  —- — -,- -,  aud 


F(x,  y,  z)  =  0,  we  have  a  relation  of  the  kind  described. 
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113.  Associate  surfaces.  When  the  equations  of  a  minimal 
surface  $  are  written  in  the  abbreviated  form  (95),  the  linear 
element  is  , 


This  is  the  linear  element  also  of  a  surface  defined  by 

(111)     a^^ZVM-T,,   ya=eiaUz+e~iaV^    za  =  e*U,+  <r*F,, 

where  a  is  any  constant.  There  are  an  infinity  of  such  surfaces, 
called  associate  minimal  surfaces.  It  is  readily  found  that  the  direc- 
tion-cosines of  the  normal  to  any  one  have  the  values  (101).  Hence 
any  two  associate  minimal  surfaces  denned  by  (111)  have  their  tan- 
gent planes  at  corresponding  points  parallel,  and  are  applicable. 

Of  particular  interest  is  the  surface  Sl  for  which  a  =  ir/2.    Its 
equations  are 


1 

(112)         {*!=*— i  f  (1 +  «?).?(*)<*« —  5 

z 


l=i  I  uF(u)du  —  i  I  r<&(v)dv. 


In  order  to  show  that  Sl  is  the  adjoint  (§  109)  of  S,  we  have  only 
to  prove  that  the  asymptotic  lines  on  either  surface  correspond  to 
the  lines  of  curvature  on  the  other.  For  Sl  the  equations  of  the 
lines  of  curvature  and  asymptotic  lines  are 

iF(u)du*+  i®(v)dvi=  0, 
if(u)dn-  —  i&(v)di?=  0, 

respectively.  Comparing  these  with  (103)  and  (104),  we  see  that 
the  desired  condition  is  satisfied. 

From  (98)  and  (112)  we  obtain  the  identities 


(113) 

(  dx  dxl  +  dy  dy^  4-  dz  dzl  =  0. 

The  latter  has  the  following  interpretation  : 

On  tico  adjoint  minimal  surfaces  at  points  corresponding  with  par- 
allelism of  tangent  planes  the  tangents  to  corresponding  curves  are 
perpendicular. 
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From  (105)  it  follows  that  if  we  put 

u  +  iv  =  I  ^/~F(u)  du, 

the  curves  u  =  const,  and  v  =  const,  on  the  surface  are  its  lines  of 
curvature.  Moreover,  for  an  associate  surface  the  lines  of  curva- 
ture are  given  by 

ia  ia 

R  [e2  (u  +  iv)]  =  const.,  R [ie*  (u  +  iv)]  =  const., 

a  a  -   .    a  a 

u  cos  -  —  v  sin  -  =  const.,         u  sin  -~  +  v  cos  -  =  const. 

From  this  result  follows  the  theorem : 

The  lines  of  curvature  on  a  minimal  surface  associate  to  a  surface 
S  correspond  to  the  curves  on  S  which  cut  its  lines  of  curvature  under 
the  constant  angle  a/  2. 

Since  equations  (111)  may  be  written 

'  xa  =  x  cos  a  +  Xi  sin  a, 

za=  z  cos  a  +  zl  sin  a, 

the  plane  determined  by  the  origin  of  coordinates,  a  point  P  on  a 
minimal  surface  and  the  corresponding  point  on  its  adjoint,  con- 
tains the  point  Pa  corresponding  to  P  on  every  associate  minimal 
surface.  Moreover,  the  locus  of  these  points  Pa  is  an  ellipse  with  its 
center  at  the  origin.  Combining  this  result  and  the  first  one  of 
this  section,  we  have 

A  minimal  surface  admits  of  a  continuous  deformation  into  a  series 
of  minimal  surfaces,  and  each  point  of  the  surface  describes  an  ellipse 
whose  plane  passes  through  a  fixed  point  which  is  the  center  of  the 
ellipse. 

114.  Formulas  of  Schwarz.  Since  the  tangent  planes  to  a  minimal 
surface  and  its  adjoint  at  corresponding  points  are  parallel,  we  have 


From  this  and  the  second  of  (113)  we  obtain  the  proportion 

dxl         __  dy^  ___  dz^ 

' 


Zdy  —  Ydz      Xdz  —  Zdx~  Ydx  —  Xdy 
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In  consequence  of  the  first  of  (113)  the  sums  of  the  squares  of  the 
numerators  and  of  the  denominators  are  equal.  And  so  the  com- 
mon ratio  is  +1  or  —1.  If  the  expressions  for  the  various  quanti- 
ties be  substituted  from  (98),  (101),  and  (112),  it  is  found  that  the 
value  is  —1.  Hence  we  have 


(115)     dx^Ydz  —  Zdy,    dyv=Zdx  —  Xdz,    dzl=Xdy  —  Ydx. 
From  these  equations  and  the  formulas  (95),  (112)  we  have 

2  Ul  =  x  —  ixl  =  x  +  i  I  Zdy  —  Ydz, 


(116) 


and 


(117) 


=    —     =    +  * 


J/-v*- 


2U,=  z  —  izl  =  z+i  I  Ydr  —  Xdy, 
2  Vl  =  x  +  ixl  =  x  —  i  I  Zdy  —  Y dz, 


2  V  — 


izl  =  z-i  ^Ydx  -  Xdy. 


These  equations  are  known  as  the  formulas  of  Schwarz.*  Their 
importance  is  due  to  their  ready  applicability  to  the  solution  of 
the  problem  : 

To  determine  a  minimal  surface  passing  through  a  given  curve 
and  admitting  at  each  point  of  the  curve  a  given  tangent  plane.^ 

In  solving  this  problem  we  let  C  be  a  curve  whose  coordinates 
x,  y,  z  are  analytic  functions  of  a  parameter  t,  and  let  X,  Y,  Z  be 
analytic  functions  of  t  satisfying  the  conditions 


*  CreUe,  Vol.  LXXX  (1875),  p.  291. 

t  This  problem  is  &  special  case  of  the  more  general  one  solved  by  Cauchy  :  To  deter- 
mine an  integral  surface  of  a  differential  equation  passing  through  a  curve  and  admitting 
at  each  point  of  the  curve  a  given  tangent  plane.  For  minimal  surfaces  the  equation  is 
(84).  Canchy  showed  that  such  a  surface  exists  in  general,  and  that  it  is  unique  unless  the 
curve  is  a  characteristic  for  the  equation.  His  researches  are  inserted  in  Vols.  XIV,  XV 
of  the  Comptes  Rendus.  The  reader  may  consult  also  Kowalewski,  Theorie  der  partiellen 
Differentialgleichungen,  Crelle,  Vol.  LXXX  (1875),  p.  1;  and  Goursat,  Cows  d'  Analyse 
Mathematique,  Vol.  II,  pp.  563-567  (Paris,  1905). 
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If  a-H,  «/„,  zu  denote  the  values  of  x,  y,  z  when  t  is  replaced  by  a 
complex  variable  w,  and  xv,  yv,  zv  the  values  when  t  is  replaced 
by  v,  the  equations 


(118) 


-  +  H  {\Ydx-Xdy) 

<Jv 


define  a  minimal  surface  which  passes  through  C  and  admits  at 
each  point  for  tangent  plane  the  plane  through  the  point  with 
direction-cosines  X,  F,  Z.  For,  when  u  and  v  are  replaced  by  t, 
these  equations  define  C.  And  the  conditions  (96)  and 


^  =  0,          'XdVl  =  0 

are  satisfied.    Furthermore,  the  surface  defined  by  (118)  affords 
the  unique  solution,  as  is  seen  from  (116)  and  (117). 

When,  in  particular,  C  and  t  are  real,  the  equations  of  the  real 
minimal  surface,  satisfying  the  conditions  of  the  problem,  may  be 
put  in  the  form  -, 

i(  (Zdy-Ydz}\, 


y  =  R  \y  +  i  C\Xdz  -  Zdx)\ 
z  =  E  \  z  +  i  C\Ydx  -  Xdy)\ . 


As  an  application  of  these  formulas,  we  consider  minimal  surfaces  containing  a 
straight  line.  If  we  take  the  latter  for  the  2-axis,  and  let  <f>  denote  the  angle  which 
the  normal  to  the  surface  at  a  point  of  the  line  makes  with  the  x-axis,  we  have 

x  =  y  =  0,      z  =  t,      Jir=cos0,       F=sin0,       Z  =  0. 
Hence  the  equations  of  the  surface  are 

/.«  nit 

x  =  —  Eil   sin0d£,        y  =  Ri  I   cos<f>dt,        z  =  R(u). 

Here  <f>  is  an  analytic  function  of  £,  whose  form  determines  the  character  of  the 
surface.  For  two  points  corresponding  to  conjugate  values  of  u,  the  z-coordinates 
are  equal,  and  the  x-  and  y-coordinates  differ  in  sign.  Hence : 

Every  straight  line  upon  a  minimal  surface  is  an  axis  of  symmetry. 
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EXAMPLES 

1 .  The  tangents  to  corresponding  curves  on  two  associate  minimal  surfaces  meet 
under  constant  angle. 

2.  If  corresponding  directions  on  two  applicable  surfaces  meet  under  constant 
angle,  the  latter  are  associate  minimal  surfaces. 

3.  Show  that  the  catenoid  and  the  right  helicoid  are  adjoint  surfaces  and  deter- 
mine the  function  F(u)  which  defines  the  former. 

4.  Let  C  be  a  geodesic  on  a  minimal  surface  S.    Show  that 
(a)  the  equations  of  the  surface  may  be  put  in  the  form 


,     y  =  RU  +  ifpds  j,     z  =  fijf  +  i  C 


where  £,  17,  f  are  the  coordinates  of  a  point  on  C,  and  X,  /*,  *  the  direction-cosines 
of  its  binormal  ; 

(6)  if  C'  denotes  the  curve  on  the  adjoint  St  corresponding  to  C,  the  radii  of  first 
and  second  curvature  of  C'  are  the  radii  of  second  and  first  curvature  of  C; 

(c)  if  C  is  a  plane  curve,  the  surface  is  symmetric  with  respect  to  its  plane. 

5.  The  surface  for  which  F(u)  =  1  --  is  called  the  surface  of  Henneberg;  it  is 

u* 
a  double  algebraic  surface  of  the  fifteenth  order  and  fifth  class. 
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1.  The  edge  of  regression  of  the  developable  surface  circumscribed  to  two  con- 
focal  quadrics  has  for  projections  on  the  three  principal  planes  the  evolutes  of  the 
focal  conies. 

2.  By  definition  a  tetrahedral  surface  is  one  whose  equations  are  of  the  form 
x  =  A(u-a)m(v-a)*,     y  =  B(u  -  6)»(t  -  &)»,     z  =  C(u  -  c)*(t>  -  c)», 

where  A,  -B,  C,  m,  n  are  any  constants.  Show  that  the  parametric  curves  are  con- 
jugate, and  that  the  asymptotic  lines  can  be  found  by  quadratures  ;  also  that  when 
m  =  n,  the  equation  of  the  surface  is 


3.  Determine  the  tetrahedral  surfaces,  defined  as  in  Ex.  2,  upon  which  the 
parametric  curves  are  the  lines  of  curvature. 

4.  Find  the  surfaces  normal  to  the  tangents  to  a  family  of  umbilical  geodesies 
on  an  elliptic  paraboloid,  and  find  the  complementary  surface. 

5.  At  every  point  of  a  geodesic  circle  with  center  at  an  umbilical  point  on  the 
ellipsoid  (10)  ^  =  pw*  (a  +  c  _  r^ 

where  r  is  the  radius  vector  of  the  point  (cf.  §  102). 

6.  The  tangent  plane  to  the  director-cone  of  a  ruled  surface  along  a  generator 
is  parallel  to  the  tangent  plane  to  the  surface  at  the  infinitely  distant  point  on  the 
corresponding  generator. 
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7.  Upon  the  hyperboloid  of  one  sheet,  and  likewise  upon  the  hyperbolic  parab- 
oloid, the  two  lines  of  striction  coincide. 

8.  The  line  of  striction  of  a  ruled  surface  is  an  orthogonal  trajectory  of  the 
generators  only  in  case  the  latter  are  the  binormals  of  a  curve  or  the  surface  is  a 
right  conoid. 

9.  Determine  for  a  geodesic  on  a  developable  surface  the  relation  existing 
between  the  curvature,  torsion,  and  angle  of  inclination  of  the  geodesic  with  the 
generators. 

10.  If  h  denotes  the  shortest  distance  and  a  the  angle  between  two  lines  li  and 
Z2,  and  the  latter  revolves  about  the  former  with  a  helicoidal  motion  of  parameter  a 
(cf .  §  62),  the  locus  of  ?2  is  a  developable  surface  if  a  =  h  cot  a.    If  a  =  h  tan  a,  the 
surface  is  the  locus  of  the  binormals  of  a  circular  helix. 

11.  If  the  lines  of  curvature  in  one  family  upon  a  ruled  surface  are  such  that 
the  segments  of  the  generators  between  two  curves  of  the  family  are  of  the  same 
length,  the  parameter  of  distribution  is  constant  and  the  line  of  striction  is  a  line 
of  curvature. 

12.  If  two  ruled  surfaces  meet  one  another  in  a  generator,  they  are  tangent  to 
one  another  at  two  points  of  the  generator  or  at  every  point ;  in  the  latter  case  the 
central  point  for  the  common  generator  is  the  same,  and  the  parameter  of  distribu- 
tion has  the  same  value. 

13.  If  tangents  be  drawn  to  a  ruled  surface  at  points  of  the  line  of  striction 
and  in  directions  perpendicular  to  the  generators,  these  tangents  form  the  conju- 
gate ruled  surface.    It  has  the  same  line  of  striction  as  the  given  surface.    More- 
over, a  generator  of  the  given  surface,  the  normal  to  the  surface  at  the  central 
point  C  of  this  generator,  and  the  generator  of  the  conjugate  surface  through  C 
are  parallel  to  the  tangent,  principal  normal,  and  binormal  of  a  twisted  curve. 

14.  Let  C  be  a  curve  on  a  surface  <S,  and  S  the  ruled  surface  formed  by  the 
normals  to  S  along  C.    Derive  the  following  results  : 

(a)  the  distance  between  near-by  generators  of  1,  is  of  the  first  order  unless  C  is 
a  line  of  curvature ; 

(6)  if  r  denotes  the  distance  from  the  central  point  of  a  generator  to  the  point  of 
intersection  with  S,  rS  ((Or)2  _  _  %  dxdx  . 

(c)  the  tangent  to  C  at  a  point  M  is  conjugate  to  the  tangent  to  the  surface  at  M 
parallel  to  the  line  of  shortest  distance  ; 

(d)  the  maximum  and  minimum  values  of  r  are  the  principal  radii  of  S,  pi,  and 
p2,  and  the  above  equation  may  be  written  r  =  pisin2</>  +  p2cos2<£,  where  <t>  is  the 
angle  which  the  corresponding  line  of  shortest  distance  makes  with  the  tangent  to 
the  line  of  curvature  corresponding  to  p%. 

15.  If  C  and  C'  are  two  orthogonal  curves  on  a  surface,  then  at  the  point  of 
intersection  (cf.  Ex.  14)  1111 

rR  +  7R'  ~  pf  +  PJ' 

16.  If  C  and  C'  are  two  conjugate  curves  on  a  surface,  then  at  the  point  of 
intersection  (cf.  Ex.  14)      |      j       j       j  r      R 
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17.  If  two  surfaces  are  applicable,  and  the  radii  of  first  and  second  curvature 
of  every  geodesic  on  one  surface  are  equal  to  the  radii  of  second  and  first  curvature 
of  the  corresponding  geodesic  on  the  other,  the  surfaces  are  minimal. 

1 8.  The  surface  for  which  F  in  (98)  is  constant,  say  3,  is  called  the  minimal  sur- 
face of  Enneper ;  it  possesses  the  following  properties  : 

(a)  it  is  an  algebraic  surface  of  the  ninth  degree  whose  equation  is  unaltered 
when  i,  y,  z  are  replaced  by  y,  x,  —  z  respectively ; 

(6)  it  meets  the  plane  z  =  0  in  two  orthogonal  straight  lines  ; 

(c)  if  we  put  u  =  a  —  t/3,  the  equations  of  the  surface  are 

z  =  3a  +  3tt/32-a»,        y  -  3 £  +  3 «2/3  -  /33,        z  =  3a*-3p1, 

and  the  curves  a  =  const. .  /3  =  const,  are  the  lines  of  curvature ; 

(d)  the  lines  of  curvature  are  rectifiable  unicursal  curves  of  the  third  order  and 
they  are  plane  curves,  the  equations  of  the  planes  being 

x  +  az  -  3a-  2o»  =  0,        y  -  0z  -  3/3  -  2/3"  =  0; 

(e)  the  lines  of  curvature  are  represented  on  the  unit  sphere  by  a  double  family 
of  circles  whose  planes  form  two  pencils  with  perpendicular  axes  which  are  tangent 
to  the  sphere  at  the  same  point ; 

(/)  the  asymptotic  lines  are  twisted  cubics  ; 

(g)  the  sections  of  the  surface  by  the  planes  x  =  0  and  y  =  0  are  cubics,  which 
are  double  curves  on  the  surface  and  the  locus  of  the  double  points  of  the  lines  of 
curvature ; 

(h)  the  associate  minimal  surfaces  are  positions  of  the  original  surface  rotated 
through  the  angle  —  a/2  about  the  z-axis,  where  a  has  the  same  meaning  as  in  §  113 ; 

(t)  the  surface  is  the  envelope  of  the  plane  normal,  at  the  mid-point,  to  the  join 
of  any  two  points,  one  on  each  of  the  focal  parabolas 

z  =  4«,     y  =  0,     z  =  2«2-l;        z  =  0,     y  =  4/3,     2  =  1-2/3*; 

the  planes  normal  to  the  two  parabolas  at  the  extremities  of  the  join  are  the  planes 
of  the  lines  of  curvature  through  the  point  of  contact  of  the  first  plane. 

19.  Find  the  equations  of  Schwarz  of  a  minimal  surface  when  the  given  curve 
is  an  asymptotic  line. 

20.  Let  S  and  S'  be  two  surfaces,  and  let  the  points  at  which  the  normals  are 
parallel  correspond  ;  for  convenience  let  S  and  S'  be  referred  to  their  common  con- 
jugate system.    Show  that  if  the  correspondence  is  conformal,  either  S  and  S'  are 
homothetic ;  or  both  are  minimal  surfaces ;  or  the  parametric  curves  are  the  lines  of 
curvature  on  both  surfaces,  and  form  an  isothermal  system. 

21.  Find  the  coordinates  of  the  surface  which  corresponds  to  the  ellipsoid  after 
the  manner  of  Ex.  20.    Show  that  the  surface  is  periodic,  and  investigate  the  points 
corresponding  to  the  umbilical  points  on  the  ellipsoid. 

22.  When  the  equations  of  an  ellipsoid  are  in  the  form  (11),  the  curves  u  +  v  = 
const,  lie  on  spheres  whose  centers  coincide  with  the  origin ;  and  at  all  points  of 
such  a  curve  the  product  pW  is  constant  (§  102). 


CHAPTER  VIII 

SURFACES  OF  CONSTANT  TOTAL  CURVATURE.    W-SURFACES. 
SURFACES  WITH  PLANE  OR   SPHERICAL  LINES  OF  CURVATURE 

115.  Spherical  surfaces  of  revolution.  Surfaces  whose  total  cur- 
vature K  is  the  same  at  all  points  are  called  surfaces  of  constant 
curvature.  When  this  constant  value  is  zero,  the  surface  is  devel- 
opable (§  64).  The  nondevelopable  surfaces  of  this  kind  are  called 
spherical  or  pseudospherical,  according  as  K  is  positive  or  negative. 
We  consider  these  two  kinds  and  begin  our  study  of  them  with 
the  determination  of  surfaces  of  revolution  of  constant  curvature. 

When  upon  a  surface  of  revolution  the  curves  v  =  const,  are 
the  meridians  and  u  =  const,  the  parallels,  the  linear  element  is 
reducible  to  the  form 
(1)  ds2=du*  +  Gdv\ 

where  G  is  a  function  of  u  alone  (§  46).    In  this  case  the  expres- 
sion for  the  total  curvature  (V,  12)  is 

<*  K-        1 

" 


For  spherical  surfaces  we  have  _AT=l/a2,  where  a  is  a  real  constant. 
Substituting  this  value  in  equation  (2)  and  integrating,  we  have 


(3) 

\a 

where  b  and  c  are  constants  of  integration.  From  (1)  it  is  seen 
that  a  change  in  b  means  simply  a  different  choice  of  the  parallel 
u  =  0.  If  we  take  6  =  0,  the  linear  element  is 

u 

cos  - 

From  (III,  99,  100)  it  follows  that  the  equations  of  the  meridian 
curve  are  . 

(5)  r  =  ccos-->       2=1  \  1 -sin2-c?w, 

a  J    M        a2        a 
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and  that  v  measures  the  angle  between  the  meridian  planes. 
There  are  three  cases  to  be  considered,  according  as  c  is  equal 
to,  greater  than,  or  less  than,  a. 

CASE  I.  c  =  a.    Now 

u  u 

r  =  a  cos  - »        z  =  a  sin  - » 
a  a 

and  consequently  the  surface  is  a  sphere. 

CASE  II.  c  >  a.  From  the  expression 

tc 

for  z  it  follows  that  sin2  -  <  1  and  con- 

a 

sequently  r  >  0.  Hence  the  surface  is 
made  up  of  zones  bounded  by  minimum 
parallels  whose  radii  are  equal  to  the  FlG-  26 

% 

minimum  value  of  cos  - »  and  the  greatest  parallel  of  each  zone  is 
a 

of  radius  c ;  as  in  fig.  26,  where  the  curves  represent  geodesies. 

CASE  III.  c  <  a.  Now  r  varies  from  0  to  c,  the  former  correspond- 
ing to  the  value  u  =  majr/2,  where  m  is  any  odd  integer.  At  these 
points  on  the  axis  the  meridians  meet  the  latter  under  the  angle 

£ 

sin~ 1  - .    Hence  the  surface  is  made  up  of  a  series  of  spindles 
a 

(fig.  27).    For  the  cases  II  and  III  the  expression  for  z  can  be 
integrated  in  terms  of  elliptic  functions.* 

It  is  readily  found  that  these  two  surfaces  are 
applicable  to  the  sphere  with  the  meridians  and 
parallels  of  each  in  correspondence.  Thus,  if  we 
write  the  linear  element  of  the  sphere  in  the  form 

dsr  =  die  +  or  cos2  -  dv\ 
a 

it  follows  from  (4)  that  the  equations 

c 

u  =  u,          v  =  -  v 

a 
FIG.  27 

determine  the  correspondence  desired. 

It  is  evident  that  for  values  of  b  other  than  zero  we  should  be 
brought  to  the  same  results.  However,  for  the  sake  of  future 

*Cf.  Bianchi,  Vol.  I,  p.  233. 
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reference  we  write  down  the  expressions  for  the  linear  element 
when  b  =  —  ?r/2  and  —  ?r/4  together  with  (4),  thus  : 


(6) 


(i)  ds2  =  du2  +  c2  cos2  -  dv2, 
a 

(ii)  ds2  =  du2  +  c2  sin2  -  dv\ 
a 

(iii)  rfs2  =  du2  +  c'2  cos2  (-  -  -}  dv2. 
\a      4/ 


Let  S  be  a  surface  with  the  linear  element  (6,  i),  and  consider 
the  zone  between  the  parallels  u0  =  const,  and  ul  =  const.  A  point 
of  the  zone  is  determined  by  values  of  u  and  v  such  that 


The  parametric  values  of  the  corresponding  point  on  the  sphere 
are  such  that  «„. 

^   "    C         —          f. 

ni    :=».  ni  =«-  11  =»•  11  =»  fl 

U,.  —    M/ —    M-0,  —    V —   V. 

a 

Hence  when  c  <  a,  the  given  zone  on  S  does  not  cover  the  zone 
on  the  sphere  between  the  parallels  u0  =  const,  and  u^  =  const. ; 
but  when  c  >  a  it  not  only  covers  it,  but  there  is  an  overlapping. 
116.  Pseudospherical  surfaces  of  revolution.  In  order  to  find  the 
pseudospherical  surfaces  of  revolution  we  replace  K  in  (2)  by  —I/a2 
and  integrate.  This  gives 

/— :  ,  u  .  .  u 

v{?  =  c,  cosh  -  +  €„  smh  - » 
a  a 

where  cl  and  <?2  are  constants  of  integration.  We  consider  first 
the  particular  forms  of  the  linear  element  arising  when  either  of 
these  constants  is  zero  or  both  are  equal.  They  may  be  written 


(7) 


(i)  ds*  =  du2  4-  <?  cosh2  -  dv2, 
a 

(ii)  ds2  =  du2  +  c1  sinh2  -  dv2, 


(iii)  d?=du*+ciea  dv2. 

Any  case  other  than  these  may  be  obtained  by  taking  for  Vt?  either 

(u      \ 

of  the  values  cosh  ( -  -f  6  ) 
\«       / 


or  sinh  (--f- 6)1  where  6  is  a  constant. 
a 
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By  a  change  of  the  parameter  u  the  corresponding  linear  elements 
are  reducible  to  (i)  or  (ii).  Hence  the  forms  (7)  are  the  most  general. 
The  corresponding  meridian  curves  are  defined  by 


(8) 


U 

(i)  r  =  c  cosh  -i 
a 


(ii)  r  =  c  sinh  -  ? 


(iii)  r  = 


I  C  II 

=  I  \f  1  --  -  siuh2  -  du  ; 
J    N         a~  a 


2  = 


=  I  \  1 -cosh"-c??f; 

J    N         a:  a 


2  = 


. -ea  du. 


We  consider  these  three  cases  in  detail. 


CASE  I.  The  maximum  and  minimum  values  of  sinh2-  are  cf/c? 

a 


and  0.  Hence  the  maximum  and  minimum  values  of  r  are  Va^+c* 
and  c.  At  points  of  a  maximum  parallel  the  tangents  to  the  merid- 
ians are  perpendicular  to  the  axis,  and  at 

points  of  a  minimum  parallel  they  are  par-       </  \^ 

allel  to  the  axis.  Hence  the  former  is  a  cus- 
pidal edge,  and  the  latter  a  circle  of  gorge, 
so  that  the  surface  is  made  up  of  spool-like 
sections.  It  is  represented  by  fig.  28,  upon 
which  the  closed  curves  are  geodesic  circles 
and  the  other  curves  are  geodesies.  These 
pseudospherical  surfaces  are  said  to  be  of 
the  hyperbolic  type.* 

CASE  II.  In  order  that  the  surface  be  real 
<?  cannot  be  greater  than  a2,  a  restriction 
not  necessary  in  either  of  the  other  cases. 
If  we  put  c  =  a  sin  a,f  the  maximum  and 

minimum  values  of  cosh2-  are  cosec2tr  and  1,  and  the  correspond- 

a 

ing  values  of  r  are  a  cos  a  and  0.  The  tangents  to  the  meridians 
at  points  of  the  former  circle  are  perpendicular  to  the  axis,  and  at 
the  points  for  which  r  is  zero  they  meet  the  axis  under  the  angle  a. 
Hence  the  surface  is  made  up  of  a  series  of  parts  similar  in  shape 


FIG.  28 


*  Cf .  Bianchi,  Vol.  I,  p.  223. 


t  Cf.  Bianchi,  Vol.  I,  p.  22i>. 


274 


SURFACES  OF  CONSTANT  CURVATURE 


to  hour-glasses.  Fig.  29  represents  one  half  of  such  a  part  ;  one  of 
the  curves  is  an  asymptotic  line  and  the  others  are  parallel  geodesies. 
The  surface  is  called  a  pseudospherical  surface  of  the  elliptic  type. 

CASE  III.  In  the  preceding  cases  the 
equations  of  the  meridian  curve  can 
be  expressed  without  the  quadrature 
sign  by  means  of  elliptic  functions.* 
In  this  case  the  same  can  be  done  by 
means  of  trigonometric  functions.  For, 
if  we  put 


sn  <>  =  - 


c   -a 
a 


FIG.  29 


equations  (iii)  of  (8)  become 

(9)  r  =  asin</>,  z  =  a(log  tan ^  + cos ^>). 


We  find  that  </>  is  the  angle  which  the  tangent  to  a  meridian  at  a 
point  makes  with  the  axis.  Hence  the  axis  is  an  asymptote  to  the 
curve.  Since  the  length  of  the  segment  of  a  tangent  between  the 
point  of  contact  and  the  intersection  with  the  axis  is  r  cosec  <f> 
or  a,  the  length  of  the  segment  is  independent  of  the  point  of 
contact.  Therefore  the  meridian  curve  is  a  tractrix.  The  surface 
of  revolution  of  a  tractrix  about  its  asymptote  is  called  the  pseudo- 
sphere,  or  the  pseudospherical  surface  of  the 
parabolic  type.  The  surface  is  shown  in 
fig.  30,  which  also  pictures  a  family  of 
parallel  geodesies  and  an  asymptotic  line. 
If  the  integral  (3)  be  written  in  the  form 


u  .    u 

— h  c2  sin  — » 
a  a 


the  cases  (i),  (ii),  (iii)  of  (6)  are  seen  to 
correspond  to  the  similar  cases  of  (7).  We 
shall  find  other  marks  of  similarity  between 
these  cases,  but  now  we  desire  to  call  at- 
tention to  differences. 

Each  of  the  three  forms  (7)  determines  a  particular  kind  of 
pseudospherical  surface  of  revolution,  and  c  is  restricted  in  value 


FIG.  30 


*Cf.  Bianchi,  Vol.  I,  pp.  220-228. 
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only  for  the  second  case.  On  the  contrary  each  of  the  three  forms 
(6)  serves  to  define  any  of  the  three  types  of  spherical  surfaces  of 
revolution  according  to  the  magnitude  of  c. 

From  (IV,  51)  we  find  that  the  geodesic  curvature  of  the  par- 
allels on  the  surfaces  with  the  linear  elements  (7)  is  measured  by 
the  expressions  111 

-  tanh  —  ?         -  coth  — »        —  • 
a  a          a          a         a 

Since  no  two  of  these  expressions  can  be  transformed  into  the 
other  if  u  be  replaced  by  u  plus  any  constant,  it  follows  that  two 
pseudospherical  surfaces  of  revolution  of  different  types  are  not 
applicable  to  one  another  with  meridians  in  correspondence. 

117.  Geodesic  parametric  systems.  Applicability.  Now  we  shall 
show  that  in  corresponding  cases  of  (6)  and  (7)  the  parametric 
geodesic  systems  are  of  the  same  kind,  and  then  we  shall  prove 
that  when  such  a  geodesic  system  is  chosen  for  any  surface 
of  constant  curvature,  not  necessarily  one  of  revolution,  the 
linear  element  can  be  brought  to  the  corresponding  form  of  (6) 
or  (7). 

In  the  first  place  we  recall  that  when  on  any  surface  the  curves 
v  =  const,  are  geodesies,  and  u  =  const,  their  orthogonal  trajectories, 
the  linear  element  is  reducible  to  the  form  (1),  where  G  is,  in 
general,  a  function  of  both  u  and  v,  and  the  geodesic  curvature 
of  the  curves  u  =  const,  is  given  by  (IV,  51),  namely 

1^ 

P, 

When,  in  particular,  the  curvature  of  the  surface  is  constant, 

is  given  by  equation  (2)  in  which  K  may  by  replaced  by  ±l/a2. 

Hence,  for  spherical  surfaces,  the  general  form  of  VG  is 

(11)  V£  =  (f>Mcos-  + -x/rMsin- 

a  a 

and  for  pseudospherical  surfaces 

u  .  ,  u 


(12) 

a  a 

where  <f>  and  ty  are,  at  most,  functions  of  v.   We  consider  now  the 
three  cases  of  (6)  and  (7). 
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CASE  I.  From  the  forms  (i)  of  (6)  and  (7),  and  from  (10),  it 
follows  that  the  curve  w  =  0  is  a  geodesic  and  that  its  arc  is 
measured  b}'  cv.  Moreover,  a  necessary  and  sufficient  condition 
that  the  curve  w  =  0  on  any  surface  with  the  linear  element  (1) 
satisfy  these  conditions  is 


vo    -,,      4=^    =o. 


Applying  these  conditions  to  (11)  and  (12),  we  are  brought  to  the 
forms  (i)  of  (6)  and  (7)  respectively. 

CASE  II.  The  forms  (ii)  of  (6)  and  (7)  satisfy  the  conditions 

=  o,       L 


which  are  necessary  and  sufficient  that  the  parametric  system  be 
geodesic  polar,  in  which  cv  measures  angles  (cf.  VI,  54).  When 
these  conditions  are  applied  to  (11)  and  (12),  we  obtain  (ii)  of  (6) 
and  of  (7)  respectively. 

CASE  III.  For  (iii)  of  (6)  the  curve  u  =  0  has  constant  geodesic 
curvature  I/a,  and  for  (iii)  of  (7)  all  of  the  curves  u  =  const. 
have  the  same  geodesic  curvature  I/a.  Conversely,  we  find  from 
(11)  and  (12)  that  when  this  condition  is  satisfied  on  any  sur- 
face of  constant  curvature  the  linear  element  is  reducible  to 
one  of  the  forms  (iii).  We  gather  these  results  together  into 
the  theorem  : 

The  linear  element  of  any  surface  of  constant  curvature  is  reducible 
to  the  forms  (i),  (ii),  (iii)  of  (6)  or  (7)  according  as  the  parametric 
geodesies  are  orthogonal  to  a  geodesic,  pass  through  a  point,  or  are 
orthogonal  to  a  curve  of  constant  geodesic  curvature. 

When  the  linear  element  of  a  surface  of  constant  curvature  is 
in  one  of  the  forms  (i),  (ii),  (iii)  of  (6)  and  (7),  it  is  said  to  be  of 
the  hyperbolic,  elliptic,  or  parabolic  type  accordingly. 

The  above  theorem  may  be  stated  as  follows  : 

Any  spherical  surface  of  curvature  I/a2  is  applicable  to  a  sphere 
of  radius  a  in  such  a  way  that  to  a  family  of  great  circles  with 
the  same  diameter  there  correspond  the  geodesies  orthogonal  to  a 


APPLICABILITY  :277 

given  geodesic  on  the  surface,  or  all  the  geodesies  through  any 
point  of  it,  or  those  which  are  orthogonal  to  a  curve  of  geodesic 
cur  cat  ure  I/a. 

Any  pseudospherical  surface  of  curvature  — I/a2  is  applicable  to  a 
pseudospherical  surface  of  revolution  of  any  of  the  three  types; 
according  as  the  latter  surface  is  of  the  hyperbolic,  elliptic,  or  par- 
abolic type,  to  its  meridians  correspond  on  the  given  surface  geodesies 
which  are  orthogonal  to  a  geodesic,  or  pass  through  a  point,  or  are 
orthogonal  to  a  curve  of  geodesic  curvature  I/a. 

In  the  case  of  spherical  surfaces  one  system  of  geodesies  can 
satisfy  all  three  conditions ;  for  in  the  case  of  the  sphere  the  great 
circles  with  the  same  diameter  are  orthogonal  to  the  equator,  pass 
through  both  poles,  and  are  orthogonal  to  two  small  circles  of 
radius  a/V2,  whose  geodesic  curvature  is  I/a.  But  on  a  pseudo- 
spherical  surface  a  geodesic  system  can  satisfy  only  one  of  these 
conditions.  Otherwise  it  would  be  possible  to  apply  two  surfaces 
of  revolution  of  different  types  in  such  a  way  that  meridians  and 
parallels  correspond. 

From  the  foregoing  theorems  it  follows  that,  in  order  to  carry 
out  the  applicability  of  a  surface  of  constant  curvature  upon  any 
one  of  the  surfaces  of  revolution,  it  is  only  necessary  to  find  the 
geodesies  on  the  given  surface.  The  nature  of  this  problem  is 
set  forth  in  the  theorem : 

The  determination  of  the  geodesic  lines  on  a  surface  of  constant 
curvature  requires  the  solution  of  a  Riccati  equation. 

In  proving  this  theorem  we  consider  first  a  spherical  surface 
defined  in  terms  of  any  parametric  system.  It  is  applicable  to 
a  sphere  of  the  same  curvature  with  center  at  the  origin. 
The  coordinates  of  this  sphere,  expressed  as  functions  of  the 
parameters  u,  v,  can  be  found  by  the  solution  of  a  Riccati  equa- 
tion (§  65).  To  great  circles  on  the  sphere  correspond  geodesic 
lines  on  the  spherical  surface ;  hence  the  finite  equation  of 
the  geodesies  is  ax  +  by  +  cz  =  0,  where  a,  b,  c  are  arbitrary 
constants. 

When  the  surface  is  pseudospherical  we  use  an  imaginary 
sphere  of  the  same  curvature,  and  the  analysis  is  similar. 
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118.  Transformation  of  Hazzidakis.  Let  a  spherical  surface  of 
curvature  I/a2  be  denned  in  terms  of  isothermal-conjugate  parame- 
ters. Then  * 

(13)  £-:*:  =  !, 

H      H      a 

and  the  Codazzi  equations  (V,  13')  reduce  to 

-^  +  2^=0 

(14)'  \  dU 

*dE     8G         dF 

_  £  —  __  \J  * 

dv       dv          du 
From  these  equations  follows  the  theorem  : 

The  lines  of  curvature  of  a  spherical  surface  form  an  isothermal- 
conjugate  system. 

For,  a  solution  of  these  equations  is 

E  —  G  =  const.,         ^=0. 

When,  this  constant  is  zero  the  surface  is  a  sphere  because  of  (13). 
Excluding  this  case,  we  replace  the  above  by 

(15)  ^=aacosh2w,         F=Q,         £  =  a2sinh2a>. 

Now 

(16)  D  =  D"  =  a  sinh  w  cosh  &>. 

When  these  values  are  substituted  in  the  Gauss  equation  (V,  12), 
namely 

1    j  g  T2  3F      1  dE       F   dEl      a  f  F  dE_  1  2 
'  ^H(dv\JI^u      H~dv       ~HE  3u\     ZulHE  dv       H 
it  is  found  that  co  must  satisfy  the  equation 

(18)  —  -  +  -  -  +  sinh  CD  cosh  «  =  0. 

vtv  C  v 

Conversely,  for  each  solution  of  this  equation  the  quantities  (15) 
and  (16)  determine  a  spherical  surface. 

If  equations  (14)  be  differentiated  with  respect  to  u  and  v  respec- 
tively, and  the  resulting  equations  be  added,  we  have 

#E     tfE  =  tfG      tfG 
*  +      *  2  ' 


*  The  ambiguity  of  sign  may  be  neglected,  as  a  change  of  sign  gives  a  surface  sym- 
metrical with  respect  to  the  origin. 
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In  consequence  of  (14)  equation  (17)  is  reducible  to 


cu/      \dv/  leu  cv       cv  cu 

4.  G 


Equations  (14)  are  unaltered  if  .E"  and  G  be  interchanged  and  the 
sign  of  F  be  changed.  The  same  is  true  of  (17)  because  of  (19) 
and  (20).  Hence  we  have  : 

If  the  linear  element  of  a  spherical  surface  referred  to  an  isothermal- 
conjugate  system  of  parameters  be 

ds2  =  E  dir  +  2F  dudv  +  G  dv2, 

there  exists  a  second  spherical  surface  of  the  same  curvature  referred 
to  a  similar  parametric  system  with  the  linear  element 

,/*;  =  G  die  -  2  F  dudv  +  E  dv2, 

and  with  the  same  second  quadratic  form  as  the  given  surface; 
moreover,  the  lines  of  curvature  correspond  on  the  tu'o  surfaces. 

The  latter  fact  is  evident  from  the  equation  of  the  lines  of  curva- 
ture (IV,  26),  which  reduces  to  Fdu*  +  (G—E)dudv—Fdv2=Q. 
From  (IV,  69)  it  is  seen  that  the  linear  elements  of  the  spherical 
representation  of  the  respective  surfaces  are 

da2  =  \(G  du1  -  2  F  dudv  +  E  rfy2), 
d<r*  =  i  (E  du2  +  2  F  dudv  +  G  dv2). 

In  particular  we  have  the  theorem  : 

Each  solution  ca  of  equation  (18)  determines  two  spherical  surfaces 
of  curvature  If  a2;  the  linear  elements  of  the  surfaces  are 
ds2  =  a2  (cosh2  to  du~  +  sinh2  to  <f  r2), 
ds~  =  a'2  (sinh2  o>  du'2  +  cosh2  o>  dv"), 
and  of  their  spherical  representations 

01  f  dcr2  =  sinh2  to  dii2  +  cosh2  &>  i?r, 

\  d<r'2=  cosh2  co  du2  +  sinh2  co  dv~  ; 

moreover,  their  principal  radii  are  respectively 

pl  =  a  coth  o),          p.,  =  a  tanh  co, 
p[  =  a  tanh  <a,         p'2  =  a  coth  co. 
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Bianchi  *  has  given  the  name  Hazzidakis  transformation  to  the 
relation  between  these  two  surfaces.  It  is  evident  that  the  former 
theorem  defines  this  transformation  in  a  more  general  way. 

119.  Transformation  of  Bianchi.  We  consider  now  a  pseudo- 
spherical  surface  of  curvature  —I/a'2,  denned  in  terms  of  isothermal- 
conjugate  parameters.  We  have 

—  =   -  —  =  --  i 
H  ~       H  =       a 

and  the  Codazzi  equations  reduce  to 

dE      dG      98F_  dE      dG         dF_ 

—    ^  __    \j^  —   ^          -    _    \J , 

du       du          dv  dv       dv          du 

These  equations  are  satisfied  by  the  values 
(22)  ^=a2cos2&>,         F=Q,         £  =  a2sin2<u, 

where  &>  is  a  function  which,  because  of  the  Gauss  equation  (V,  12), 
must  satisfy  the  equation 

d2  "~2 

*C0         0  CO 

(Z6)  —  =  sin  co  cos  co. 

8u2      dv* 

Conversely,  every  solution  of  this  equation  determines  a  pseudo- 
spherical  surface  whose  fundamental  quantities  are  given  by 
(22)  and  by 

(24)  D  —  —  D"  =  —  a  sin  co  cos  co. 

Moreover,  the  linear  element  of  the  spherical  representation  is 

(25)  dcr2  =  sin2  co  du1  +  cos2  co  dv*. 

There  is  not  a  transformation  for  pseudospherical  surfaces  sim- 
ilar to  the  Hazzidakis  transformation  of  spherical  surfaces,  but 
there  are  transformations  of  other  kinds  which  are  of  great  im- 
portance. One  of  these  is  involved  in  the  following  theorem  of 
Ribaucour : 

If  in  the  tangent  planes  to  a  pseudospherical  surface  of  curvature 
—  1  /a2  circles  of  radius  a  be  described  with  centers  at  the  points  of 
contact,  these  circles  are  the  orthogonal  trajectories  of  an  infinity  of 
surfaces  of  curvature  —  1  /a2. 

*  Vol.  II,  p.  437. 

t  This  choice  of  sign  is  made  so  that  the  following  formulas  may  have  the  custom- 
ary form. 
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In  proving  this  theorem  we  imagine  the  given  surface  S  referred 
to  its  lines  of  curvature,  and  we  associate  with  it  the  moving  trihe- 
dral whose  axes  are  tangent  to  the  parametric  lines.  From  (22) 

and  (V,  75,  76)  it  follows  that 

A  co)  d<0 

p  =  0,  p.  =  cos  ft>,       q  =  sm  G>,  q  =  0,       r  =  —  >  r.  =  —  i 

cv  du 

£  =  a  cos  &),      77  j  =  a  sin  o>,       |x  =  77  =  0. 

In  the  tangent  a-y-plane  we  draw  from  the  origin  J/  a  segment 
of  length  a,  and  let  8  denote  its  angle  of  inclination  with  the  ar-axis. 
The  coordinates  of  the  other  extremity  Ml  with  respect  to  these 
axes  are  a  cos  0,  a  sin  8,  0,  and  the  projections  upon  these  axes  of 
a  displacement  of  M^  as  M  moves  over  S  are,  by  (V,  51), 

t-     a  ja    ,                 j         it®  j      ,    C<°  j  \    •     a] 
—  sin  v  do  +  cos  o)  du  —[  —  du  -\ dv  sin  v  , 
\dv           du     ]         J 

f  j     ,  fw  j     ,  cat  ,  \         „] 

a  cos  u  du  4-  sm  o>  ar  4-1  —  au  H ar  J  cos  0  , 

|_  \9v  0w     /          J 

a  [cos  <u  sin  0  rfr  —  sin  a>  cos  0  t?u]. 

We  seek  now  the  conditions  which  8  must  satisfy  in  order  that  the 
line  J/J/j  be  tangent  to  the  locus  of  Ml  denoted  by  S^  and  that  the 
tangent  plane  to  Sl  at  Ml  be  perpendicular  to  the  tangent  plane  to 
S  at  J/.  Under  these  conditions  the  direction-cosines  of  the  tangent 
plane  to  Sl  with  reference  to  the  moving  trihedral  are 

(26)  sin#,         —  cos0,         0, 

and  since  the  tangent  to  the  above  displacement  must  be  in  this 
plane,  we  have 

(27)  dd  +( sin  8  cos&>  }du  +[ H  cos  0sin  to  }dv  =  0. 

\dv  /ex  / 

As   this   equation   must  hold  for  all  displacements   of  jlf,   it  is 

equivalent  to  (d6      cu 

— •  H =  cos  a)  sin  0, 

(28)  \ : 

Cv        CO)  .  n 

1 =  —  sm  CD  cos  0. 

dv      du 

These  equations  satisfy  the  condition  of  integrability  in  conse- 
quence of  (23).  Moreover,  9  is  a  solution  of  equation  (23),  as  is 
seen  by  differentiating  equations  (28)  with  respect  to  u  and  v 
respectively  and  subtracting. 
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By  means  of  (28)  the  above  expressions  for  the  projections  of  a 
displacement  of  Ml  can  be  put  in  the  form 

a  cos  0  (cos  to  cos  6  du  +  sin  &)  sin  6  dv), 
a  sin  6  (cos  &>  cos  6  du  -\-  sin  &>  sin  6  dv), 
a  (cos  CD  sin  6  dv  —  sin  &>  cos  #  c?w). 

From  these  it  follows  that  the  linear  element  of  S^  is 
ds*  =  a?  (cos2  0  du2  +  sin2  d  dv2). 

In  order  to  prove  that  Sl  is  a  pseudospherical  surface  referred  to 
its  lines  of  curvature,  it  remains  for  us  to  show  that  the  spherical 
representation  of  these  curves  forms  an  orthogonal  system.  We 
obtain  this  representation  with  the  aid  of  a  trihedral  whose  vertex 
is  fixed,  and  which  rotates  so  that  its  axes  are  always  parallel  to 
the  corresponding  axes  of  the  trihedral  for  S.  The  point  whose 
coordinates  with  reference  to  the  new  trihedral  are  given  by  (26) 
serves  for  the  spherical  representation  of  Sr  The  projections  upon 
these  axes  of  a  displacement  of  this  point  are  reducible,  by  means 
of  (28),  to  cog  0  ^cos  m  gin  0  ju  _  gin  m  cog 

sin  6  (cos  &)  sin  6  du  —  sin  o>  cos 
—  sin  &>  sin  6  du  —  cos  co  cos 


from  which  it  follows  that  the  linear  element  is 
da-2  =  sin2  0  du2  +  cos2  6  dv2. 

Since  6  is  a  solution  of  (23),  the  surface  Sl  is  pseudospherical,  of 
curvature  —  I/a2,  and  the  lines  of  curvature  are  parametric.  To 
each  solution  6  of  equations  (28)  there  corresponds  a  surface  S^ 
Darboux  *  has  called  this  process  of  finding  ^  the  transformation 
of  Bianchi.  As  the  complete  integral  of  equations  (28)  involves  an 
arbitrary  constant,  there  are  an  infinity  of  surfaces  S^  as  remarked 
by  Ribaucour.  Moreover,  if  we  put 

a 

(29)  </>  =  tan-, 

SB 

these  equations  are  of  the  Riccati  type  in  <f>.    Hence,  by  §  14, 

When  one  transform  of  Bianchi  of  a  pseudospherical  surface  is 
known,  the  determination  of  the  others  requires  only  quadratures. 

*  Vol.  Ill,  p.  422. 
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From  (III,  24)  it  follows  that  the  differential  equation  of  the 
curves  to  which  the  lines  joining  corresponding  points  on  S  and 
.s'j  are  tangent  is 

(30)  cos  co  sinddu  —  sin  co  cos  6dv  =  0. 

Hence,  along  such  a  curve,  equation  (27)  reduces  to 


cv  cu 

But  from  (VI,  56)  it  is  seen  that  this  is  the  Gauss  equation  of 
geodesies  upon  a  surface  whose  first  fundamental  coefficients 
have  the  values  (22).  Hence: 

The  curves  on  S  to  which  the  lines  joining  corresponding  points  on 
S  and  Sl  are  tangent  are  geodesies. 

The  orthogonal  trajectories  of  the  curves  (30)  are  defined  by 
(31)  cosw  cos0  du  +  sin  w'sinfl  dv  =  0. 

In  consequence  of  (28)  the  left-hand  member  of  this  equation  is  an  exact  differential. 

If  we  put 

o£  =  —  a  (cos  w  cos0au  +  smwsi 


the  quantity  e~(/a  is  an  integrating  factor  of  the  left-hand  member  of  (30).  Conse- 
quently we  may  define  a  function  17  thus  : 

d  77  =  ae~  t/a  (cos  w  sin  0  du  —  sin  w  cos  9  dv)  . 
In  terms  of  |  and  i;  the  linear  element  of  S  is  expressible  in  the  parabolic  form  (7), 

(32)  dS*  =  dt* 


Equation  (31)  defines  also  the  orthogonal  trajectories  of  the  curves  on  Si  to 
which  the  lines  MMi  are  tangent,  and  the  equation  of  the  latter  curves  is 

sin  w  cosfldu  —  cos«sin0dc  =  0. 

The  quantity  e*  /a  is  an  integrating  factor  of  this  equation,  and  if  we  put  accordingly 

df  =  ae£/a  (sin  a  cosOdu  —  cos  u  sin  0dv), 

the  linear  element  of  Si  may  be  expressed  in  the  parabolic  form 
(33)  d3j2  =  dp 


As  the  expressions  (3"2)  and  (33)  are  of  the  form  of  the  linear  element  of  a  surface  of 
revolution,  the  finite  equations  of  the  geodesies  can  be  found  by  quadratures.  Hence  : 

When  a  Bianchi  transformation  is  known  for  a  surface,  the  finite  equation  of  its 
geodesies  can  be  found  by  quadratures. 

This  follows  also  from  the  preceding  theorem  and  the  last  one  of  §  117. 
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120.  Transformation  of  Backlund.  The  transformation  of  Bianchi 
is  only  a  particular  case  of  a  transformation  discovered  by  Backlund,* 
by  means  of  which  from  one  pseudospherical  surface  S  another  S^ 
of  the  same  curvature,  can  be  found.  Moreover,  on  these  two  sur- 
faces the  lines  of  curvature  correspond,  the  join  of  corresponding 
points  is  tangent  at  these  points  to  the  surfaces  and  is  of  constant 
length,  and  the  tangent  planes  at  corresponding  points  meet  under 
constant  angle. 

We  refer  S  to  the  same  moving  trihedral  as  in  the  preceding 
case,  and  let  X  and  6  denote  the  length  of  MMl  and  the  angle 
which  the  latter  makes  with  the  a>axis.  The  coordinates  oi.M1  are 
X  cos  0,  X  sin  0,  0,  and  the  projections  of  a  displacement  of  M1  are 


(34) 


—  X  sin  6  d6  +  a  cos  codu  —  \  sin  6  ( —  du  -f  —  dv  ) , 

\dv  du      I 

(rs                                       o  \ 

—  du -\ dv } , 
dv           du      I 


X  (cos  w  s'mOdv  —  sin  (a  cosOdu). 


If  cr  denotes  the  constant  angle  between  the  tangent  planes  to 
>S  and  Sl  at  M  and  Mv  respectively,  since  these  planes  are  to  inter- 
sect in  JOfj,  the  direction-cosines  of  the  normal  to  Sl  are 

sin  (T  sin  0,     —  sin  a-  cos  0,     cos  cr. 
Hence  0  must  satisfy  the  condition 

X  sin  crdd  —  a  sin  cr  (cos  co  smOdu  —  sin  co  cos  ddv) 

.        /dto  dco  , 

+  X  sm  cr  I  —  a u  + — •  dv 
\dv  du 

+  X  cos  tr(sin  a>  cosOdu  —  cosw  sinOdv)  =  0. 

Since  this  condition  must  be  satisfied  for  every  displacement,  it  is 
equivalent  to 

/8B  ,  8<o\ 

X  sin  <T[ 1 I  =  a  sm  cr  cos  o>  sin  u  —  X  cos  cr  sin  &>  cos  tr, 

\du      dv/ 

/80  ,  d(»\ 
Xsmcr 1 )  =  —  a  sin  or  sin  w  cos  0  +  X  cos  cr  cos  w  sm  a. 

\dv      du/ 

*Om  ytor  med  konstant  negativ  krokning,  Lunds  Universitets  Arsskrift,  Vol.  XIX 
(1883).  An  English  translation  of  this  memoir  has  been  made  by  Miss  Emily  Coddington 
of  New  York,  and  privately  printed. 
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If  these  equations  be  differentiated  with  respect  to  v  and  u  respect- 
ively, and  the  resulting  equations  be  subtracted,  we  have 

a2sin2<r-X2=0, 

from  which  it  follows  that  X  is  a  constant.  Without  loss  of  gen- 
erality we  take  X  =  a  sin  a.  If  this  value  be  substituted  in  the 
above  equations,  we  have 


(35) 


(c0  ,  ca>\        .    a  a    . 

sin  <T[-  -}  =  sin  6  cos  <a  —  cos  <r  cos  8  sin  o>, 

\2u      cv/ 

ide       ca>\ 
sin  <r  I 1 )  =  —  cos  v  sm  o>  +  cos  <r  sin  6  cos  &>, 

\CV        CU/ 


and  these  equations  satisfy  the  condition  of  integrability.  If  they 
be  differentiated  with  respect  to  u  and  v  respectively,  and  the 
resulting  equations  be  subtracted,  it  is  found  that  6  is  a  solution 
of  (23). 

In  consequence  of  (35)  the  expressions  (34)  reduce  to 

a  cos  0  (cos  ft)  cos  0  +  cos  a-  sin  &>  sin  0}  du 

+  a  sin  0  (sin  to  cos  0  —  cos  a  cos  o>  sin  0)  dv^ 
a  cos  #(cos  &)  sin  0  —  cos  a  sin  &>  cos  0}  du 

+  a  sin  0(sin  &>  sin  0  +  cos  o-  cos  ft)  cos  0)  dv, 
a  sin  o- (cos  <u  sin#<ft'  —  sineo  cosflcfa), 
and  the  linear  element  of  ^  is 

rf*!2  =  a2  (cos2  0  du-  +  sin2  0  rf  r ). 

In  a  manner  similar  to  that  of  §  119  it  can  be  shown  that  the 
spherical  representation  of  the  parametric  curves  is  orthogonal, 
and  consequently  these  curves  are  the  lines  of  curvature  on  Sv 

Equations  (35)  are  reducible  to  the  Riccati  form  by  the  change 
of  variable  (29).  Moreover,  the  general  solution  of  these  equations 
involves  two  constants,  namely  a-  and  the  constant  of  integration. 
Hence  we  have  the  theorem: 

By  the  integration  of  a  Riccati  equation  a  double  infinity  of  pseudo- 
spherical  surfaces  can  be  obtained  from  a  given  surface  of  this  kind. 

We  refer  to  this  as  the  transformation  of  Bdcklund,  and  indicate 
it  by  Ba,  thus  putting  in  evidence  the  constant  <r. 
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121.  Theorem  of  per  mutability.  Let  Sl  be  a  transform  of  S  by 
means  of  the  functions  (B^  a^).  Since  conversely  S  is  a  transform 
of  S^  and  the  equations  for  the  latter  similar  to  (35)  are  reducible 
to  the  Riccati  type,  all  the  transforms  of  Sl  can  be  found  by  quad- 
ratures. But  even  these  quadratures  can  be  dispensed  with  because 
of  the  following  theorem  of  permutability  due  to  Bianchi*: 

If  Sl  and  $2  are  transforms  of  S  by  means  of  the  respective  pairs 
of  functions  (0a,  o^)  and  (02,  o-2),  a  function  </>  can  be  found  without 
quadratures  which  is  such  that  by  means  of  the  pairs  (<£,  <72)  and 
((/>,  o-j)  the  surfaces  Sl  and  S2  respectively  are  transformable  into  a 
pseudo  spherical  surface  S'. 

By  hypothesis  (/>  is  a  solution  of  the  equations 


(36) 


sn  <r 


— (-  — -  )=  sin  <f>  cos  0,  —  cos  o-0  cos  <f>  sin  #,, 
ou       cv  / 

sin  0-J  —  +  — - 1=  —  cos  6  sin  0-  +  cos  cr9  sin  <i  cos  t 

z\cv       du] 

and  also  of  the  equations 

=  sin  <f>  cos  02—  cos  o-j  cos  <f>  sin  02, 

=  —  cos  </>  sin  02  +  cos  <r1  sin  </>  cos  t 


The  projections  of  the  line  M^l'  on  the  tangents  to  the  lines  of 
curvature  of  Sl  and  on  its  normal,  where  Ml  and  M'  are  correspond- 
ing points  on  Sl  and  $',  are 
(38)  a  sin  <r2  cos  ^>,          a  sin  <r2  sin  ^>,          0. 

The  direction-cosines  of  the  tangents  to  the  lines  of  curvature 

of  £j  with  respect  to  the  line  MM^  the  line  MQl  perpendicular  to 

the  latter  and  in  the  tangent  plane  at  M,  and  the  normal  to  S  are 

cos  w,          —  cos  cTj  sin  eo,          —  sin  a~1  sin  &>, 

sin  a),  cos  <rl  cos  &>,  sin  <rl  cos  a). 

From  these  and  (38)  it  follows  that  the  coordinates  of  M'  with 
respect  to  MMV  MQ^  and  the  normal  to  S  are 

a  [sin  <rl  +  sin  <r2  cos  (<£  —  &))],          a  [sin  <r2  cos  o^  sin  (^>  —  &))], 

a  [sin  <TI  sin  <r2  sin  (^>  —  &>)]. 

*  Vol.  II,  p.  418. 
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Hence  the  coordinates  of  M'  with  respect  to  the  axes  of  the  moving 
trihedral  for  S  are 

' x1 

—  =  cos  0t  sin  (rl  +  cos  6l  sin  <r2  cos  (<£  —  &>) 
a 


(39) 


—  sin  6l  sin  <r2  cos  <TI  sm  ((f>  —  CD), 

—  =  sin  8.  sin  <r.  -f  sin  0.  sin  <TO  cos  (<f>  —  <w) 
a 

+  cos  #!  sin  <r2  cos  <r1  sin  (<£  —  a>), 

—  =  sin  <r1  sin  <r2  sin  (0  —  a>). 


If  $2  be  transformed  by  means  of  <rl  and  the  same  function  <£, 
the  coordinates  a/',  y",  z"  of  the  resulting  surface  can  be  obtained 
from  (39)  by  interchanging  the  subscripts  1  and  2.  Evidently  z' 
and  z"  are  equal.  A  necessary  and  sufficient  condition  that  a/,  y' 
be  equal  to  a/',  y"  respectively  is 

cos  0^—  x")  +  sin  O^y'-  y"}  =  0, 

cos  ez(x'-  x"}  +  sin  e2(y'-  y")  =  0. 

If  the  above  values  be  substituted  in  these  equations,  we  obtain 

[sin  <rl  cos  (0,  —  0j)  —  sin  <r2]  cos  (<£  —  o») 

—  sin  ffl  cos  <r2  sin  (02  —  0t)  sin  (<f>  —  to)  =  sin  o^  —  sin  <r2  cos  (02  —  0t), 

[sin  o-2  cos  (02  —  #j)  —  sin  o-J  cos  (<^)  —  &>) 

+  sin  <r2  cos  0-j  sin  (02  —  ^)  sin  (<f>  —  w)  =  sin  o-0  —  sin  o-j  cos  (#„  —  ^j). 

Solving  these  equations  with  respect  to  sin  (<j>  —  to)  and  cos  (<£  —  «o), 

we  get 

.    ..  (coso-,—  cos  cr.)sm(0.,—  V.) 

sm  d>  —  &)  =    -  —  -^  - 


sm  <rl  sin  cr2  cos  (02  —  ^)  +  cos  crl  cos  o-2  —  1 

sin  a-,  sin  o-.,  +  (cos  <r.  cos  o-0  —  1  )  cos  (6.  —  0.  ) 
cos  (d>  —  &))  =  -;  -  i—  ;  --  -  —  '  —  -  —  5—r  -  ?  -  s  -  s-J  -  ^  • 
sm  <TI  sm  <r2  cos  (a2  —  0J  +  cos  <TI  cos  <r.,  —  1 

These  two  expressions  satisfy  the  condition  that  the  sum  of  their 
squares  be  unity,  and  the  function  <f>  satisfies  equations  (36)  and 
(37).  Hence  our  hypotheses  are  consistent  and  the  theorem  of 
permutability  is  demonstrated. 

We  may  replace  the  above  equations  by 


sin 


288      SURFACES  OF  CONSTANT  CURVATURE 

The  preceding  result  may  be  expressed  in  the  following  form : 

When  the  transforms  of  a  given  pseudospherical  surface  are  known, 
all  the  transformations  of  the  former  can  be  effected  by  algebraic 
processes  and  differentiation. 

Thus,  suppose  that  the  complete  integral  of  equations  (35)  is 
(41)  6  =/(w,  v,  <r,  C), 

and  that  a  particular  integral  is 

0i  =/(w»  v»  °V  ci)> 

corresponding  to  particular  values  of  the  constants,  and  let  Sl 
denote  the  transform  of  S  by  means  of  6^  and  <rv  All  the  trans- 
formations of  Si  are  determined  by  the  functions  </>  and  <r,  where 


Exceptional  cases  arise  when  a-  has  the  value  <rr  For  all  values 
of  c  other  than  cx  formula  (42)  gives  </>  =  &>  +  WTT,  where  m  is  an 
odd  integer.  When  this  is  substituted  in  equations  (36)  they  re- 
duce to  (35).  In  this  case  Sr  coincides  with  S. 

We  consider  now  the  remaining  case  where  c  has  the  value  c^ 
whereupon  the  right-hand  member  of  (42)  is  indeterminate.  In 
order  to  handle  this  case  we  consider  c  in  (41)  to  be  a  function  of 
<r,  reducing  to  e1  for  a  =  a-^  If  we  apply  the  ordinary  methods  to 

/  f       Q  \    I          /  \ 

the  function  tan  (  J—(  —  i  1  /sin  (  —    —  -1  )  >  which  becomes  indeterminate 

\    2     /I       \     2     / 

for  a-  =  o-j,  differentiating  numerator  and  denominator  with  respect 
to  <r,  we  have 


or 


—  co         . 

=  sin  a-A  —  +  - 


(' f£f  3f 

f         ***  i  •  i  0 j  i  C* 

-  )=sm<T,  /.  +  c'_ 


M-»\ 

y 

\  2  / 


where  c'  is  an  arbitrary  constant.    It  is  necessary  to  verify  that  this 
value  of  <f>  satisfies  the  equations  (36),  which  is  easily  done.* 

*  Cf .  Bianchi,  Vol.  II,  p.  418. 
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122.  Transformation  of  Lie.  Another  transformation  of  pseudo- 
spherical  surfaces  which,  however,  is  analytical  in  character  was 
discovered  by  Lie.*  It  is  immediate  when  the  surface  is  referred 
to  its  asymptotic  lines,  or  to  any  isothermal-conjugate  system 
of  lines. 

Since  the  parameters  in  terms  of  which  the  surface  is  defined  in 
§  119  are  isothermal-conjugate,  the  parameters  of  the  asymptotic 
lines  may  be  given  by 

(43)  u  +  v  =  2  a,         u  -  v  =  2  £. 

In  terms  of  these  curvilinear  coordinates  the  linear  elements  of  the 
surface  and  its  spherical  representation  have  the  forms 

ds*  =  a*(da2  +  2  cos  2  a>  dad £  + 
da*  =  da2-2  cos  2  a,  dad /8  +  rf/32, 
and  equation  (23)  takes  the  form 


cacft 


=  sin  a)  cos  o>. 


From  the  form  of  this  equation  it  is  evident  that  if  CD  =  </>(«,  /3)  be 
a  solution,  so  also  is-  a>l=  <f>(am,  /9/w),  where  m  is  any  constant. 
Hence  from  one  pseudospherical  surface  we  can  obtain  an  infinity 
of  others  by  the  transformation  of  Lie.  It  should  be  remarked, 
however,  that  only  the  fundamental  quantities  of  the  new  surfaces 
are  thus  given,  and  that  the  determination  of  the  coordinates  re- 
quires the  solution  of  a  Riccati  equation  which  may  be  different 
from  that  for  the  given  surface. 

Lie  has  called  attention  to  the  fact  that  every  Backlund  trans- 
formation is  a  combination  of  transformations  of  Lie  and  Bianchi.f 
In  order  to  prove  this  we  effect  the  change  of  parameters  (43)  upon 
equations  (35)  and  obtain 


(44) 


3  /a  ,      \      1  +  cos  o-         „ 
—  (0  +  to)  =  —  —  sm  (0  —  o>), 

da  sm  a- 


—  cos 


*  Archivfor  Mathematik  og  Naturvidenskab,  Vol.  IV  (1879),  p.  150. 
t  Cf.  Bianchi,  Vol.  II,  p.  434;  Darboux,  Vol.  Ill,  p.  432. 
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In  particular,  for  a  transformation  of  Bianchi  we  have 

o  o 

-  (d  +  to)  =  sin  (0  -  a)),  -  (0  -  <w)  =  sin  (0  +  to), 

ccc  dp 

Suppose  that  we  have  a  pair  of  functions  0  and  «o  satisfying 
these  equations,  and  that  we  effect  upon  them  the  Lie  transforma- 
tion for  which  m  has  the  value  (1  +  cos  cr)/sin  cr.  This  gives 

'1  -}-  COS  tr          1  —  COS  cr 


/, 
Ol=0 


sin  cr  sin  cr 

1  +  COS  cr         1  —  COS  cr 
sin  a  sin  cr 


„ 
p 


As  these  functions  satisfy  (44),  they  determine  a  transformation 
Ba.  But  0l  may  be  obtained  from  col  by  effecting  upon  the  latter 
an  inverse  Lie  transformation,  denoted  by  Z~\  upon  this  result  a 
Bianchi  transformation,  Z?ff/2,  and  then  a  direct  Lie  transformation, 
La.  Hence  we  may  write  symbolically 

which  may  be  expressed  thus : 

A  BdcJdund  transformation  Ba  is  the  transform  of  a   Bianchi 
transformation  by  means  of  a  Lie  transformation  La.* 

EXAMPLES 

1.  The  asymptotic  lines  on  a  pseudospherical  surface  are  curves  of  constant 
torsion. 

2.  Every  surface  whose  asymptotic  lines  are  of  the  same  length  as  their  spherical 
images  is  a  pseudospherical  surface  of  curvature  —  1. 

3.  Show  that  on  the  pseud osphere,  defined  by  (9),  the  curves 


b  cos<f>d<f>  +  sin20  V«2sin20  -  Wdv  =  0, 
where  6  is  a  constant,  are  geodesies,  and  find  the  radius  of  curvature  of  these  curves. 

4.  When  the  linear  element  of  a  pseudospherical  surface  is  in  the  parabolic 
form  (iii)  of  (7),  the  surface  defined  by 

8x  dy  dz 

x  —  x  —  a  — ,        y'  =  y  —  a  — »        z  =  z  —  a  — 

ou  £u  8u 

is  pseudospherical  (cf.  §  76) ;  it  is  a  Bianchi  transform  of  the  given  surface. 

*  Spherical  surfaces  admit  of  transformations  similar  to  those  of  Lie  and  Backlund. 
The  latter  are  imaginary,  but  such  combinations  of  them  can  be  made  that  the  resulting 
surface  is  real.  For  a  complete  discussion  of  these  the  reader  is  referred  to  chap.  v.  of 
the  Lezioni  of  Bianchi. 
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5.  The  helicoids  _ 

C  ~        A'2 

X  =  WCOSD,         y  =  usmv,         z=t\  —        —  --  -  —  lau  +  hv, 

J    \a  —  Ar-'u2      u'2 

where  a,  A,  A;  are  constants,  are  spherical  surfaces. 

6.  The  helicoid  whose  meridian  curve  is  the  tractrix  is  called  the  surface  of  Dini. 
Find  its  equations  when  sin  a  denotes  the  helicoidal  parameter  and  cos  a  the  con- 
stant length  of  the  segment  of  the  tangent  between  the  curve  and  its  axis.    Show 
that  the  surface  is  pseudospherical. 

7.  The  curves  tangent  to  the  joins  of  corresponding  points  on  a  pseudospherical 
surface  and  on  a  Backlund  transform  are  geodesies  only  when  a  =  ir/2. 

8.  Let  S  be  a  pseudospherical  surface  and  Si  a  Bianchi  transform  by  means  of 
a  function  0  (§  119).    Show  that 

X{  =  coso>(cos0  X\  +  sin0JT2)  —  sinwJT, 
X'z  =  sin  u  (cos0Xi  +  sin  0X2)  +  coswJT, 
X'  =  s\n0  Xi  —  cos0X2, 

where  X\,  JT2,  X  are  direction-cosines,  with  respect  to  the  x-axis,  of  the  tangents 
to  the  lines  of  curvature  on  S  and  of  the  normal  to  S,  and  X{,  X'%,  X'  are  the 
similar  functions  for  Si. 

123.  W-surfaces.  Fundamental  quantities.  Minimal  surfaces 
and  surfaces  of  constant  curvature  possess,  in  common  with  a 
great  many  other  surfaces,  the  property  that  each  of  the  prin- 
cipal radii  is  a  function  of  the  other.  Surfaces  of  this  kind  were 
first  studied  in  detail  by  Weingarten,*  and,  in  consequence,  are 
called  Weingarten  surfaces,  or  simply  W-surfaces.  Since  the  prin- 
cipal radii  of  surfaces  of  revolution  and  of  the  general  helicoids 
are  functions  of  a  single  parameter  (§§  46,  62),  these  are  TF-surfaces. 
We  shall  find  other  surfaces  of  this  kind,  but  now  we  consider 
the  properties  which  are  common  to  IF-surfaces. 

When  a  surface  S  is  referred  to  its  lines  of  curvature,  the 
Codazzi  equations  may  be  given  the  form 


dv  P«—  Pi  ov  du  Pi~  P2  du 

If  a  relation  exists  between  pt  and  p2,  as 
(46)  /(Pi,P,)  =  0, 

the  integration  of  equations  (45)  is  reducible  to  quadratures,  thus  : 

r_rfp,_  c  rfpj 

=  Ue  J  *•-"',          V  $  =VeJ*-», 

*  Crelle,  Vol.  LXII  (1863),  pp.  160-173. 
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where  U  and  V  are  functions  of  u  and  v  respectively.  Without 
changing  the  parametric  lines  the  parameters  can  be  so  chosen 
that  the  above  expressions  reduce  to 


(47) 

Thus  <o  and  $  are  expressible  as  functions  of  pl  or  /o2,  and  conse- 
quently they  are  functions  of  one  another.  This  relation  becomes 
more  clear  when  we  introduce  an  additional  parameter  K  defined  by 


(48) 


r  rfpi 
K  _  e  J  PI  -  ptf 


By  the  elimination  of  p2  from  this  equatiori  and  (46)  we  have  a 
relation  of  the  form  —  rf>M 

When  this  value  is  substituted  in  (48)  we  obtain 

where  the  accent  indicates  differentiation  with  respect  to  K.  From 
(47)  it  follows  that  j  1 

~  ~K  '  ~  (/>' ' 

When  these  values  are  substituted  in  the  Gauss  equation  for 
the  sphere  (V,  24),  the  latter  becomes 

—  (  — TIT  ~^~  }  ~l '  (  ~~2  —  ) 1  == 

This  equation  places  a  restriction  upon  the  forms  of  K  and  </>(*), 
but  it  is  the  only  restriction,  for  the  Codazzi  equations  (45)  are 
satisfied.  Hence  we  have  the  theorem  of  Weingarten :  * 

When  one  has  an  orthogonal  system  on  the  unit  sphere  for  which 
the  linear  element  is  reducible  to  the  form 

(49)  d(72  =  —  +  -^-, 

\         I  ..'2        '      J.I2/..\ 


there  exists  a  W-surface  whose  lines  of  curvature  are  represented  by 
this  system  and  whose  principal  radii  are  expressed  by 

(50)  pl  =  <f>(ic),         p2  =  <£(#)  —  K<J>'(K). 

*L.c.,  p.  163. 
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If  the  coordinates  of  the  sphere,  namely  A',  r,  Z,  are  known 
functions  of  u  and  r,  the  determination  of  the  IP-surface  with  this 
representation  reduces  to  quadratures.  For,  from  the  formulas 
of  Rodrigues  (IV,  32)  we  have 


- 


C     cZ 

=—  I  p.  — 

J        cu 


cZ  , 
+  p.,  —  dv. 

'  c>' 


The  right-hand  members  of  these  equations  are  exact  differentials, 
since  the  Codazzi  equations  (45)  have  been  satisfied.  If  A',  F, 
Z  are  not  known,  their  determination  requires  the  solution  of  a 
Riccati  equation.  The  relation  between  the  radii  of  the  form  (46) 
is  obtained  by  eliminating  K  from  equations  (50). 

We  find  readily  that  the  fundamental  quantities  for  the  sur- 
face have  the  values 


9' 


, 

K'  9  ' 

And  from  (48),  (50),  and  (51)  we  obtain 

._-  f_^L_  ,—  f    ^ 

(52)  v  ^  =  p,eJ  Ps  -  %         V  (?  =  p2e  J  *  -  1. 
Consider  the  quadratic  form 

(53)  -  [(EU'—FD)  ,hr  +  (ED"-  GD)dudv  +  (FD"-  GD1)  dv1}, 
If 

which  when  equated  to  zero  defines  the  lines  of  curvature.  When 
these  lines  are  parametric,  this  quadratic  form  is  reducible  by 
means  of  (IV,  74)  to 


But  in  consequence  of  (47)  this  is  further  reducible  for  JF-surfaces  to 
dudv.  Since  the  curvature  of  this  latter  form  is  zero,  the  curvature 
of  (53)  also  is  zero,  and  consequently  (§  135)  the  form  (53)  is  redu- 
cible by  quadratures  to  dudv.  Hence  we  have  the  theorem  of  Lie  : 

The  lines  of  curvature  of  a  W-surface  can  be  found  by  quadratures, 


294  IT-SURFACES 

124.  Evolute  of  a  tP-surface.  The  evolute  of  a  JF-surface  pos- 
sesses several  properties  which  are  characteristic.  Referring  to  the 
results  of  §  75,  we  see  that  by  means  of  (52)  the  linear  elements  of 
the  sheets  of  the  evolute  of  a  JF-surface  are  reducible  to  the  form 


<54)  .  ..__ 

cZw2, 
or,  in  terms  of  K, 

(55)  S\~        *t 

From  these  results  and  the  remarks  of  §  46  we  obtain  at  once 
the  following  theorem  of  Weingarten  : 

Each  surface  of  center  of  a  W-surface  is  applicable  to  a  surface  of 
revolution  whose  meridian  curve  is  determined  by  the  relation  between 
the  radii  of  the  given  surface. 

We  have  also  the  converse  theorem,  likewise  due  to  Weingarten  : 

If  a  surface  8l  be  applicable  to  a  surface  of  revolution,  the  tan- 
gents to  the  geodesies  on  S1  corresponding  to  the  meridians  of  the 
surface  of  revolution  are  normal  to  a  family  of  parallel  W-surfaces; 
if  8^^  be  deformed  in  any  manner  whatever,  the  relation  between  the 
radii  of  these  W-surfaces  is  unaltered. 

In  proving  this  theorem  we  apply  the  results  of  §  76.  If  the 
linear  element  of  £j  be 

d**=du*+U*dvt, 

the  principal  radii  of  S  are  given  by 

(56)  Pl=u,         p,2=u-  —  . 

Since  both  are  functions  of  a  single  parameter,  a  relation  exists 
between  them  which  depends  upon  U  alone,  and  consequently  is 
unaltered  in  the  deformation  of  Sv. 

From  (V,  99)  the  projections  upon  the  moving  trihedral  for  Sl 
of  a  displacement  of  a  point  on  the  complementary  surface  S2  are 

,/         &\  ,  u 

d(u ;  )i         0,         (qdu  +  q.dv) — :• 

\        U'/  U' 
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In  consequence  of  formulas  (V,  48,  75)  the  expression  U(q  du  +  q^v) 
is  an  exact  differential,  which  will  be  denoted  by  dw.  Hence  the 
linear  element  of  S2  is 

(57)  '**;= 


from  which  it  follows  that  S2  also  is  applicable  to  a  surface  of 
revolution.* 

The  last  theorem  of  §  75  may  be  stated  thus  : 

A  necessary  and  sufficient  condition  that  the  asymptotic  lines  on 
the  surfaces  of  center  S^  S2  of  a  surface  S  correspond  is  that  S  be 
a  ll'-surface;  in  this  case  to  every  conjugate  system  on  Sl  or  S.2  there 
corresponds  a  conjugate  system  on  the  other. 

From  (V,  98,  98')  it  follows  that  when  S  is  a  JT-surface,  and 
only  in  this  case,  we  have 
(58) 


Hence  at  corresponding  points  the  curvature  is  of  the  same  kind. 

An  exceptional  form  of  equation  (46)  is  afforded  by  the  case  where 
one  or  both  of  the  principal  radii  is  constant.  For  the  plane  both 
radii  are  infinite  ;  for  a  circular  cylinder  one  is  infinite  and  the  other 
has  a  finite  constant  value.  The  sphere  is  the  only  surface  with  both 
radii  finite  and  constant.  For,  if  pl  and  p2  are  different  constants, 
from  (45)  it  follows  that  €  and  £  are  functions  of  u  and  v  respec- 
tively, which  is  true  only  of  developable  surfaces.  When  one  of  the 
radii  is  infinite,  the  surface  is  developable.  There  remains  the  case 
where  one  has  a  finite  constant  value  ;  then  S  is  a  canal  surface  (§  29). 

In  considering  the  last  case  we  take 

P-2~  a> 
then,  from  (48),  we  have 

Pt^K  +  a, 

and  the  linear  element  of  the  sphere  is 

du2       ,  2 
da*  =  —  r  +  dv*. 

K~ 

Conversely,  when  the  linear  element  of  the  sphere  is  reducible  to 
this  form,  the  curves  on  the  sphere  represent  the  lines  of  curvature 
on  an  infinity  of  parallel  canal  surfaces. 

*  Cf.  Darboux,  Vol.  Ill,  p.  329. 
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125.  Surfaces  of  constant  mean  curvature.    For  surfaces  of  con- 
stant total  curvature  the  relation  (46)  may  be  written 


where  c  denotes  a  constant.   When  this  value  is  substituted  in  (48) 
we  have,  by  integration, 

(59)  pl  =  \fK+c,        p2=—-===, 

v/c2+  c 

so  that  the  linear  element  of  the  sphere  is 


(60)  ^- 

K 

Conversely,  when  we  have  an  orthogonal  system  on  the  sphere  for 
which  the  linear  element  is  reducible  to  the  form  (60),  it  serves  for 
the  representation  of  the  lines  of  curvature  of  a  surface  of  constant 
curvature,  and  of  an  infinity  of  parallel  surfaces. 

When  c  is  positive,  two  of  these  parallel  surfaces  have  constant 
mean  curvature,  as  follows  from  the  theorem  of  Bonnet  (§73).  In 
fact,  the  radii  of  these  surfaces  are 

(61)  Pl  =  y/jVc±V~ct        p2=-=L=±V~c. 

v/e2+<? 

If  we  put 

(62)  c  •=  a?,  K  =  a  csch  o>, 

and  replace  u  by  au,  the  linear  element  (60)  becomes 

dd2  =  sinh2&)  du2  +  cosh2o>  dv*. 
In  like  manner,  if  we  replace  u  by  iau,  v  by  iv,  and  take 

(63)  c  =  a2,          K  =  at  sech  a>, 
the  linear  element  of  the  sphere  is 

da-?  =  cosh2  a>  du2  +  sinh2<u  dv*. 

For  the  values  (62)  we  have,  from  (61), 

ae±<a  ae±<a 

(64)  p=——-,      p=± — __, 

smh  <a  cosh  to 

and  the  linear  elements  of  the  corresponding  surfaces  are 

(65)  d82=a2e±2u(du2 
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Moreover,  for  the  values  (63)  the  radii  have  the  values 

ae~"  ae±<a 

66)  Pi=± r— '         P2=    •   ,      * 

cosh  <u  smh  to 

but  the  linear  elements  are  the  same  (65).  In  each  case  the  mean 
curvature  is  ±l/a.  We  state  these  results  in  the  following  form: 

The  lines  of  curvature  upon  a  surface  of  constant  mean  curvature 
form  an  isothermic  system,  the  parameters  of  which  can  be  chosen 
so  that  the  linear  element  has  one  of  the  forms  (65),  where  a>  is  a 
solution  of  the  equation 

2?         "- 

(67)  —s  H +  sinh  &>  cosh  &>  =  0. 

du       dir 

Conversely,  each  solution  of  this  equation  determines  two  pairs  of 
applicable  surfaces  of  constant  mean  curvature  ±l/a,  whose  lines 
of  curvature  correspond,  and  for  -which  the  radii  p^  pn  of  one  surface 
are  equal  to  the  radii  of  pa,  pl  of  the  applicable  surface. 

It  can  be  shown  that  if  o>  =  <f>  (u,  v)  is  a  solution  of  equation  (67), 
so  also  is 

(68)  o)j  =  <f>  (u  cos  <r  —v  sin  <r,  u  sin  <r  +  v  cos  <r), 

where  cr  is  any  constant  whatever.  Hence  there  exists  for  spherical 
surfaces  a  transformation  analogous  to  the  Lie  transformation  of 
pseudospherical  surfaces.  This  transformation  can  be  given  a  geo- 
metrical interpretation  if  it  is  considered  in  connection  with  the  sur- 
faces of  constant  mean  curvature  parallel  to  the  spherical  surfaces. 
Let  St  denote  the  surface  with  the  linear  element 

(69)  ds*  =  aV°>  (du*  +  dv2). 
If  we  put 

(70)  u1=u  cos  a-  —  v  sin  <r,          vl  =  u  sin  a  +  v  cos  <r, 
the  solution  (68)  becomes  a>1  =  <j>(ul^  t\),  and  (69)  reduces  to 

d9*=  Je"*  (duf+dvfi. 

Hence  if  we  make  a  point  (u,  r)  on  S  with  the  linear  element  (65), 
in  which  the  positive  sign  is  taken,  correspond  to  the  point  (uv  vr) 
on  #!,  the  surfaces  are  applicable,  and  to  the  lines  of  curvature 
u  =  const.,  v  =  const,  on  S  correspond  on  Sl  the  curves 

u  cos  a-  —  v  sin  <r  =  const.,          u  sin  <r  +  v  cos  cr  =  const. 
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But  the  latter  cut  the  lines  of  curvature  u  =  const.,  v  =  const,  on 
S1  under  the  angle  a-.  Moreover,  the  corresponding  principal  radii 
of  $  and  $j  are  equal  at  corresponding  points.  Hence  we  have  the 
following  theorem  of  Bonnet :  * 

A  surface  of  constant  mean  curvature  admits  an  infinity  of  appli- 
cable surfaces  of  the  same  kind  with  preservation  of  the  principal 
radii  at  corresponding  points,  and  the  lines  of  curvature  on  one 
surface  correspond  to  lines  on  the  other  which  cut  the  lines  of 
curvature  under  constant  angle.  . 

Weingarten  has  considered  the  7F-surfaces  whose  lines  of 
curvature  are  represented  on  the  sphere  by  geodesic  ellipses 
and  hyperbolas.  In  this  case  the  linear  element  of  the  sphere 
is  reducible  to  the  form  (§  90) 

,  o        du*          dv2 
da"  = 1 


sin2^      cos2 1 

Comparing  this  with  (49),  we  have 

.&)  .  &) 

K.  =  sin  — ,  <p'  =  cos  —  * 

from  which  it  follows  that 

_  &)  +  sin  a) 

4 
Hence 

ft)  +  sin  &)  &)  —  sin  &> 

pi=  ~r       Pz=  ~T~ 

and  the  relation  between  the  radii  is  found,  by  the  elimination 
of  &),  to  be 

(72)  2(/31— /32)  =  sin  2(/Oj+ /92).f 


*Memoire  sur  la  theorie  des  surfaces  applicables  sur  une  surface  donnce,  Journal  de 
I'Ecole  Poly  technique,  Cahier  42  (1867),  pp.  72  et  seq.  In  this  memoir  Bonnet  solves  com- 
pletely the  problem  of  finding  applicable  surfaces  with  corresponding  principal  radii  equal . 
When  a  surface  possesses  an  infinity  of  applicable  surfaces  of  this  kind,  its  lines  of  curv- 
ature form  an  isothermal  system. 

t  Darboux  (Vol.  Ill,  p.  37.'5)  proves  that  these  surfaces  may  be  generated  as  follows: 
Let  C  and  C\  be  two  curves  of  constant  torsion,  differing  only  in  sign.  The  locus  of  the 
mid-points  M  of  the  join  of  any  points  P  and  P\  of  these  curves  is  a  surface  of  translation. 
If  a  line  be  drawn  through  M  parallel  to  the  intersection  of  the  osculating  planes  of  C  and 
C\  at  P  and  PI,  this  line  is  normal  to  a  IP-surface  of  the  above  type  for  all  positions  of  M. 
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126.  Ruled   W-surfaces.    We    conclude    the    present   study    of 
ir-surfaces  with  the  solution  of  the  problem  : 
To  determine  the  W-turfaces  which  are  ruled. 

This   problem    was    proposed    and    solved    simultaneously   by 
Beltrami*  and  Dini.f    We  follow  the  method  of  the  latter. 

In  §§  106,  107  we  found  that  when  the  linear  element  of  a 
ruled  surface  is  in  the  form 

ds-  =  du2  +  [(u  -af+p?}  dv1, 
the  expressions  for  the  total  and  mean  curvatures  are 


m 
where  r  is  a  function  of  v  at  most,  and 


In  order  that  a  relation  exist  between  the  principal  radii  it  is 
necessary  and  sufficient  that  the  equation 

—  A'-  —  K  -  —  K-  —  A'  =  0 

CU  CV 

be  satisfied  identically.     If  the  above  values  be  substituted,  the 
resulting  equation  reduces  to 

1(11-0)    g 

8        cv 


_ 
\ 

As  this  is  an  identical  equation,  it  is  true  when  u  =  a,  in  which 
case  it  reduces  to  /3'=0.  Hence  £  is  a  constant  and  the  above 
equation  becomes 


(u  -  of  +  r'p+  /3a"  =  0. 

Since  this  equation  must  be  true  independently  of  the  value  of 
both  r'  and  a"  are  zero.    Therefore  we  have 

(73)  a  =  ev  +  d,          ft  =  e,          r  =  k, 

where  <?,  tf,  e,  k  are  constants. 
The  linear  element  is 

d?  =  duz+  [(u  -  cv  -  d)*  +  e- 

•Annali,  Vol.  VII  (1865),  pp.  139-130.  t  Annali,  Vol.  VII  (1865),  pp.  305-210. 
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In  order  to  interpret  this  result  we  calculate  the  expression 
for  the  tangent  of  the  angle  which  the  generators  v  =  const, 
make  with  the  line  of  striction 

u  —  cv  —  d  =  0. 
From  (III,  24)  we  have 

tan  6  =  - ; 
c 

consequently  the  angle  is  constant.  Conversely,  if  6  and  the  param- 
eter of  distribution  /3  be  constant,  a  has  the  form  (73).  Hence  we 
have  the  theorem : 

A  necessary  and  sufficient  condition  that  a  ruled  surface  be  a 
W-surface  is  that  the  parameter  of  distribution  be  constant  and  that 
the  generators  be  inclined  at  a  constant  angle  to  the  line  of  stric- 
tion, which  consequently  is  a  geodesic. 


EXAMPLES 

1.  Show  that  the  helicoids  are  TF-surfaces. 

2.  Find  the  form  of  equation  (49),  when  the  surface  is  minimal,  and  show  that 
each  conformal  representation  of  the  sphere  upon  the  plane  determines  a  minimal 
surface. 

3.  Show  that  the  tangents  to  the  curves  v  =  const,  on  a  spherical  surface  with 
the  linear  element  (i)  of  (6)  are  normal  to  a  IT-surface  for  which 

Pi 

P2  —  Pl  =  COt  —  • 

d 

4.  The  helicoids  are   the  only  TF-surfaces  which  are  such  that  the   curves 
.  pi  =  const,  meet  the  lines  of  curvature  under  constant  angle  (cf.  Ex.  23,  p.  188). 

5.  The   asymptotic  lines  on   the  surfaces  of  center  of  a  surface  for  which 
pi  +  Pz  =  const,  correspond  to  the  minimal  lines  on  the  spherical  representation 
of  the  surface ;  and,  when  p\  —  pz  =  const.,  to  a  rectangular  system  on  the  sphere. 

127.  Spherical  representation  of  surfaces  with  plane  lines  of 
curvature  in  both  systems.  Surfaces  whose  lines  of  curvature  in 
one  or  both  systems  are  plane  curves  have  been  an  object  of  study 
by  many  geometers.  Since  the  tangents  to  a  line  of  curvature  and 
to  its  spherical  representation  at  corresponding  points  are  parallel, 
a  plane  line  of  curvature  is  represented  on  the  sphere  by  a  plane 
curve%  that  is,  a  circle  ;  and  conversely,  a  line  of  curvature  is  plane 
when  its  spherical  representation  is  a  circle. 
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We  consider  first  the  determination  of  surfaces  with  plane 
lines  of  curvature  in  both  systems  from  the  point  of  view  of 
their  spherical  representation.*  To  this  end  we  must  find  orthog- 
onal systems  of  circles  on  the  sphere.  If  two  circles  cut  one 
another  orthogonally,  the  plane  of  each  must  pass  through  the 
pole  of  the  plane  of  the  other.  Hence  the  planes  of  the  circles 
of  one  system  pass  through  a  point  in  the  plane  of  each  circle 
of  the  second  system,  and  consequently  the  planes  of  each  family 
form  a  pencil,  the  two  axes  being  polar  reciprocal  with  respect  to 
the  sphere.f 

We  consider  separately  the  two  cases  :  I,  when  one  axis  is  tan- 
gent to  the  sphere,  and  therefore  the  other  is  tangent  at  the  same 
point  and  perpendicular  to  it  ;  II,  when  neither  is  tangent. 

CASE  I.  We  take  the  center  of  the  unit  sphere  for  origin  0,  the 
x-  and  y-axes  parallel  to  the  axes  of  the  pencils,  and  let  the  coor- 
dinates of  the  point  of  contact  be  (0,  0,  1).  The  equations  of  the 
pencils  of  planes  may  be  put  in  the  form 

(74,  a;  +  tt(z-l)=0,          t,  +  r(2_l)  =  0, 

where  u  and  v  are  the  parameters  of  the  respective  families. 
If  these  equations  be  solved  simultaneously  with  the  equation 
of  the  sphere,  and,  as  usual,  A',  }',  Z  denote  coordinates  of  the 
latter,  \ve  have 

2w  2t-  tr+r-1 

=  «*f       -a-»  -« 


Now  the  linear  element  of  the  sphere  is 
(76)  & 


CASE  II.  As  in  the  preceding  case,  we  take  for  the  2-axis  the 
common  perpendicular  to  the  axes  of  the  pencils,  and  for  the  a/- 
and y-axes  we  take  lines  through  0  parallel  to  the  axes  of  the 
pencils.  The  coordinates  of  the  points  of  meeting  of  the  latter 
with  the  2-axis  are  of  the  form  (0,  0,  a),  (0,  0,  I/a).  The  equa- 
tions of  the  two  pencils  of  planes  could  be  written  in  forms 

»  Bianchi,  Vol.  II,  p.  256  ;  Darboux,  Vol.  I,  p.  128,  and  Vol.  IV,  p.  180. 
t  Bonnet,  Journal  de  I'Ecole  Poll/technique,  Vol.  XX  (1853),  pp.  136,  137. 


302     SURFACES  WITH  PLANE  LINES  OF  CURVATURE 

similar  to  (74),  but  the  expressions  for  X,  F,  Z  will  be  found 
to  be  of  a  more  suitable  form  if  the  equations  of  the  families 
of  planes  be  written 

tanw                                       a  tanhv  /        1\ 
x~    ,- (z-a)  =  Q,         y-      (g--)=0. 

VI  —  a-  VI  —  <f  \       a/ 

Proceeding  as  in  Case  I,  we  find 


(77) 


_    Vl  —  a2  sin  u 
X  — 


Y=  — 


cosh  v  +  a  cos  u 
1  —  a2  sinh  v 


cosh  v  +  a  cos  u 
cos  u  +  a  cosh  v 


cosh  v  -f  a  cos  u 

and  the  linear  element  is 

/1 /»2\  //7«2  _i_  A> 

(78)  & 


(cosh  v  +  a  cos  u) 

From  the  preceding  discussion  we  have  tacitly  excluded  the  sys- 
tem of  meridians  and  parallels.  As  before,  the  planes  of  the  two 
families  of  circles  form  pencils,  but  now  the  axis  of  one  pencil 
passes  through  the  center  of  the  sphere  and  the  other  is  at  infinity. 
Hence  this  case  corresponds  to  the  value  zero  for  a  in  Case  II.  In 
fact,  if  we  put  a  =  0  in  (77),  the  resulting  equations  define  a  sphere 
referred  to  a  system  of  meridians  and  parallels,  namely 

sinw  sinhv  cosw 

1= 


— 

cosh  v  cosh  v  cosh  v 

Since  the  planes  of  the  lines  of  curvature  on  a  surface  are  parallel 
to  the  planes  of  their  spherical  images,  .the  curves  v  =  const,  on  a 
surface  with  the  representation  (79)  lie  in  parallel  planes,  and  the 
planes  of  the  curves  u  =  const,  envelop  a  cylinder.  These  surfaces 
are  called  the  molding  surfaces.*  We  shall  consider  them  later. 

128.  Surfaces  with  plane  lines  of  curvature  in  both  systems. 
By  a  suitable  choice  of  coordinate  axes  and  parameters  the 
expressions  for  the  direction-cosines  of  the  normal  to  a  surface 
with  plane  lines  of  curvature  in  both  systems  can  be  given  one 

*  These  surfaces  were  first  studied  by  Monge,  Application  de  L'  Analyse  a  la  Gtomd- 
trie,  §  17.  Paris,  1849. 
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of  the  forms  (75)  or  (77).  For  the  complete  determination  of  all 
surfaces  of  this  kind  it  remains  then  for  us  to  find  the  expres- 
sion for  the  other  tangential  coordinate  IT,  that  is,  the  distance 
from  the  origin  to  the  tangent  plane.  The  linear  element  of 
the  sphere  in  both  cases  is  of  the  form 

du'2  +  <7r 

—  \*  —  ' 

where  X  is  such  that 

(80)  —  =  0. 

V  /  ",.   ^.. 

cu  cv 
From  (VI,  39)  we  see  that  the  equation  satisfied  by  IT  is 

r0       clogX  c  6      c  log  X  cO  _ 
cucv         cv      cu          f'i      dv 

In  consequence  of  (80),  if  we  change  the  unknown  function  in 
accordance  with  0l=\0,  the  equation  in  Ov  is  of  the  form  (80). 
Hence  the  most  general  value  for  W  is 

w-u+v 

T~ 

where  U  and  V  are  arbitrary  functions  of  u  and  v  respectively. 

Hence  any  surface  with  plane  lines  of  curvature  in  both  systems 
is  the  envelope  of  a  family  of  planes  whose  equation  is  of  the  form 


(81) 
or 

(82)  Vl  —  cr  sin  ux  —  Vl  —  a2  sinh  vy  -f  (cos  u  +  a  cosh  v)  z 

=  (T+  F)Vl  —  a-. 

The  expressions  for  the  Cartesian  coordinates  of  these  surfaces 
can  be  found  without  quadrature  by  the  methods  of  §  67.  Thus, 
for  the  surface  envelope  of  (81)  we  have  to  solve  for  r,  y,  z  equa- 
tion (81)  and  its  derivatives  with  respect  to  u  and  t;.  The  latter  are 

(83)  -x+uz=r  .         ty  +  vz  =  V, 

where  the  accents  indicate  differentiation.  We  shall  not  carry  out 
this  solution,  but  remark  that  as  each  of  these  equations  contains 
a  single  parameter  they  define  the  planes  of  the  lines  of  curvature. 
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From  the  form  of  (83)  it  is  seen  that  these  planes  in  each  sys- 
tem envelop  a  cylinder,  and  that  the  axes  of  these  two  cylin- 
ders are  perpendicular.  This  fact  was  remarked  by  Darboux, 
who  also  observed  that  equation  (81)  defines  the  radical  plane 
of  the  two  spheres 

(84}  **+    2+  z2+  2  UX  +  u*~     z  =  2 


These  are  the  equations  of  two  one-parameter  families  of  spheres, 
whose  centers  lie  on  the  focal  parabolas 

(85) 

and  whose  radii  are  determined  by  the  arbitrary  functions  U  and  V. 
The  characteristics  of  each  family  are  defined  by  its  equation  and 
the  corresponding  equation  of  the  pair  (83).  Consequently  the  orig- 
inal surface  is  the  locus  of  the  point  of  intersection  of  the  planes 
of  these  characteristics  and  the  radical  planes  of  the  spheres. 

Similar  results  follow  for  the  equation  (82),  which  defines  the 
radical  planes  of  two  families  of  spheres  whose  centers  are  on  the 
focal  ellipse  and  hyperbola 

^  ~.  —  TT  -  *.  —  i*  sin  u,     v,  =  0,       z.  =  ^  cos  w, 
(80)          -> 


x  —  0,     y  =  £  vl  —  a'2  sinhv, 


When  in  particular  a  =  0,  these  curves  of  center  are  a  circle  and 
its  axis. 

From  the  foregoing  results  it  follows  that  these  surfaces  may  be 
generated  by  the  following  geometrical  method  due  to  Darboux :  * 

Every  surface  with  plane  lines  of  curvature  in  two  systems  can  be 
obtained  from  two  singly  infinite  families  of  spheres  whose  centers  lie 
on  focal  conies  and  whose  radii  vary  according  to  an  arbitrary  law. 
The  surface  is  the  envelope  of  the  radical  plane  of  two  spheres  S  and  2, 
belonging  to  two  different  families.  If  one  associate  with  S  and  2  two 
infinitely  near  spheres  >S'  and  2',  the  radical  center  of  these  four 
spheres  describes  the  surface  ;  and  the  radical  planes  of  S  and  S'  and 
of  2  and  2'  are  the  planes  of  the  lines  of  curvature. 

*  Vol.  I,  p.  132. 
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129.  Surfaces  with  plane  lines  of  curvature  in  one  system. 
Surfaces  of  Monge.  When  the  lines  of  curvature  in  one  system 
are  plane,  the  curves  on  the  sphere  are  a  family  of  circles  and 
their  orthogonal  trajectories;  and  conversely.  Every  system  of 
this  kind  may  be  obtained  from  a  system  of  circles  and  their 
orthogonal  trajectories  in  a  plane  by  a  stereographic  projection. 
The  determination  of  such  a  system  in  the  plane  reduces  to  the 
integration  of  a  Riccati  equation  (Ex.  11,  p.  50).  Since  the  circles 
are  curves  of  constant  geodesic  curvature  we  have,  in  consequence 
of  the  first  theorem  of  §  84,  the  theorem : 

The  determination  of  all  the  surfaces  with  plane  lines  of  curva- 
ture in  one  system  requires  the  solution  of  a  Riccati  equation  and 
quadratures. 

We  shall  discuss  at  length  several  kinds  of  surfaces  with  plane 
lines  of  curvature  in  one  system,  and  begin  with  the  case  where 
these  curves  are  geodesies.  They  are  consequently  normal  sections 
of  the  surface.  Their  planes  envelop  a  developable  surface,  called 
the  director-developable,  and  the  lines  of  curvature  in  the  other  sys- 
tem are  the  orthogonal  trajectories  of  these  planes.  Conversely, 
the  locus  of  any  simple  infinity  of  the  orthogonal  trajectories  of  a 
one-parameter  system  of  planes  is  a  surface  of  the  kind  sought. 
For,  the  planes  cut  the  surface  orthogonally,  and  consequently 
they  are  lines  of  curvature  and  geodesies  (§  59).  Since  these 
planes  are  the  osculating  planes  of  the  edge  of  regression  of 
the  developable,  the  orthogonal  trajectories  can  be  found  by 
quadratures  (§  17). 

Suppose  that  we  have  such  a  surface,  and  that  C  denotes  one  of 
the  orthogonal  trajectories  of  the  family  of  plane  lines  of  curvature. 
Let  the  coordinates  of  C  be  expressed  in  terms  of  the  arc  of  the 
curve  from  a  point  of  it,  which  will  be  denoted  by  v.  As  the 
plane  of  each  plane  line  of  curvature  F  is  normal  to  C  at  its  point 
of  meeting  with  the  latter,  the  coordinates  of  a  point  P  of  F  with 
reference  to  the  moving  trihedral  of  C  are  0, 17,  £.  Since  P  describes 
an  orthogonal  trajectory  of  the  planes,  we  must  have  (I,  82) 

£  +  £-0.         £-2-0, 

av      T  dv      r 
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where  r  denotes  the  radius  of  torsion  of  C.    If  we  change  the 
parameter  of  C  in  accordance  with  the  equation 

'  dv 


(87)  i-  r* 

Jo        T 

the  above  equations  become 


The  general  integral  of  these  equations  is 

(88)          ri  =  U^  cos  v1  —  U2  sin  v^       £  =  Uv  sin  v1  +  U2  cos  vlt 

where  U^  and  272  are  functions  of  the  parameter  u  of  points  of  F. 
When  v  =  0  we  have  vl  =  0,  and  so  the  curve  F  in  the  plane  through 
the  point  v  =  0  of  C  has  the  equations  77  =  U^  £  =  £72.  Hence  the 
character  of  the  functions  C^  and  Uz  is  determined  by  the  form  of 
the  curve ;  and  conversely,  the  functions  U}  and  U2  determine  the 
character  of  the  curve. 

By  definition  (87)  the  function  vl  measures  the  angle  swept 
out  in  the  plane  normal  to  C  by  the  binormal  of  the  latter,  as  this 
plane  moves  from  v  =  0  to  any  other  point.  Hence  equations  (88) 
define  the  same  curve,  in  this  moving  plane,  for  each  value  of  v^ 
but  it  is  defined  with  respect  to  axes  which  have  rotated  through 
the  angle  i\.  Hence  we  have  the  theorem : 

Any  surface  ivhose  lines  of  curvature  in  one  system  are  geodesies 
can  be  generated  by  a  plane  curve  whose  plane  rolls,  without  slipping, 
over  a  developable  surface. 

These  surfaces  are  called  the  surfaces  of  Monge,  by  whom  they 
were  first  studied.  He  proposed  the  problem  of  finding  a  surface 
with  one  sheet  of  the  evolute  a  developable.  It  is  evident  that  the 
above  surfaces  satisfy  this  condition.  Moreover,  they  furnish  the 
only  solution.  For,  the  tangents  to  a  developable  along  an  ele- 
ment lie  in  the  plane  tangent  along  this  element,  and  if  these 
tangents  are  normals  to  a  surface,  the  latter  is  cut  normally  by 
,this  plane,  and  consequently  the  curve  of  intersection  is  a  line  of 
curvature.  In  particular,  a  molding  surface  (§  127)  is  a  surface 
of  Monge  with  a  cylindrical  director-developable. 

Since  every  curve  in  the  moving  plane  of  the  lines  of  curva- 
ture generates  a  surface  of  Monge,  a  straight  line  in  this  plane 
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generates  a  developable  surface  of  Monge.    For,  all  the  normals 
to  the  surface  along  a  generator  lie  in  a  plane  (§  25).    Hence: 

A  necessary  and  sufficient  condition  that  a  curve  F  in  a  plane 
normal  to  a  curve  C  at  a  point  Q  generate  a  surface  of  Monge  as 
the  plane  moves,  remaining  normal  to  the  curve,  is  that  the  line 
joining  a  point  of  T  to  Q  generate  a  developable. 

130.  Molding  surfaces.  When  the  orthogonal  trajectory  C  is  a 
plane  curve,  the  planes  of  the  curves  F  are  perpendicular  to  the 
•plane  of  C,  and  consequently  the  director-developable  is  a  cylinder 
whose  right  section  is  the  plane  evolute  of  C.  The  surface  is  a 
molding  surface  (§  127),  and  all  the  lines  of  curvature  of  the  sec- 
ond system  are  plane  curves,  —  involutes  of  the  right  section  of 
the  cylinder.  Hence  a  molding  surface  may  be  generated  by  a 
plane  curve  whose  plane  rolls  without  slipping  over  a  cylinder. 
We  shall  apply  the  preceding  formulas  to  this  particular  case. 

Since  1/r  is  equal  to  zero,  it  follows  from  (88)  that  77  and  £  are 
functions  of  u  alone.  If  u  be  taken  as  a  measure  of  the  arc  of  the 
curve  F,  we  have,  in  all  generality, 

l-6"-  d  u, 


=  f 


where  the  function  U  determines  the  form  of  F.  If  we  take  the 
plane  of  the  curve  C  for  2  =  0,  and  #0,  y0  denote  the  coordinates 
of  a  point  of  C,  the  equations  of  the  surface  may  be  written 


x  =  x0  +  U  cos  v,         y  =  y0+rs'mi',         z  =  I  Vl—  lr'-du, 

where  v  denotes  the  angle  which  the  principal  normal  to  C  makes  with 

the  avaxis.    Since     £x  $.„ 

"  =  sin  v         — r^  =  —  cos  i\ 


ds0 


if  V  denote  the  radius  of  curvature  of  C,  then  ds()  =  V  dv,  and  the 
equations  of  the  surface  can  be  put  in  the  following  form,  given  by 

Darboux  * :  (  /* 

x  =  U  cos  v  +  I   V  sin  v  dv, 


(89) 


y  =  U  sin  v  —  I   T~  cos  v  dr, 

z=  fvi-r'-rfw. 


*  Vol.  I,  p. 
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The  equations  of  the  right  section  of  the  cylinder  are 
x  =  x0  +  V  cos  v  =  I   V'  cos  v  dv, 

~y  =y0  +  V  sin  v  =  I  V'  sin  v  dv. 


In  passing,  we  remark  that  surfaces  of  revolution  are  molding  sur- 
faces, whose  director-cylinder  is  a  line  ;  this  corresponds  to  the 
case  V  =  0. 

EXAMPLES 

1.  When  the  spherical  representation  of  the  lines  of  curvature  of  a  surface  is 
isothermal  and  the  curves  in  one  family  on  the  sphere  are  circles,  the  curves  in  the 
other  family  also  are  circles. 

2.  If  the  lines  of  curvature  in  one  system  on  a  minimal  surface  are  plane,  those 
in  the  other  system  also  are  plane. 

3.  Show  that  the  surface 

x  =  au  +  sin  u  cosh  i>,     y  —  v  +  a  cos  u  sinh  v,     z  =  Vl  —  a2  cos  u  cosh  », 
is  minimal  and  that  its  lines  of  curvature  are  plane.    Find  the  spherical  representa- 
tion of  these  curves  and  determine  the  form  of  the  curves. 

4.  Show  that  the  surface  of  Ex.  3  and  the  Enneper  surface  (Ex.  18,  p.  209)  are 
the  only  minimal  surfaces  with  plane  lines  of  curvature. 

5.  When  the  lines  of  curvature  in  one  system  lie  in  parallel  planes,  the  surface 
is  of  the  molding  type. 

6.  A  necessary  and  sufficient  condition  that  the  lines  of  curvature  in  one  system 
on  a  surface  be  represented  on  the  unit  sphere  by  great  circles  is  that  it  be  a  sur- 
face of  Monge. 

7.  Derive  the  expressions  for  the  point  coordinates  of  a  molding  surface  by  the 
method  of  §  67. 

131.  Surfaces  of  Joachimsthal.  Another  interesting  class  of 
surfaces  with  plane  lines  of  curvature  in  one  system  are  those  for 
which  all  the  planes  pass  through  a  straight  line.  Let  one  of  these 
lines  of  curvature  be  denoted  by  F,  and  one  of  the  other  system 
by  C.  The  developable  enveloping  the  surface  along  the  latter  has 
for  its  elements  the  tangents  to  the  curves  F  at  their  points  of 
intersection  with  C.  Since  these  elements  lie  in  the  planes  of  the 
curves  F,  the  developable  is  a  cone  with  its  vertex  on  the  line  Z>, 
through  which  all  these  planes  pass.  This  cone  is  tangent  to  the 
surface  along  (7,  and  its  elements  are  orthogonal  to  the  latter.  Con- 
sequently C  is  the  intersection  of  the  surface  and  a  sphere  with 
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center  at  the  vertex  of  the  cone  which  cuts  the  surface  orthogo- 
nally. Hence  we  have  the  following  result,  due  to  Joachimsthal*: 

When  th<:  lines  of  curvature  in  one  system  lie  in  planes  passing 
throuifh  a  line  D,  the  lines  of  curvature  in  the  second  system  lie  on 
spheres  ivhose  centers  are  on  D  and  luhich  cut  the  surface  orthogonally. 

Such  surfaces  are  called  surfaces  of  Joachimsthal.  Each  of  the 
curves  of  the  first  system  is  an  orthogonal  trajectory  of  the  circles 
in  which  the  spheres  are  cut  by  its  plane.  Therefore,  in  order  to 
derive  the  equations  of  such  a  surface,  we  consider  first  the  orthog- 
onal trajectories  of  a  family  of  circles  whose  centers  are  on  a  line. 
If  the  latter  be  taken  for  the  7^-axis,  the  circles  are  defined  by 

£  =  r  sin  6,         77  =  r  cos  6  +  u, 

where  r  denotes  the  radius,  6  the  angle  which  the  latter  makes 
with  the  Tj-axis,  and  u  the  distance  of  the  center  from  the  origin. 
Now  r  is  a  function  of  M,  and  0  is  independent  of  u.  In  order  that 
these  same  equations  may  define  an  orthogonal  trajectory  of  the 
circles,  6  must  be  such  a  function  of  u  that 

du  cu 

or 

du 

By  integration  we  have 

(90)  tan|«r^', 

where  V  denotes  the  constant  of  integration. 

Since  each  section  of  a  surface  of  Joachimsthal  by  a  plane 
through  its  axis  is  an  orthogonal  trajectory  of  a  family  of  circles 
whose  centers  are  on  this  axis,  the  equations  of  the  most  general 
surface  of  this  kind  are  of  the  form 

x  =  r  sin  9  cos  ?-,       y  =  r  sin  9  sin  v,       z  =  u  -f  r  cos  0, 

where  v  denotes  the  angle  which  the  plane  through  a  point  and 
the  axis  makes  with  the  plane  y  =  0,  and  6  is  given  by  (90),  in 
which  now  F  is  a  function  of  v. 

•Crelle,  Vol.  LIV  (1857),  pp.  181-192. 
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When  V  is  constant  6  is  a  function  of  u  alone,  and  the  surface 
is  one  of  revolution.  For  other  forms  of  Fthe  geometrical  genera- 
tion of  the  surfaces  is  given  by  the  theorem : 

Griven  the  orthogonal  trajectories  of  a  family  of  circles  whose  cen- 
ters lie  on  a  right  line  D ;  if  they  be  rotated  about  D  through  dif- 
ferent angles,  according  to  a  given  law,  the  locus  of  the  curves  is  a 
surface  of  Joachimsthal. 

132.  Surfaces  with  circular  lines  of  curvature.  We  consider 
next  surfaces  whose  lines  of  curvature  in  one  system  are  circles. 
Let  o-  denote  the  constant  angle  between  the  plane  of  the  circle 
C  and  the  tangent  planes  to  the  surface  along  C  (cf.  §  59),  p  the 
radius  of  normal  curvature  in  the  direction  of  C,  and  r  the  radius 
of  the  latter.  Now  equation  (IV,  17)  may  be  written 

(91)  r  =  p  sin  <r. 

As  an  immediate  consequence  we  have  the  theorem : 

A  necessary  and  sufficient  condition  that  a  plane  line  of  curvature 
be  a  circle  is  that  the  normal  curvature  of  the  surface  in  its  direction 
be  the  same  at  all  of  its  points. 

Since  the  normals  to  the  surface  along  C  are  inclined  to  its  plane 
under  constant  angle,  they  form  a  right  circular  cone  whose  vertex 
is  on  the  axis  of  C.  Moreover,  the  cone  cuts  the  surface  at  right 
angles,  and  consequently  the  sphere  of  radius  p  and  center  at  the 
vertex  of  the  cone  is  tangent  to  the  surface  along  C.  Hence  the 
surface  is  the  envelope  of  a  family  of  spheres  of  variable  or  con- 
stant radius,  whose  centers  lie  on  a  curve. 

Conversely,  we  have  seen  in  §  29  that  the  characteristics  of 
the  family  of  spheres 

(X-  xf+(Y-  y?+(Z-  «)»  =  #, 

where  x,  y,  z  are  the  coordinates  of  a  curve  expressed  in  terms  of  its 
arc,  and  R  is  a  function  of  the  same  parameter,  are  circles  of  radius 

(92)  r  =  R(l-R'*)*, 

whose  axes  are  tangent  to  the  curve  of  centers  and  whose  centers 
have  the  coordinates 

(93)  x^x—aRR',       y^y  —  fiRR',       z^z 
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where  a,  /S,  7  are  the  direction-cosines  of  the  axis,  and  the  accent 
indicates  differentiation.  The  normals  to  the  envelope  along  a 
characteristic  form  a  cone,  and  consequently  these  circles  are  lines 
of  curvature  upon  it.  Hence  : 

A  necessary  and  sufficient  condition  that  the  lines  of  curvature  in 
one  family  be  circles  is  that  the  surface  be  the  envelope  of  a  single 
infinity  of  spheres,  the  locus  of  whose  centers  is  a  curve,  the  radii 
being  determined  by  an  arbitrary  law. 

From  equations  (91),  (92)  it  follows  that  R'  =  cos  <r.  Hence  the 
circles  are  geodesies  only  when  R  is  constant,  that  is,  for  canal 
surfaces  (§  29).  In  this  case,  as  is  seen  from  (92),  all  the  circles 
are  equal. 

The  circles  are  likewise  of  equal  radius  a  when 


where  s  is  the  arc  of  the  curve  of  centers  and  c  is  a  constant  of 
integration.    Now  equations  (93)  become 


which  are  the  equations  also  of  an  involute  of  the  curve  of  centers 
(§  21).    This  result  may  be  stated  thus*: 

If  a  string  be  unwound  from  a  curve  in  such  a  way  that  its  moving 
extremity  J/  generates  an  involute  of  the  curve,  and  if  at  Ma  circle 
be  constructed  whose  center  is  M  and  whose  plane  is  normal  to  the 
string,  then  as  the  string  is  unwound  this  circle  generates  a  surface 
U'ith  a  family  of  equal  circles  for  lines  of  curvature. 

The  locus  of  the  centers  of  the  spheres  enveloped  by  a  surface  is 
evidently  one  sheet  of  the  evolute  of  the  surface,  and  the  radius 
of  the  sphere  is  the  radius  of  normal  curvature  in  the  direction 
of  the  circle.  Consequently  this  radius  is  a  function  of  the 
parameter  of  the  spheres.  Conversely,  from  §  75,  we  have  that 
when  S2  is  a  curve  H2  =  0,  and  consequently 


»  Cf.  Bianchi,  Vol.  II,  p.  *72. 
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Excluding  the  case  of  the  sphere,  we  have  that  p2  is  a  function  of 
u  alone.    From  the  formulas  of  Rodrigues  (IV,  32), 

dx  _         dX         dy  __         BY         dz  _          dZ 

IT  ~      Pz  IT"  '         o~  ~~      Pz  T~  '         o~  ~~      ^2  T~  ' 
dv  dv          dv  dv          dv  dv 

we  have,  by  integration, 


Hence  the  points  of  the  surface  lie  on  the  spheres 
(x-Utf+(y-Ut)*+(*-Utf=(>l 

and  the  spheres  are  tangent  to  the  surface. 

Since  the  normals  to  a  surface  along  a  circular  line  of  curvature 
form  a  cone  of  revolution,  the  second  sheet  of  the  evolute  is  the 
envelope  of  a  family  of  such  cones.  The  characteristics  of  such  a 
family  are  conies.  Hence  we  have  the  theorem  : 

A  necessary  and  sufficient  condition  that  one  sheet  of  the  evolute  of 
a  surface  be  a  curve  is  that  the  surface  be  the  envelope  of  a  single  infinity 
of  spheres  ;  the  second  focal  sheet  is  the  locus  of  a  family  of  conies. 

133.  Cyclides  of  Dupin.  From  the  preceding  theorem  it  results 
that  if  also  the  second  sheet  of  the  evolute  of  a  surface  be  a  curve, 
it  is  a  conic,  and  then  the  first  sheet  also  is  a  conic.  Moreover,  these 
conies  are  so  placed  that  the  cone  formed  by  joining  any  point  on 
one  conic  to  all  the  points  of  the  other  is  a  cone  of  revolution. 
A  pair  of  focal  conies  is  characterized  by  this  property.  And  so 
we  have  the  theorem  : 

A  necessary  and  sufficient  condition  that  the  lines  of  curvature  in 
both  families  be  circles  is  that  the  sheets  of  the  evolute  be  a  pair  of 
focal  conies.* 

These  surfaces  are  called  the  cyclides  of  Dupin.    They  are  the 
envelopes  of  two  one-parameter  families  of  spheres,  and  all  such 
envelopes  are  cyclides  of  Dupin.    A  sphere  of  one  family  touches 
each  sphere  of  the  other  family.    Consequently  the  spheres  of  which 
the  cyclide  is  the  envelope  are  tangent  to  three  spheres. 
We  shall  prove  the  converse  theorem  of  Dupin  f  : 
The  envelope  of  a  family  of  spheres  tangent  to  three  fixed  spheres 
is  a  cyclide. 

*  Cf.  Ex.  19,  p.  188. 

t  Applications  de  gdomttrie  et  de  mtchanique,  pp.  200-210.    Paris,  1822. 
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The  plane  determined  by  the  centers  of  the  three  spheres  cuts 
the  latter  in  three  circles.  If  any  point  on  the  circumference  (7, 
orthogonal  to  these  circles,  be  taken  for  the  pole  of  a  transforma- 
tion by  reciprocal  radii  (cf.  §  80),  C  is  transformed  into  a  straight 
line  L.  Since  angles  are  preserved  in  this  transformation,  the  three 
fixed  spheres  are  changed  into  three  spheres  whose  centers  are  on  L. 
Evidently  the  envelope  of  a  family  of  spheres  tangent  to  these  three 
spheres  is  a  tore  with  L  as  axis.  Hence  the  given  envelope  is  trans- 
formed into  a  tore.  However,  the  latter  surface  is  the  envelope  of 
a  second  family  of  spheres  whose  centers  lie  on  L.  Therefore,  if 
the  above  transformation  be  reversed,  we  have  a  second  family  of 
spheres  tangent  to  the  envelope,  and  so  the  latter  is  a  cyclide  of 
Dupin.  We  shall  now  find  the  equations  of  these  surfaces. 

Let  (x^  ft,  zj  and  (x2,  yz,  z2)  denote  the  coordinates  of  the  points 
on  the  focal  conies  which  are  the  curves  of  centers  of  the  spheres, 
and  R^  R2  the  radii  of  the  spheres.  The  condition  of  tangency  is 

(94)  (Xl-  *2)2+  (ft-  ft)2  +  (zv-  z^  =  (Rl  +  Rz)\ 

We  consider  first  the  case  where  the  evolute  curves  are  the  focal 
parabolas  defined  by  (85).    Now  equation  (94)  reduces  to 


Since  Rl  and  R«  are  functions  of  u  and  v  respectively,  this  equation 
is  equivalent  to 

(95)  4_ 


where  a  is  an  arbitrary  constant  whose  variation  gives  parallel 
surfaces. 

By  the  method  of  §  132  we  find  that  the  coordinates  (£,  rj,  £)  of 
the  centers  of  the  circular  lines  of  curvature  u  =  const,  and  the 
radius  p  are 


77  =  0, 


Hence  if  P  be  a  point  on  the  circle  and  6  denote  the  angle  which 
the  radius  to  P  makes  with  the  positive  direction  of  the  normal  to 
the  parabola  (85),  the  coordinates  of  P  are 

x  =  j~  +     JL_  =  cos  0,       ~y  =  p  sin  0,        z  =  £  --    "        cos  9. 


This  surface  is  algebraic  and  of  the  third  order. 

If  the  evolute  curves  are  the  focal  ellipse  and  hyperbola  (86),  we  have 

(96)  lil  —  -  (a  cos  u  +  /e),         7iJ2  =  -  (cosh  v  —  /c), 

where  K  is  an  arbitrary  constant  whose  variation  gives  parallel  surfaces. 
This  cyclide  of  Dupin  is  of  the  fourth  degree.  When  in  particular 
the  constanta  is  zero,  the  surface  is  the  ordinary  tore,  or  anchor  ring.* 

134.  Surfaces  with  spherical  lines  of  curvature  in  one  system. 
Surfaces  with  circular  lines  of  curvature  in  one  system  belong  evi- 
dently to  the  general  class  of  surfaces  with  spherical  lines  of  curva- 
ture in  one  system.  We  consider  now  surfaces  of  the  latter  kind. 

Let  S  be  such  a  surface  referred  to  its  lines  of  curvature,  and 
in  particular  let  the  lines  v  =  const,  be  spherical.  The  coordinates 
of  the  centers  of  the  spheres  as  well  as  their  radii  are  functions  of 
v  alone.  They  will  be  denoted  by  (V^  V2,  Vs)  and  2L  By  Joachims- 
thal's  theorem  (§  59)  each  sphere  cuts  the  surface  under  the  same 
angle  at  all  its  points.  Hence  for  the  family  of  spheres  the  expres- 
sion for  the  angle  is  a  function  of  v  alone  ;  we  call  it  V. 

Since  the  direction-cosines  of  the  tangent  to  a  curve  u  =  const,  are 

dX  8Y  1    8Z 


when  the  linear  element  of  the  spherical  representation  is  written 
da-2=  <odu?  +  £dv'2,  the  coordinates  of  S  are  of  the  form 


(97) 


T.  ,  Jtsinrsx  ,  -,„        ,. 

'•F'+-W"*  ' 

7^  sin  FdF 
y  =  r2-r--  :  +  F7icosF, 


2  = 


V? 

7Z  sin  Fair 

V?    ^» 


*  For  other  geometrical  constructions  of  the  cyclides  of  Dupin  the  reader  is  referred 
to  the  article  in  the  Encyklopiidie  der  Math.  Wissenschaflen,  Vol.  Ill,  3,  p.  200. 
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By  hypothesis  A',  I",  Z  are  the  direction-cosines  of  the  normal  to  S\ 
consequently  we  must  have 

VJF— =  0,       VA^  =  O. 

^     cu  ** 

If  the  values  of  the  derivatives  obtained  from  (97)  be  reduced  by 
means  of  (V,  22),  and  the  results  substituted  in  the  above  equa- 
tions, the  first  vanishes  identically  and  the  second  reduces  to 

(98)           AT;  +  r  Fa'  +  ZV'^+  (R  cos  V)'—B  sin  V V?=  0, 

where  the  primes  indicate  differentiation  with  respect  to  v.  Con- 
versely, when  this  condition  is  satisfied,  equations  (97)  define  a 
surface  on  which  the  curves  r  =  const,  are  spherical.  Hence : 

A  necessary  and  sufficient  condition  that  the  curves  v  =  const,  of  an 
orthogonal  system  on  the  unit  sphere  represent  spherical  lines  of  cur- 
vature upon  a  surface  is  that  five  functions  of  v,  namely  F,,  Fa,  Fs, 
A*,  r,  can  be  found  ichich  satisfy  the  corresponding  equation  (98). 

We  note  that  Fx,  Fs,  F3,  and  E  cos  V  are  determined  by  (98) 
only  to  within  additive  constants.  A  change  of  these  constants 
for  the  first  three  gives  a  translation  of  the  surface.  If  R  cos  V  be 
increased  by  a  constant,  we  have  a  new  surface  parallel  to  the 
other  one.  Hence  *  : 

If  the  lines  of  curvature  in  one  system  upon  a  surface  be  spherical, 
the  same  is  trite  of  the  corresponding  system  on  each  parallel  surface. 

Since  equation  (98)  is  homogeneous  in  the  quantities  V'v  V'v  F8', 
(A*  cos  I')',  7t  sin  r,  the  latter  are  determined  only  to  within  a  factor 
which  may  be  a  function  of  v.  This  function  may  be  chosen  so 
that  all  the  spheres  pass  through  a  point.  From  these  results  we 
have  the  theorem  of  Dobriner  f : 

With  each  surface  with  spherical  lines  of  curvature  in  one  system 
there  is  associated  an  infinity  of  nonparallel  surfaces  of  the  same 
kind  with  the  same  spherical  representation  of  these  lines  of  curvature. 
Among  these  surfaces  there  is  at  least  one  for  which  all  the  spheres 
pass  through  a  point.  At  corresponding  points  of  the  loci  of  the  cen- 
ters of  spheres  of  two  surfaces  of  the  family  the  tangents  are  parallel. 

*  Cf.  Bianchi,  Vol.  II,  p.  303.  t  Crelle,  Vol.  XCIV  (1883),  pp.  118,  125. 
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If  the  values  of  x,  y,  z  from  (97)  be  substituted  in  the  formulas 
of  Rodrigues  (IV,  32), 

(99)  r=-ftr'     r—  '•£• 

du  du          dv  dv 

and  similarly  for  y  and  2,  we  obtain  by  means  of  (V,  22), 

, 
—  p.  =  R  cos  V  -\ 


sn 


Conversely,  when  for  a  surface  referred  to  its  lines  of  curvature 
the  principal  radius  p1  is  of  the  form 

(100)  —  Pi^faW' 

where   (j>l  and  </>2  are  any  functions  whatever  of  v,  the  curves 
v  =  const,  are  spherical.    For,  by  (V,  22), 

1 


du\/~     cv        VF       dv    du 


Consequently,  from  the  first  of  (99),  in  which  pl  is  given  the  above 
value,  we  obtain  by  integration 


where  V^  is  a  function  of  v  alone.    Similar  results  follow  for  y  and  z, 
As  these  expressions  are  of  the  form  (97),  we  have  the  theorem  : 

A  necessary  and  sufficient  condition  that  the  lines  of  curvature 
v  =  const,  be  spherical  is  that  pt  be  of  the  form  (100). 


EXAMPLES 

1.  If  the  lines  of  curvature  in  one  system  are  plane  and  one  is  a  circle,  all 
are  circles. 

2.  When  the  lines  of  curvature  in  one  family  on  a  surface  are  circles,  their 
spherical  images  are  circles  whose  spherical  centers  constitute  the  spherical  indi- 
catrix  of  the  tangents  to  the  curve  of  centers  of  the  spheres  which  are  enveloped 
by  the  given  surface.    Show  also  that  each  one-parameter  system  of  circles  on  the 
unit  sphere  represents  the  circular  lines  of  curvature  on  an  infinity  of  surfaces, 
for  one  of  which  the  circles  are  equal. 
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3.  If  the  lines  of  curvature  of  a  surface  are  parametric,  and  the  curves  o  =  const, 
are  spherical,  we  have  j  j  cot  y 

Py»      R  sin  V        Pi 

where  pyy,  pi,  R  denote  the  radii  of  geodesic  curvature  and  normal  curvature  in  the 
direction  c  =  const,  and  of  the  sphere  respectively,  and  V  denotes  the  angle  under 
which  the  sphere  cuts  the  surface. 

4.  When  a  line  of  curvature  is  spherical,  the  developable  circumscribing  the 
surface  along  this  line  of  curvature  also  circumscribes  a  sphere ;  and  conversely, 
if  such  a  developable  circumscribes  a  sphere,  the  line  of  curvature  lies  on  a  sphere 
concentric  with  the  latter  (cf .  Ex.  7,  p.  149). 

5.  Let  S  be  a  pseudospherical  surface  with  the  spherical  representation  (25)  of 
its  lines  of  curvature.   Show  that  a  necessary  and  sufficient  condition  that  the  curves 
«  =  const,  be  plane  is  t  f    \     cu\ 

cu  \sinw  co) 

show  also  that  in  this  case  u  is  given  by 

V'-U' 

COS  «  =  — — , 


where  U  and  Y  are  functions  of  u  and  »  respectively,  which  satisfy  the  conditions 
U'3  =  U*  +  (a-2)U*  +  6,        r  '-  =  T*  +  aF»  +  (o  +  6  -  1), 

a  and  b  being  constants,  and  the  accent  indicating  differentiation,  unless  U'  or 
V  is  zero. 

6  .  When  the  lines  of  curvature  »  =  const,  upon  a  pseudospherical  surface  are 
plane,  the  linear  element  is  reducible  to  the  form 


_          a2  tanh2  (u  -f  c)du2  a2sech2(u 

~  C  —  A  cosh  2  u  +  B  sinh  2u      C  +  A  cosh  2  v  +  B  sinh  2  v  —  I 

where  A,  B,  C  are  constants.   Find  the  expressions  for  the  principal  radii. 

7.  When  the  lines  of  curvature  v  =  const,  on  a  spherical  surface  are  plane,  the 
linear  element  is  reducible  to 

_  a1  cot2  (u  +  c)  du-      a2  esc2  (u  +  t)  do2 
A  sin  2  u  +  B  —  1         A  sin  2  »  —  B 

where  A  and  B  are  constants.    The  surfaces  of  Exs.  5  and  6  are  called  the  surfaces 
of  Enneper  of  constant  curvature. 


GENERAL  EXAMPLES 

1.  The  lines  of  curvature  and  the  asymptotic  lines  on  a  surface  of  constant 
curvature  can  be  found  by  quadratures. 

2.  When  the  linear  element  of  a  pseudospherical  surface  is  in  the  form  (iii)  of  (7), 

1C 

the  equations  x  =  cu,  y  =  ae~«  determine  a  conformal  representation  of  the  surface 
upon  the  plane,  which  is  such  that  any  geodesic  on  the  surface  is  represented  on 
the  plane  by  a  circle  with  its  center  on  the  z-axis,  or  by  a  line  perpendicular  to 
this  axis. 
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3.  When  the  linear  elements  of  a  developable  surface,  a  spherical  surface,  and 
a  pseudospherical  surface  are  in  the  respective  forms 

ds2  =  dw2  + u2dw2,     ds2  =  a2(du2  +  sin2udi>2),     ds2  =  a2(du2  +  sinh2ud»2), 
the  finite  equations  of  the  geodesies  are  respectively 

Au  cos  «  +  Bu  sin  v  +  C  =  0,     A  tan  u  cos  v  +  B  tan  u  sin  v  +  C  =  0, 

A  tanh  u  cos  v  +  B  tanh  u  sin  v  +  C  =  0, 

where  A,  B,  C  are  constants ;  if  the  coefficients  of  A  and  B  are  in  any  case  equated 
to  x  and  y,  the  resulting  equations  define  a  correspondence  between  the  surface  and 
the  plane  such  that  geodesies  on  the  former  correspond  to  straight  lines  on  the  latter. 
Find  the  expression  for  each  linear  element  in  terms  of  x  and  y  as  parameters. 

4.  Each  surface  of  center  of  a  pseudospherical  surface  is  applicable  to  the  catenoid. 

5.  The  asymptotic  lines  on  the  surfaces  of  center  of  a  surface  of  constant  mean 
curvature  correspond  to  the  minimal  lines  on  the  latter. 

6.  Surfaces  of  constant  mean  curvature  are  characterized  by  the  property  that 
if  u  =  const.,  v  =  const,  are  the  minimal  curves,  then  D  is  a  function  of  w  alone 
and  D"  of  v  alone. 

7.  Equation  (23)  admits  the  solution  w  =  0,  in  which  case  the  surface  degen- 
erates into  a  curve.    Show  that  the  general  integral  of  the  corresponding  equations 

u  +  v  cos  cr 

(35)  is  tan  0/2  =  Ce  8in<r  ;  take  for  S  the  line  x  =  0,  y  =  0,  z  =  au  and  derive 
the  equations  of  the  transforms  of  S;  show  that  the  latter  are  surfaces  of  Dini 
(Ex.  6,  §  122),  or  a  pseudosphere. 

8.  Show  that  the  Backhand  transforms  of  the  surfaces  of  Dini  and  of  the  pseudo- 
sphere  can  be  found  without  integration,  and  that  if  the  pseudosphere  be  trans- 
formed by  the  transformation  of  Bianchi,  the  resulting  surface  may  be  defined  by 

2  a  cosh  u    ,  2  a  cosh  u    , 

x  =  ~  -(dnw-tjcosw),        y=--  -  (cos  u  +  «  sine), 


(2  si 
u  -- 
co 


2  sinh  u  cosh  u\ 


cosh2u  +  v2  / 
Show  that  the  lines  of  curvature  v  =  const,  lie  in  planes  through  the  2-axis. 

9.  The  tangents  to  a  family  of  geodesies  of  the  elliptic  or  hyperbolic  type  on  a 
pseudospherical  surface  are  normal  to  a  TF-surface  ;  the  relations  between  the  radii 

are  respectively  p   +c  p   +c 

pl  —  p%  =  a  tanh  —   —  ,        p1  —  p2  —  a  coin  —   —  > 
a  a 

where  a  and  c  are  constants  (cf.  §  7(3). 

10.  Show  that  the  linear  elements  of  the  second  surfaces  of  center  of  the 
TF-surfaces  of  Ex.  9  are  reducible  to  the  a-espective  forms 

<fa?  =  tanh*  -  dw2  +  sech2  -  d»2         ds|  =  coth*  -  dw2  +  csch2  -  d»2, 
a  a  a  a 

and  that  consequently  these  surfaces  are  applicable  to  surfaces  of  revolution 
whose  meridians  are  defined  by 

r  =     —          sin  </>,        z  =  a  (log  tan-  +  costf>  J, 
v  oV2  -1-1  / 

a  I  d>  \ 

r  =     ,  =  sin  <(>,        z  =  a  [  log  tan  -  +  cos  0  )  , 

VI  -  a2*2  \  2  / 

where  K  denotes  a  constant. 
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11.  Determine  the  particular  form  of  the  linear  element  (49),  and  the  nature 
of  the  curves  upon  the  surface  to  which  the  asymptotic  lines  on  the  sheets  of 
the  evolute  correspond,  when 

p,  11 

(a)      —  =  const;         (6)      ---  =  const. 

12.  When  a  TF-surface  is  of  the  type  (72),  the  surfaces  of  center  are  applicable 
to  one  another  and  to  an  imaginary  paraboloid  of  revolution. 

13.  When  a  TT'-surface  is  of  the  type  (72)  and  the  linear  element  of  the  sphere 
has  the  form  (VI,  60),  the  curves  w  +  r  =  const,  and  u  —  v  =  const,  on  the  spherical 
representation  are  geodesic  parallels  whose  orthogonal  trajectories  correspond  to 
the  asymptotic  lines  on  the  surfaces  of  center  ;  hence  on  each  sheet  there  is  a  family 
of  geodesies  such  that  the  tangents  at  their  points  of  meeting  with  an  asymptotic 
line  are  parallel  to  a  plane,  which  varies  in  general  with  the  asymptotic  line. 

14.  Show  that  the  equations 

x  =  aUcos 


-+  iYsia-dv.        y  =  aUsin  --  iVcos-dv, 
a     J  a  a     J  a 


where  a  denotes  an  arbitrary  constant,  define  a  family  of  applicable  molding  surfaces. 

15.  When  the  lines  of  curvature  in  one  system  on  a  surface  are  plane,  and  the 
lines  of  the  second  system  lie  on  spheres  which  cut  the  surface  orthogonally,  the 
latter  is  a  surface  of  Joachimsthal. 

16.  The  spherical  lines  of  curvature  on  a  surface  of  Joachimsthal  have  constant 
geodesic  curvature,  the  radius  of  geodesic  curvature  being  the  radius  of  the  sphere 
on  which  a  curve  lies. 

17.  When  the  lines  of  curvature  in  one  system  on  a  surface  lie  on  concentric 
spheres,  it  is  a  surface  of  Monge,  whose  director-developable  is  a  cone  with  its 
vertex  at  the  center  of  the  spheres;  and  conversely. 

1  8.  The  sheets  of  the  evolute  of  a  surface  of  Monge  are  the  director-developable 
and  a  second  surface  of  Monge,  which  has  the  same  director-developable  and  whose 
generating  curve  is  the  evolute  of  the  generating  curve  of  the  given  surface. 

19.  If  the  lines  of  curvature  in  one  system  on  a  surface  are  plane,  and  two  in 
the  second  system  are  plane,  then  all  in  the  latter  system  are  plane. 

20.  A  surface  with  plane  lines  of  curvature  in  both  systems,  in  one  of  which 
they  are  circles,  is 

(a)  A  surface  of  Joachimsthal. 

(6)  The  locus  of  the  orthogonal  trajectories  of  a  family  of  spheres,  with  centers 
on  a  straight  line,  which  pass  through  a  circle  on  one  of  the  spheres. 

(c)  The  envelope  of  a  family  of  spheres  whose  centers  lie  on  a  plane  curve  C, 
and  whose  radii  are  proportional  to  the  distances  of  these  centers  from  a  straight 
line  fixed  in  the  plane  of  C. 

21.  If  an  arbitrary  curve  C  be  drawn  in  a  plane,  and  the  plane  be  made  to  move 
in  such  a  way  that  a  fixed  line  of  it  envelop  an  arbitrary  space  curve  r.  and  at  the 
same  time  the  plane  be  always  normal  to  the  principal  normal  to  r,  the  curve  C 
describes  a  surface  of  Monge. 
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22.  If  all  the  Bianchi  transforms  of  a  pseudospherical  surface  S  are  surfaces  of 
Enneper  (cf.  Ex.  5,  §  134),  S  is  a  surface  of  revolution. 

23.  When  u  has  the  value  in  Ex.  5,  §  134,  the  surfaces  with  the  spherical 
representation  (25),  and  with  the  linear  element 

(7T'\  2 
Ui  cos  w  +  —  J  du2  +  U?  sin2  w  dv2, 

where  Z7i  is  an  arbitrary  function  of  w,  are  surfaces  of  Joachimsthal. 

24.  If  the  lines  of  curvature  in  both  systems  be  plane  for  a  surface  S  with  the 
same  spherical  representation  of  its  lines  of  curvature  as  for  a  pseudospherical 
surface,  S  is  a  molding  surface. 

25.  If  S  is  a  pseudospherical  surface  with  the  spherical  representation  (25)  of 
its  lines  of  curvature,  and  the  curves  v  =  const,  are  plane,  the  function  0,  given  by 

sin0 — -  +  cos0 h  sinw —  =  0, 

dv2  du  dv  dv 

determines  a  transformation  of  Bianchi  of  S  into  a  surface  Si  for  which  the  lines 
of  curvature  v  =  const,  are  plane. 

26.  A  necessary  and  sufficient  condition  that  the  lines  of  curvature  v  =  const, 
on  a  pseudospherical  surface  with  the  representation  (25)  of  its  lines  of  curvature 

be  spherical  is  that  y    gw 

cotw  =  Vi  +  —     — , 
sin  ta  dv 

where  V  and  V\  are  functions  of  v  alone.   Show  that  when  w  is  a  solution  of  (23) 
arjd  °f  i      PI-..  x  I    1     goA 

\sinw  dv/ 


sin2wou  du  ^  _______  , 

A  "'    ' 


8  /     1 
du  \sin2w 


du/     du2  \sinw  dv/ 

the  curves  v  =  const,  are  plane  or  spherical,  and  that  in  the  latter  case  V  and  V\ 
can  be  found  directly. 

27.  Show  that  when  w  is  a  solution  of  (23)  and  of 


dv  dudv2       dv2  cudv      du\dv/ 

and  —  ( — )  jt  0,  the  lines  of  curvature  u  =  const,  are  spherical  on  the  pseudo- 

du  \cos  w  dv/ 

spherical  surface  with  the  spherical  representation  (25) ;  and  that  when  w  is  such 
a  function,  upon  the  surfaces  with  the  linear  element 


- 
/gw\2 

\dv] 


V'+V— 
— 

dv 


where  V  is  a  function  of  v  alone,  the  curves  v  —  const,  are  spherical  ;  in  the  former 
case  the  spheres  cut  the  surface  orthogonally. 


CHAPTER  IX 

DEFORMATION  OF  SURFACES 

135.  Problem  of  Minding.  Surfaces  of  constant  curvature.  Ac- 
cording to  §  43  two  surfaces  are  applicable  when  a  one-to-one 
correspondence  can  be  established  between  them  which  is  of 
such  a  nature  that  in  the  neighborhood  of  corresponding  points 
corresponding  figures  are  congruent  or  symmetric.  It  was  seen 
that  two  surfaces  with  the  same  linear  element  are  applicable, 
the  parametric  curves  on  the  two  surfaces  being  in  correspon- 
dence. But  the  fact  that  the  linear  elements  of  two  surfaces  are 
unlike  is  not  a  sufficient  condition  that  they  are  not  applicable ; 
in  evidence  of  this  we  have  merely  to  recall  the  effect  of  a  change 
of  parameters,  to  say  nothing  of  a  change  of  parametric  lines. 
Hence  we  are  brought  to  the  following  problem,  first  proposed 
by  Minding :  * 

To  find  a  necessary  and  sufficient  condition  that  two  surfaces  be 
applicable. 

From  the  second  theorem  of  §  64  it  follows  that  a  necessary 
condition  is  that  the  total  curvature  of  the  two  surfaces  at  corre- 
sponding points  be  the  same.  We  shall  show  that  this  condition 
is  sufficient  for  surfaces  of  constant  curvature. 

In  §  64  we  found  that  when  K  is  zero  at  all  points  of  a  surface, 
the  surface  is  applicable  to  the  plane.  If  the  plane  be  referred  to 
the  system  of  straight  lines  parallel  to  the  rectangular  axes,  its 

linear  element  is 

d  «2  =  dx*  +  d\f. 

Hence  the  analytical  problem  of  the  application  of  a  developable 
surface  upon  the  plane  reduces  to  the  determination  of  orthogonal 
systems  of  geodesies  such  that  when  these  curves  are  parametric 
the  linear  element  takes  the  above  form. 

•Crelle,  Vol.  XIX  (1839),  pp.  371-387. 
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Referring  to  the  results  of  §  39,  we  see  that  in  this  case  the 
factor  ttl  must  equal  unity.  Consequently  we  must  find  a  function 
6  such  that  the  left-hand  members  of  the  equations 


&  du  +  dv    =  d(x  +  iy), 

vj£        / 

/   .  —  j?  _  y/7     \ 

(T/ISdu  +        _     dv]  =  d(x-iy) 

\  vj£         I 


are  exact  differentials,  in  which  case  these  equations  give  x  and  y 
by  quadratures.    Hence  we  must  have 


du 
which  are  equivalent  to 

<  F 


2  EH  8v 

From  (V,  12)  it  is  seen  that  these  equations  are  consistent  when 
K—  0.  In  this  case  0,  and  consequently  x  and  y,  can  be  found  by 
quadratures. 

The  additive  constants  of  integration  are  of  such  a  character 
that  if  £0,  y0  are  a  particular  set  of  solutions,  the  most  general  are 

x  =  x0  cos  a  —  y0  sin  a  +  a,         y  =  x0  sin  a  +  yQ  cos  a  +  £>, 

where  a,  a,  b  are  arbitrary  constants. 

In  the  above  manner  we  can  effect  the  isometric  representation 
of  any  developable  surface  upon  the  plane,  and  consequently  upon 
itself  or  any  other  developable.  These  results  may  be  stated  thus  : 

A  developable  surface  is  applicable  to  itself,  or  to  any  other  develop- 
able, in  a  triple  infinity  of  ways,  and  the  complete  determination  of 
the  applicability  requires  quadratures  only. 

Incidentally  we  have  the  two  theorems  : 

The  geodesies  upon  a  developable  surface  can  be  found  by  quadratures. 
If  the  total  curvature  of  a  quadratic  form  be  zero,  the  quadratic 
form  is  reducible  by  quadratures  to  dad/3. 
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Suppose  now  that  the  total  curvature  of  two  surfaces  S,  S1  is 
I/a2,  where  a  is  a  real  constant.  Let  P  and  ^  be  points  on  S 
and  St  respectively,  C  and  Cl  geodesies  through  these  respective 
points,  and  take  P  and  Pt  for  the  poles  and  C  and  C\  for  the 
curves  v  =  0  of  a  polar  geodesic  system  on  these  surfaces.  The 
linear  elements  are  accordingly  (VIII,  6) 

-I/  « 

ds2  =  dir  +  sin"  -  dv'2,         ds?  =  du?  +  sin2  -1  dv*. 
a  a 

Hence  the  equations       ^  =  ^  Vj  =  ±  „ 

determine  an  isometric  representation  of  one  surface  upon  the 
other,  in  which  P  and  C  correspond  to  P  and  Cl  respectively. 
According  as  the  upper  or  lower  sign  in  the  second  equation 
is  used,  corresponding  figures  are  equal  or  symmetric.  Similar 
results  obtain  for  pseudospherical  surfaces.  Hence  we  have: 

Any  two  surfaces  of  constant  curvature,  different  from  zero,  are  in 
two  ways  applicable  so  that  a  given  point  and  geodesic  through  it  on  one 
surface  correspond  to  a  given  point  and  geodesic  through  it  on  the  other. 

In  particular,  a  surface  of  constant  curvature  can  be  applied  to 
itself  so  that  a  given  point  shall  go  into  any  other  point  and  a 
geodesic  through  the  former  into  one  through  the  latter.  Combin- 
ing these  results  with  the  last  theorem  of  §  117,  we  have: 

A  nondevelopable  surface  of  constant  curvature  can  be  applied  to 
itself,  or  to  any  surface  of  the  same  curvature,  in  a  triple  infinity  of 
ways,  and  the  complete  realization  of  the  applicability  requires  the 
solution  of  a  Riccati  equation. 

136.  Solution  of  the  problem  of  Minding.    We  proceed  to  the 
determination  of  a  necessary  and  sufficient  condition  that  two  sur- 
faces \  N'  of  variable  curvature  be  applicable.    Let  their  linear 
elements  be 
ds2  =  Edif  +  2  Fdudv  +  G  Jr,    ds1'2  =  E'  du'-  +  2  F'  du'dv'  +  G'  dv*. 

By  definition  S  and  S'  are  applicable  if  there  exist  two  independ- 
ent equations 

(1)  </>()<,   V)  =  (£>',  I-'),  *(«,  V)=1r'(u',  I''), 

establishing  a  one-to-one  correspondence  between  the  surfaces  of 
such  a  nature  that  by  means  of  (1)  either  of  the  above  quadratic 
forms  can  be  transformed  into  the  other. 


324  DEFORMATION  OF  SURFACES 

It  is  evident  that  if  the  two  surfaces  are  applicable,  the  differen- 
tial parameters  formed  with  respect  to  the  two  linear  elements  are 
equal.  Hence  a  necessary  condition  is 

where  the  primes  indicate  functions  pertaining  to  S'.  These  con- 
ditions are  likewise  sufficient  that  the  transformation  (1)  change 
either  of  the  above  quadratic  forms  into  the  other.  For,  if  the 
curves  <£  =  const.,  ^  =  const. ;  <f>'  =  const.,  i/r'  =  const,  be  taken  for 
the  parametric  curves  on  S  and  S'  respectively,  the  respective 
linear  elements  may  be  written  (cf.  §  37) 

,o     A^efti2— 2  A.(c 

as  =  — 


,2 


Hence  when  equations  (1)  and  (2)  hold,  the  surfaces  are  applicable. 

The  next  step  is  the  determination  of  equations  of  the  form  (1). 

Since  the  curvature  of  two  applicable  surfaces  at  corresponding  points 

is  the  same,  one  such  equation  is  afforded  by  the  necessary  condition 

(3)  K(u,v)=K'(u',v'). 
The  first  of  equations  (2)  is 

(4)  \K=&[K'. 

Both  members  of  this  equation  cannot  vanish  identically.  For,  in 
this  case  the  curves  K=  const,  and  _K"'=  const,  would  be  minimal 
(§  37),  and  consequently  imaginary.  If  these  two  equations  are 
independent  of  one  another,  that  is, 


they  establish  a  correspondence,  and  the  condition  that  it  be  iso- 
metric is,  as  seen  from  (2), 

A^JE;  At#)  =  A«A-',  A;#'),      AA  K  -  A;A;  A-'. 

If,  however, 

(5)  AtJT  =/(*),  A{#'  =/(*'), 
we  may  take  for  the  second  of  (1) 

(6)  A2Jf  =  AX', 

unless 

(7)  A2# 
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If  this  condition  be  not  satisfied,  the  conditions  that  (3),  (6)  define 
an  isometric  correspondence  are 

A^A,  A2A)  =  A((A',  AX),       AAJT  =  AX*'.» 

Finally,  we  consider  the  case  where  both  (5)  and  (7)  hold.  Since 
the  ratio  of  AjA'  and  A2  K  is  a  function  of  A",  the  curves  K  =  const. 
and  their  orthogonal  trajectories  t  =  const,  form  an  isothermal  sys- 
tem of  lines  on  S  (§  41).  Moreover,  the  function  t  can  be  found 
by  quadratures,  and  the  linear  element  is  reducible  to 


(8)  df  =  --.(dK*+t7         df). 

When  in  particular  A2A"  =  0,  the  linear  element  is 

ds2=^—  (dK'2+dt-). 
f(K)  ^ 

In  like  manner  the  linear  element  of  S'  is  reducible  to 
i  2  f+^W 

' 


or,  in  the  particular  case  A.^  A'  =  0,  to 


In  either  case  the  equations 

A'  =  A',       t  =  ±t'+a, 

where  a  is  an  arbitrary  constant,  define  the  applicability  of  the 
surfaces. 

We  have  thus  treated  all  possible  cases  and  found  that  it  can 
be  determined  without  quadrature  whether  two  surfaces  are  appli- 
cable. Moreover,  in  the  first  two  cases  the  equations  denning  the 
correspondence  follow  directly,  but  in  the  last  case  the  determina- 
tion requires  a  quadrature.  The  last  case  differs  also  in  this  respect  : 
the  application  can  be  effected  in  an  infinity  of  ways,  whereas  in 
the  first  two  cases  it  is  unique. 

*  If  the  surface  be  referred  to  the  curves  9  =  const,  and  their  orthogonal  trajectories, 

where  <r=  C  >  equation  (6)  may  be  replaced  by  A-><r=  AaO"',  and  it  can  be  shown 

J  Vf(K) 

that  AI(<T,  A2<r)  =  A{(<r',  A^O  is  a  consequence  of  the  other  conditions.    Cf.  Darboux, 
Vol.  Ill,  p.  227. 
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Furthermore,  we  notice  from  (8)  that  in  the  third  case  the  sur- 
face S  is  applicable  to  a  surface  of  revolution,  the  parallels  of  the 
latter  corresponding  to  the  curves  K=  const,  of  the  former.  Con- 
versely, the  linear  element  of  every  surface  applicable  to  a  surface 
of  revolution  can  be  put  in  the  form  (8).  For,  a  necessary  and 
sufficient  condition  that  a  surface  be  applicable  to  a  surface  of 
revolution  is  that  its  linear  element  be  reducible  to 


where  U  is  a  function  of  u  alone  (§  46).    Now 

U"  Cdu 

AlW=l,         K=    -_, 

From   the   second   it   follows  that   u  =  F(K),  and   consequently 

(t  11 

—  =Fl(K).    When  these  values  are  substituted  in  the  above 
equations,  we  have,  in  consequence  of  Ex.  5,  p.  91, 
(9)  A1JST=/(JT),         A2A'  =<£(#). 

Hence  we  have  the  theorem  : 

Equations  (9)  constitute  a  necessary  and  sufficient  condition  that  a 
surface  be  applicable  to  a  surface  of  revolution. 

The  equations 

K=K,         t  =  ±t'+a 

define  an  isometric  representation  of  a  surface  with  the  linear  ele- 
ment (8)  upon  itself.    Therefore  we  have  : 

Every  surface  applicable  to  a  surface  of  revolution  admits  of  a 
continuous  deformation  into  itself  in  such  a  way  that  each  curve 
K  =  const,  slides  over  itself. 

Conversely,  every  surface  applicable  to  itself  in  an  infinity  of 
ways  is  applicable  to  a  surface  of  revolution.  For,  if  the  curvature 
is  constant,  the  surface  is  applicable  to  a  surface  of  revolution 
(§  135),  and  the  only  case  in  which  two  surfaces  of  variable  curva- 
ture are  applicable  in  an  infinity  of  ways  is  that  for  which  condi- 
tions (5)  and  (7)  are  satisfied. 
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137.  Deformation  of  minimal  surfaces.  These  results  suggest  a 
means  of  determining  the  minimal  surfaces  applicable  to  a  surface 
of  revolution.  In  the  first  place  we  inquire  under  what  conditions 
two  minimal  surfaces  are  applicable.  The  latter  problem  reduces 
to  the  determination  of  two  pairs  of  parameters,  u,  >'  and  MX,  i\,  and 
two  pairs  of  functions,  F(u),  <J>(i-)*  and  ^(wj,  ^(t'l),  which  satisfy 
the  condition 


(10)  (1  +  uv)2F 

From  the  nature  of  this  equation  it  follows  that  the  equations  which 
serve  to  establish  the  correspondence  between  the  two  surfaces  are 
either  of  the  form 

(11)  «i=*(«0,       '•!=*(»•). 

or 

(12)  «!=*('•)»  '•!=*(«)• 

If  either  set  of  values  for  til  and  t\  be  substituted  in  (10),  and  if 
after  removing  the  common  factor  dudv  we  take  the  logarithmic 
derivative  with  respect  to  u  and  r,  we  obtain 


As  this  may  be  written 
..  „  dnldi  dudv 


the  spherical  images  of  corresponding  parts  on  the  two  surfaces  are 
equal  or  symmetric  according  as  (11)  or  (12)  obtains  (§  47).  The 
latter  case  reduces  to  the  former  when  the  sense  of  the  normal  to 
either  surface  is  changed.  When  this  has  been  done,  corresponding 
spherical  images  are  equal  and  can  be  made  to  coincide  by  a  rota- 
tion of  the  unit  sphere  about  a  diameter.  Hence  one  surface  can  be 
so  displaced  in  space  that  corresponding  normals  become  parallel, 
in  which  case  the  two  surfaces  have  the  same  representation,  that 
is,  HI  =  u,  vv=  v.  Xow  equation  (10)  is 


which  is  equivalent  to 

F1(u)=cF(n}, 

*  §  110. 
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where  c  denotes  a  constant.    If  the  surfaces  are  real,  c  must  be  of 
the  form  eia.    Hence,  in  consequence  of  §  113,  we  have  the  theorem : 

A  minimal  surface  admits  of  a  continuous  deformation  into  an 
infinity  of  minimal  surfaces,  which  are  either  associate  to  it  or  can 
be  made  such  by  a  suitable  displacement. 

We  pass  to  the  determination  of  a  minimal  surface  which  admits 
of  a  continuous  deformation  into  itself,  and  consequently  is  appli- 
cable to  a  surface  of  revolution.  In  consequence  of  the  interpre- 
tation of  equation  (13)  it  follows  that  if  a  minimal  surface  be 
deformed  continuously  into  itself,  a  point  p  on  the  sphere  tends  to 
move  in  the  direction  of  the  small  circle  through  p,  whose  axis  is 
the  momentary  axis  of  rotation,  and  consequently  each  of  these 
small  circles  moves  over  itself.  From  §  47  it  follows  that  if  the 
axis  of  rotation  be  taken  for  the  z-axis,  these  small  circles  are  the 
curves  uv  =  const.  In  the  deformation  each  point  of  the  surface 
moves  along  the  curve  K  =  const,  through  it.  Hence  K  is  a  func- 
tion of  uv.  From  (VII,  100,  102)  we  have 

K  =  -4 

.  (1  +  uv}*F(u)®(v)' 

consequently  F(u)Q(v)  must  be  a  function  of  uv,  and  hence 

uF'(u}  _  v®'(v] 
F(u)         4>(v) 

The  common  value  of  these  two  terms  is  a  constant.     If  it  be 
denoted  by  K,  we  have 

F(u)  =  cu",          <&  (v)  =  c^v*, 
where  c  and  cl  are  constants.    Hence  from  (VII,  98)  we  have: 

Any  minimal  surface  applicable  to  a  surface  of  revolution  can  be 
defined  by  equations  of  the  form 


(14) 


1     C  1     C 

x  =  -  c  I  (1  —  uz)  uKdu  +  -  cl  I  (1  —  v2)  v*dv, 

y  =  ~  cf(l 


u'du  -  l-  c(l  +  v2)  v'dv, 


=  c  juK  +  ldu  +  cl  jvK  +  ldv, 
where  c,  c^  and  K  are  arbitrary  constants. 
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Since  the  curves  K=  const,  are  represented  on  the  sphere  by  the 
small  circles  whose  axis  is  the  z-axis,  in  each  finite  deformation  of 
the  surface  into  itself,  as  well  as  in  a  very  small  one,  the  unit  sphere 
undergoes  a  rotation  about  this  axis.  In  §  47  it  was  seen  that  such 
a  rotation  is  equivalent  to  replacing  M,  v  by  ueia,  ve~ia1  where  a 
denotes  the  angle  of  rotation.  Hence  the  continuous  deformation 
of  a  surface  (14)  is  defined  by  the  equations  resulting  from  the 
substitution  in  (14)  of  ueia,  ve~ia  for  w,  v  respectively. 

An  important  property  of  the  surfaces  (14)  is  discovered  when 
we  submit  such  a  surface  to  a  rotation  of  angle  a  about  the 
z-axis.  Let  S  denote  the  surface  in  its  new  position,  and  write 
its  equations  in  the  form 

x=\  f(\-u-)p(u)du  +  £  f  (1  -  t'2)  $  (v)dv, 

and  similarly  for  y  and  z.  Between  the  parameters  u,  v  and  w,  v 
the  following  relations  hold: 

u  =  ue™,         v  =  ve~  *, 
and  we  have  also 

x  =  x  cos  a  —  y  sin  or,          y  =  x  sin  a  +  y  cos  or,          z  =  z. 
Combining  these  equations  with  (14),  we  find 

F  (u)  =  cu'e-  ia<"  +  2>,          cj>  (v)  =  cjrtf**' +  2). 

Hence,  for  the  correspondence  defined  by  u  =  «,  v  =  r,  the  surface  S 
is  an  associate  of  S,  unless  K  +  '2  =  0,  in  which  case  it  is  the  same 
surface. 

We  consider  the  latter  case,  and  remark  that  its  equations 
are  (cf.  §  110) 

-  +  u\  ,     y=JB|»c( u\  ,     z  =  —  1R  \c\ogu  \. 

If  «,  v  be  replaced  by  tie"1,  re~'a,  and  the  resulting  expressions  be 
denoted  by  xv  y^  zr  we  have 

(15)    xl  =  x  cos  a  —  y  sin  a,    y1  =  zsina  +  y  cosa,    zl  =  z  +  2Jt(iac). 

Hence,  in  a  continuous  deformation,  the  surface  slides  over  itself 
with  a  helicoidal  motion.  Consequently  it  is  a  helicoid.  Moreover, 
it  is  the  only  minimal  helicoid.  For,  every  helicoid  is  applicable 
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to  a  surface  of  revolution,  and  each  minimal  surface  applicable  to 
a  surface  of  revolution  with  the  z-axis  for  the  axis  of  revolution 
of  the  sphere  is  denned  by  (14).  But  only  when  K  =  —  2  will  the 
substitution  of  ueia,  ve~ia  give  a  set  of  equations  such  as  (15). 
Hence  we  have : 

The  helicoidal  minimal  surfaces  are  defined  by  the  Weierstrass 
formulas  when  F(u)  =  c/u*. 

And  we  may  state  the  other  results  thus  : 

If  any  nonhelicoidal  minimal  surface,  which  is  applicable  to  a 
surface  of  revolution,  be  rotated  through  any  angle  about  the  axis  of 
the  unit  sphere  whose  small  circles  represent  the  curves  K=  const, 
on  the  surface,  and  a  correspondence  with  parallelism  of  tangent 
planes  be  established  between  the  surfaces,  they  are  associate ;  con- 
sequently the  associates  of  such  a  minimal  surface  are  superposable. 

EXAMPLES 

1.  Find  under  what  conditions  the  surfaces,  whose  equations  are 

x  =  r  cos  v,          y  =  r  sin  «,          z  —  /(r), 
x1  =  rcosv,        ?/i  =  rsin«,        z\  =  F(r)  +  au, 

can  be  brought  into  a  one-to-one  correspondence,  so  that  the  total  curvature  at 
corresponding  points  is  the  same.  Determine  under  what  condition  the  surfaces 
are  applicable. 

2.  If  the  tangent  planes  to  two  applicable  surfaces  at  corresponding  points  are 
parallel,  the  surfaces  are  associate  minimal  surfaces. 

8.  Show  that  the  equations 

x  =  e<%        y  =  e~  "v,        z  =  defy?  +  be-  "y'2, 

where  a  is  a  real  parameter,  and  a  and  b  are  constants,  define  a  family  of  parab- 
oloids which  have  the  same  total  curvature  at  points  with  the  same  curvilinear 
coordinates.  Are  these  surfaces  applicable  to  one  another  ? 

4.  Find  the  geodesies  on  a  surface  with  the  linear  element 

du2  —  4  »  dudv  +  4  u  dt>2 
as*  = • 

4(U-1>2) 

Show  that  the  surface  is  applicable  to  a  surface  of  revolution,  and  determine  the 
form  of  a  meridian  of  the  latter. 

5.  Determine  the  values  of  the  constants  a  and  b  in 

ds2  =  dw2  +  [(u  +  av)2  +  62]  da2, 

so  that  a  surface  with  this  linear  element  shall  be  applicable  to 
(a)  the  right  helicoid. 
(6)  the  ellipsoid  of  revolution. 
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6.  A  necessary  and  sufficient  condition  that  a^urface  be  applicable  to  a  surface 
of  revolution  is  that  each  curve  of  a  family  of  geodesic  parallels  have  constant 
geodesic  curvature. 

7.  Show  that  the  helicoidal  minimal  surfaces  are  applicable  to  the  catenoid  and 
to  the  right  helicoid. 

138.  Second  general  problem  of  deformation.  We  have  seen  that 
it  can  always  be  determined  whether  or  not  two  given  surfaces  are 
applicable  to  one  another.  The  solution  of  this  problem  was  an 
important  contribution  to  the  theory  of  deformation.  An  equally 
important  problem,  but  a  more  difficult  one,  is  the  following  : 

To  determine  all  the  surfaces  applicable  to  a  given  one. 

This  problem  was  proposed  by  the  French  Academy  in  1859,  and 
has  been  studied  by  the  most  distinguished  geometers  ever  since. 
Although  it  has  not  been  solved  in  the  general  case,  its  profound  study 
has  led  to  many  interesting  results,  some  of  which  we  shall  derive. 

If  the  linear  element  of  the  given  surface  be 

ds'  =  Edu-+lF  dudv  +  G  <Zr, 

every  surface  applicable  to  it  is  determined  by  this  form  and  by  a 
second,  namely  Ddu~+  2  D'dud  v  +  D"dv2,  whose  coefficients  satisfy 
the  Gauss  and  Codazzi  equations  (§  64).  Conversely,  every  set  of 
solutions  Z>,  D',  D"  of  these  equations  defines  a  surface  applicable 
to  the  given  one,  and  the  determination  of  the  Cartesian  coordinates 
of  the  corresponding  surface  requires  the  solution  of  a  Riccati  equa- 
tion. But  neither  the  Codazzi  equations,  nor  a  Riccati  equation,  can 
be  integrated  in  the  general  case  with  our  present  knowledge  of 
differential  equations.  Later  we  shall  make  use  of  this  method  in 
the  study  of  particular  cases,  but  for  the  present  we  proceed  to 
the  exposition  of  another  means  of  attacking  the  general  problem. 
When  the  values  of  Z>,  Z>',  D"  obtained  from  the  Gauss  equations 
("V,  7)  are  substituted  in  the  equation  H2K=DD"—I>'2,  the  result- 
ing equation  is  reducible,  in  consequence  of  the  identity  A1ar=l—  A"2 
(of.  Ex.  6,  p.  120),  to 

(16) 


2J 


—  \ 


/  crx  __ 

\ducv      11  Jew      \2Jc 
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This  equation,  which  is  satisfied  also  by  y  and  2,  involves  only 
E,  F,  G  and  their  derivatives,  and  consequently  its  integration 
will  give  the  complete  solution  of  the  problem.  It  is  linear  in 

[r\Q        o2  /     ^2        \  2T  ^2  -^2  o2 

era;  rx      /  c'x  V  &X      d'x  tfx         ,    ,       , 

'  T~5 '  :  ^r '  7~5 '  and  therefore  is  of  the  form. 

du*dv*      \8u8vJ]  8u2     dudv  dv2 

studied  by  Ampere.    Hence  we  have  the  theorem: 

The  determination  of  all  surfaces  applicable  to  a  given  one  requires 
the  integration  of  a  partial  differential  equation  of  the  second  order 
of  the  Ampere  type. 

In  consequence  of  (16)  and  (V,  36)  we  have  that  the  coordinates 
of  a  surface  with  the  linear  element 

(17)  ds2  =  Edu*  +  2  Fdudv  +  G  dv* 
are  integrals  of 

(18)  A22^  =  (1-A^)X,     , 

the  differential  parameters  being  formed  with  respect  to  (17).  We 
shall  find  that  when  one  of  these  coordinates  is  known  the  other 
two  can  be  found  by  quadratures. 

Our  general  problem  may  be  stated  thus : 

Criven  three  functions  E,  F,  G  of  u  and  v ;  to  find  all  functions 
x,  y,  z  of  u  and  v  which  satisfy  the  equation 

dx2  +  dy*  +dz2=E  du2  +  2  Fdudv  +  G  dv\ 
where  du  and  dv  may  be  chosen  arbitrarily. 

Darboux  *  observed  that  as  the  equation  may  be  written 

(1 9)  da?  +  df  =  E du2  +  2  Fdudv  +  Gdv*-  dz\ 

whose  left-hand  member  is  the  linear  element  of  the  plane,  or  of  a 
developable  surface,  the  total  curvature  of  the  quadratic  form 

[\    /^\2lJ2,orE    dzazi,  ,  ,  r_    /az 

(20)  \E—  {  —  }  \du2+2\F \dudv  +  \G—   - 

L         WJ  L        dudv]  L 

must  be  zero  (§  64). 

In  order  to  find  the  condition  for  this,  we  assume  that  z  is 
known,  and  take  for  parametric  lines  the  curves  z  =  const,  and  their 

*L.c.t  Vol.  Ill,  p.  253. 
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orthogonal  trajectories  for  v  =  const.  With  this  choice  of  parame- 
ters the  right-hand  member  of  (19)  reduces  to  (E—^dz^+Gdv*. 
The  condition  that  the  curvature  of  this  form  be  zero  is 


GV    CV  CZ  I  _CZ    CZ  CV 


tr 

cEcG+/^E\+^E,G 

CZ    CZ         \CV  / 

where  K  denotes  the  curvature  of  the  surface.  But  this  is  the 
condition  also  that  z  be  a  solution  of  (18)  when  the  differential 
parameters  are  formed  with  respect  to  Edz~  -\-Gdv~.  However,  the 
members  of  equation  (18)  are  differential  parameters  ;  consequently 
z  is  a  solution  of  this  equation  whatever  be  the  parametric  curves. 
By  reversing  the  above  steps  we  prove  the  theorem  : 

When  z  is  any  integral  of  the  equation  (18),  the  quadratic  form  (20) 
has  zero  curvature. 

When  such  a  solution  is  known  we  can  find  by  quadratures 
(cf.  §  135)  two  functions  z,  y  such  that  the  quadratic  form  (20)  is 
equal  to  dx*  +  dy2,  provided  that 


that  is,  AjZ  <  1.    Hence  we  have  the  theorem  : 

If  z  be  a  solution  of  A22#  =  (1  —  Aj#)  K  such  that  Atz  <  1,  it  is  one 
of  the  rectangular  coordinates  of  a  surface  with  the  given  linear  ele- 
ment, and  the  other  two  coordinates  can  be  obtained  by  quadratures. 

139.  Deformations  which  change  a  curve  on  the  surface  into  a 
given  curve  in  space.  We  consider  the  problem  : 

Can  a  surface  be  deformed  in  such  a  manner  that  a  given  curve  C 
upon  it  comes  into  coincidence  with  a  given  curve  F  in  space  ? 

Let  the  surface  be  referred  to  a  family  of  curves  orthogonal  to  C 
and  to  their  orthogonal  trajectories,  C  being  the  curve  v  =  0,  and 
its  arc  being  the  parameter  w,  so  that  E  =  1  for  v  =  0.  The  same 
conditions  hold  for  F  on  the  deform. 


Since  the  geodesic  curvature  of  C  is  unaltered  in  the  deformation 
(§  58),  it  follows  from  the  equation  (IV,  47)  for  the  new  surface, 
namely 

(21)  p  =  pg&inw, 

that  the  deformation  is  impossible,  if  the  curvature  of  F  at  any 
point  is  less  than  the  geodesic  curvature  of  C  at  the  corresponding 
point.  Since  both  p  and  pg  are  known,  equation  (21)  determines 
a),  and  consequently  the  direction  of  the  normal  to  the  new  surface 
along  F  is  fixed.  This  being  the  case,  the  direction  of  the  tangents 
to  the  curves  u  =  const,  on  the  new  surface  at  points  of  F  can  be 

found,  and  so  we  have  the  values  of  — —  — »  — —  — »  -       -  for  v  =  0, 

dx    8       dz  G  8V       G  ™       G  dV 

as  well  as  — >  — >  —  for  v  =  0,  the  latter  being  the  direction-cosines 
du    du    du 

of  the  tangent  to  F.    If  these  expressions  be  differentiated  with 

,  C2x    tfy    d-z       d*x       d'2y       d2z 
respect  to  u,  we  obtain  the  values  01  — -•>  — - -i  • — - ;  -    — »  -    —  >  - 

du     du     'du      dudv    dudv    dudv 

for  v  =  0.    Since  F  =  0  and  E  =  1  for  v  —  0,  the  Gauss  equations 

(V,  7)  for  v  =  0  are 

tfx  1    dEdx 


(22) 


du2          2  G  8v  dv  4 
d*x       1  dE  dx        1    8G  8x         , 

Q«.        O  /•<  a,,   a..  "^  ' 


dudv      2  dv  du      2G  du  dv 


_ 

dv*~      2  dudu      2G  dv  dv 


All  the  terms  of  the  first  two  equations  have  been  determined 
except  D  and  D'  -,  hence  the  latter  are  given  by  these  equations. 
Since  the  total  curvature  K  is  unaltered  by  the  deformation,  it  is 
known  at  all  points  of  F;  consequently  I)"  is  given  by  //-/\  = 
DD"  —  D'2,  unless  D  is  zero,  in  which  case  F  is  an  asymptotic  line 

tfx 
and  p  =p  .    When  D"  is  found  we  can  obtain  the  value  of  -  -  from 

r      rti  flv* 

the  last  of  equations  (22).  From  the  method  of  derivation  of  equa- 
tion (16)  it  follows  that  the  above  process  is  equivalent  to  finding 

r>2 

the  value  of  — ^  from  equation  (16),  which  is  possible  unless  D  =  0. 

dv* 
Excluding  this  exceptional  case,  we  remark  that  if  equations  (22) 
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be  differentiated  with  respect  to  M,  we  obtain  the  values  of  all  the 

c*x 

derivatives  of  x  of  the  third  order  for  v  =  0  except  —  -  •    The  latter 

cv* 

may  be  obtained  from  the  equation  which  results  from  the  differ- 
entiation of  equation  (16)  with  respect  to  v.  By  continuing  this 
process  we  obtain  the  values  for  v  =  0  of  the  derivatives  of  x  of  all 
orders,  and  likewise  of  y  and  z.  If  we  indicate  by  subscript  null 
the  values  of  functions,  when  u  =  r*0,  v  =  0,  the  expansions 

cz  cx          l/cV          /  erx  \          1/ 


and  similar  expansions  for  y  and  z,  are  convergent  in  general,  as 
Cauchy  has  shown,*  and  x,  y,  z  thus  defined  are  the  solutions  of 
equation  (16)  which  for  v  =  0  satisfy  the  given  conditions.  Hence  : 

A  surface  S  can  be  deformed  in  such  a  manner  that  a  curve  C  upon 
it  comes  into  coincidence  with  a  given  curve  F,  provided  that  the 
curvature  of  T  at  each  point  is  greater  than  the  geodesic  curvature 
of  C  at  the  corresponding  point. 

There  remains  the  exceptional  case  p  =  pg.  If  the  desired  def- 
ormation is  possible,  F  is  an  asymptotic  line  on  the  deform,  and 
consequently,  by  Enneper's  theorem  (§59),  its  radius  of  torsion 
must  satisfy  the  condition  rz  =  —  \/K.  Hence  when  C  is  given,  F 
is  determined,  if  it  is  to  be  an  asymptotic  line. 

If  F  satisfies  these  conditions,  the  value  of  L>"  for  v  =  0  is  arbi- 
trary, as  we  have  seen.  But  when  it  has  been  chosen,  the  further 
determination  of  the  values  of  the  derivatives  of  x,  y,  z  of  higher 
order  for  v  =  0  is  unique,  it  being  the  same  as  that  pursued  in 
the  general  case.  Hence  equation  (16)  admits  as  solution  a  family 
of  these  surfaces,-  depending  upon  an  arbitrary  function.  For  all 
of  these  surfaces  the  directions  of  the  tangent  planes  at  each 
point  of  F  are  the  same.  Hence  we  have  the  theorem  : 

Given  a  curve  C  upon  a  surface  S  ;  there  exists  in  space  a  unique 
curve  F  with  ivhich  C.  can  be  brought  into  coincidence  by  a  deforma- 
tion of  S  in  an  infinity  of  ways  ;  moreover,  all  the  new  surfaces  are 
tangent  to  one  another  along  F. 

*  Cf  .  Goursat,  Le<;ons  sur  I'  integration  des  equations  auz  dtriveet  partidles  du  second 
ordre,  chap.  ii.  Paris,  1896. 
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If  C  is  an  asymptotic  line  on  S,  it  may  be  taken  for  F;  hence: 
A  surface  may  be  subjected  to  a  continuous  deformation  during 

which  a  given  asymptotic  line  is  unaltered  in  form  and  continues  to 

be  an  asymptotic  line  on  each  deform. 

This  result  suggests  the  problem : 

Can  a  surface  be  subjected  to  a  continuous  deformation  in  which  a 
curve  other  than  an  asymptotic  line  is  unaltered  f 

By  hypothesis  the  curvature  is  not  changed  and  the  geodesic 
curvature  is  necessarily  invariant;  hence  from  (21)  we  have  that 
sin  o)  must  have  the  same  value  for  all  the  surfaces.  If  o>  is  the 
same  for  all  surfaces,  the  tangent  plane  is  the  same,  and  consequently 
the  expansions  (23)  are  the  same.  Hence  all  the  surfaces  coincide 
in  this  case.  However,  there  are  always  two  values  of  o>  for  which 
sin  oj  has  the  same  value,  unless  5>  is  a  right  angle.  Hence  it  is 
possible  to  have  two  applicable  surfaces  passing  through  a  curve 
whose  points  are  self-correspondent,  but  not  an  infinity  of  such 
surfaces.  Therefore : 

An  asymptotic  line  is  the  only  curve  on  a  surface  which  can  remain 
unaltered  in  a  continuous  deformation. 

140.  Lines  of  curvature  in  correspondence.  We  inquire  whether 
a  surface  S  can  be  deformed  in  such  a  manner  that  a  given  curve 
C  upon  it  may  become  a  line  of  curvature  on  the  new  surface. 
Suppose  it  is  possible,  and  let  F  denote  this  line  of  curvature. 
The  radii  of  curvature  and  torsion  of  F  must  satisfy  (21)  and 
I/T  —  dw/ds  —  0  (cf.  §  59),  where  py  is  the  same  for  F  as  for  C.  If 
we  choose  for  «  any  function  whatever,  the  functions  p  and  r  are 
thus  determined,  and  F  is  unique.  Since  &>  fixes  the  direction  of  the 
tangent  plane  to  the  new  surface  along  F,  there  is  only  one  deform 
of  S  of  the  kind  desired  for  each  choice  of  o>  (cf.  §  139).  Hence : 

A  surface  can  be  deformed  in  an  infinity  of  ways  so  that  a  given 
curve  upon  it  becomes  a  line  of  curvature  on  the  deform. 

This  result  suggests  the  following  problem  of  Bonnet*: 
To  determine  the  surfaces  which  can  be  deformed  with  preservation 
of  their  lines  of  curvature. 

*  Memoire  sur  la  the"orie  des  surfaces  applicables  sur  une  surface  donnee,  Journal  de 
VEcole  Polytechnique,  Cahier  42  (1867),  p.  58. 
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We  follow  the  method  of  Bonnet  in  making  use  of  the  funda- 
mental equations  in  the  form  (V,  48,  55).  We  assume  that  the  lines 
of  curvature  are  parametric.  In  this  case  these  equations  reduce  to 

to       _       a*--        dr    ^i 

(24) 


From  these  equations  it  follows  that  if  S  and  S'  are  two  applicable 
surfaces  referred  to  corresponding  lines  of  curvature,  the  functions 
r  and  rl  have  the  same  value  for  both  surfaces,  and  consequently 
the  same  is  true  of  the  product  qpr  Hence  our  problem  reduces 
to  the  determination  of  two  sets  of  functions  pv  q  ;  j?(,  9',  satisfying 
the  above  equations.  In  consequence  of  the  identity 

(25)  P'iq'=P& 

we  have  from  the  first  two  of  (24) 


of  which  the  integrals  are  Jt>{2  =  .p12+/(i')»  <J*=<f  +  <£(w)>  where  /(v) 
and  <f>(u)  are  functions  of  r  and  u  respectively.  The  parameters  u, 
v  may  be  chosen  so  that  these  functions  become  constants  a,  £, 
and  consequently 

(27)  P?  =  p;+«,     <?"=  <?'+# 

If  these  equations  be  multiplied  together,  the  resulting  equation  is 
reducible  by  means  of  (25)  to  either  of  the  forms 

(28)  tfjS  +  ^a  +  a/S-O,     p[*/3  +  q'*a  -  a/3  =  0. 

From  the  first  we  see  that  a  and  /?  cannot  both  be  positive  if  S  is  real, 
and  from  the  second  that  they  cannot  both  be  negative.  We  assume 
that  a  is  negative  and  ft  positive,  and  without  loss  of  generality  write 

(29)  P?  =  pi-l,    q'*=f+l. 

The  first  of  (28)  reduces  to  p*—  q2  =  \.    In  conformity  with  this 
we  introduce  a  function  to,  thus 

pl  =  cosh  a),     q  =  sinh  to. 
Then  equations  (29)  may  be  replaced  by 

p{  =  sinh  a),    c[  =  cosh  o>. 
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Moreover,  the  fundamental  equations  (24)  reduce  to 


a>   ,       o> 

T,  =  —  Sinn  w  cosh  o>. 

dw        0tr 

Comparing  these  results  with  §  118,  we  see  that  the  spherical 
representation  of  lines  of  curvature  of  the  surfaces  S  and  S'  respec- 
tively is  the  same  as  of  the  lines  of  curvature  of  a  spherical  surface 
and  of  its  Hazzidakis  transform.  Conversely,  we  have  that  every 
surface  of  this  kind  admits  of  an  applicable  surface  with  lines  of 
curvature  in  correspondence. 

The  preceding  investigation  rested  on  the  hypothesis  that  neither 
the  first  nor  second  of  equations  (24)  vanishes  identically.  Suppose 
that  the  second  vanishes  ;  then  q  is  a  function  of  u  alone,  say  </>(it). 
Since  the  product  p^q  differs  from  the  total  curvature  only  by  a 
factor  (cf.  §  70),  pl  cannot  be  zero  ;  therefore  r  =  0  and  q'  '=  ^(M). 
Equation  (25)  is  now  of  the  form  p$(u)  =  p[<j>l(u).  If  p(  be  elimi- 
nated from  this  equation  and  the  first  of  (27),  it  is  found  that  pv 
also  is  a  function  of  u  alone.  Hence  the  curves  v  =  const,  on  the 
sphere  are  great  circles  with  a  common  diameter,  and  therefore  S 
is  a  molding  surface  (§  130).  The  parameter  u  may  be  chosen  so 
that  we  may  take  <?  =  1  and  p^  =  U  ;  then  from  (27)  and  (25)  we 
find  p{  =  W2-f-  «,  q'=  jj/^/u*+  a,  where  a  is  an  arbitrary  constant. 
Hence  we  have  the  theorem  : 

A  necessary  and  sufficient  condition  that  a  surface  admit  of  <ui 
applicable  surface  with  lines  of  curvature  in  correspondence  is  that 
the  surface  have  the  same  spherical  representation  of  its  lines  of  cur- 
vature as  a  spherical  surface  S,  or  be  a  molding  surface  ;  in  the  ftrxt 
case  there  is  one  applicable  surface,  and  the  spherical  representation 
of  its  lines  of  curvature  is  the  same  as  of  the  Hazzidakis  transform 
of  S  ;  in  the  second  case  there  is  an  infinity  of  applicable  surfaces.* 

141.  Conjugate  systems  in  correspondence.  When  two  surfaces 
are  applicable  to  one  another,  there  is  a  system  of  corresponding 
lines  which  is  conjugate  for  both  surfaces  (cf.  §  50).  The  results 
of  §  140  show  that  for  a  given  conjugate  system  on  a  surface  S 

*  Cf.  Ex.  14,  p.  319. 
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there  is  not  in  general  a  surface  ^  applicable  to  S  with  the  corre- 
sponding system  conjugate.  We  inquire  under  what  conditions  a 
given  conjugate  system  of  S  possesses  this  property. 

Let  S  be  referred  to  the  given  conjugate  system.    If  the  corre- 
sponding system  on  an  applicable  surface  S{  is  conjugate,  we  have 

j)f  =  2)[=  0,          D^  =  DD"  ; 

for  the  total  curvature  of  the  two  surfaces  is  the  same.  We  replace 
this  equation  by  the  two 

D:  =  tanh  6  •  D,         U['  =  coth  0  .  D", 
thus  denning  a  function  9.   The  Codazzi  equations  for  S  are 


Since  these  equations  must  be  satisfied  by  Dl  and  D[\  we  have 

c6         f22\Z>  c0  ' 

-\l)l7'tanh*' 

The  condition  of  integrability  of  (30)  is  reducible  to 

[?  /mi  T)"\     ?)  i  r2*n  7>\i 
A(J"l:^)_4({~l.£L) 
aiAl2  J  z>/    M^i  /x>"/J 

21Z>\        (221  fin] 
l/W"1"    11/12  JJ" 


/f221Z> 


As  the  two  roots  of  this  equation  differ  only  in  sign,  and  thus  lead 
to  symmetric  surfaces,  we  need  consider  only  one.  If  it  be  substi- 
tuted in  (30),  we  obtain  two  conditions  upon  £",  F,  G  ;  Z>,  Z>",  which 
are  necessary  in  order  that  .S'  admit  of  an  applicable  surface  of  the 
kind  sought.  Hence  in  general  there  is  no  solution  of  the  problem. 
However,  if  the  two  expressions  in  the  brackets  of  (31)  vanish 
identically,  the  conditions  of  integrability  of  equations  (30)  are 
completely  satisfied,  and  S  admits  of  an  infinity  of  applicable  sur- 
faces upon  which  the.  coordinate  curves  form  a  conjugate  system. 
Consequently  we  have  the  theorem  : 

If  a  conjugate  system  on  a  surface  S  corresponds  to  a  conjugate 
system  on  more  than  one  surface  applicable  to  S,  it  corresponds  to  a 
conjugate  system  on  an  infinity  of  surfaces  applicable  to  S. 
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We  shall  give  this  result  another  interpretation  by  considering 
the  spherical  representation  of  S.    From  (VI,  38)  we  have 


ro9~i    D          r  1 9V          n  i  ^  n"         nov 

<32>      d1|-'=-{2}'     ("}f  =-{;}• 

(VsV 

where  the  symbols  1  >  are  formed  with  respect  to  the  linear  ele- 
ment of  the  spherical  representation  of  S.  If  we  substitute  these 
values  in  (30),  we  get 

30     /12V 
^=ll)C°th*' 


^      I  2  J  dv 

and  the  condition  that  these  equations  have  an  integral  involving 
a  parameter  becomes 


The  first  of  these  equations  is  the  condition  that  the  curves 
upon  the  sphere  represent  the  asymptotic  lines  upon  a  certain  sur- 
face 2  (cf.  §  78).  Moreover,  if  K  denotes  the  total  curvature  of 
2,  and  we  put  K=  —  1//32,  we  have 


Now  equations  (33)  are  equivalent  to  (34),  and 


log?      glogp    glogp  _0 

*  "      —  V/j 

3«          dv 


f 
which  reduces  to  —  ~  =  0.   As  the  general  integral  of  this  equation 

is  p  =  <f>(u)-\-  tfr(v),  where  </>  and  i/r  are  arbitrary  functions  of  u  and 
v  respectively,  we  have  the  following  theorem  due  to  Bianchi*  : 

A  necessary  and  sufficient  condition  that  a  surface  S  admit  a  con- 
tinuous deformation  in  which  a  conjugate  system  remains  conjugate 
is  that  the  spherical  representation  of  this  system  be  that  of  the  asymp- 
totic lines  of  a  surface  whose  total  curvature,  expressed  in  terms  of 
parameters  referring  to  these  lines,  is  of  the  form 

_  -i 

/Q  C\  T£-  __    _  ;  _ 

•[fWH-tWf 

*  Annali,  Ser.  2,  Vol.  XVIII  (1890),  p.  320;  also  Lezioni,  Vol.  II,  p.  83. 
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The  pseudospherical  surfaces  afford  an  example  of  surfaces  with 
K  of  tliis  form.  In  this  case  (f>  and  i/r  are  constants,  so  that  equa- 

fl°V     fl9V 
tions  (34)  reduce  to  <j    "  J-  =  |       V  =  0,  which,  in  consequence  of 

fill      f90"! 

(32),  are  equivalent  to  j  >  =  <". '  f=  0.  But  these  are  the  condi- 
tions that  the  parametric  curves  on  S  be  geodesies.  A  surface  with 
a  conjugate  system  of  geodesies  is  called  a  surface  of  Voss.  We 
state  these  results  thus: 

A  surface  of  Voss  admits  of  a  continuous  deformation  in  ivhich  the 
geodesic  conjugate  system  is  preserved  ;  consequently  all  the  neiv  sur- 
faces are  of  the  same  kind. 

EXAMPLES 

1.  Show  that  every  integral  of  the  equation  At0  =  1  is  an  integral  of  the  funda- 
mental equation  (18). 

2.  On  a  right  helicoid  the  helices  are  asymptotic  lines.    Find  the  surfaces  appli- 
cable to  the  helicoid  in  such  a  way  that  one  of  the  helices  is  unaltered  in  form  and 
continues  to  be  an  asymptotic  line. 

3.  A  surface  applicable  to  a  surface  of  revolution  with  the  lines  of  curvature 
on  the  two  surfaces  in  correspondence  is  a  surface  of  revolution. 

4.  Show  that  the  equations 

X=KTCOS-,        y  =  KT8m-,        z  =  fVl  —  (tV2du, 
K  K  J 

define  a  family  of  applicable  surfaces  of  revolution  with  lines  of  curvature  in  corre- 
spondence. Discuss  the  effect  of  a  variation  of  the  parameter  K. 

5.  Let  S  denote  a  surface  parallel  to  a  spherical  surface  2.    Find  the  surface 
applicable  to  S  with  preservation  of  the  lines  of  curvature. 

6.  If  Si  and  S2  be  applicable  surfaces  referred  to  the  common  conjugate  sys- 
tem, their  coordinates  Zi,  y\,z\\  x?,  y«,  z«  are  solutions  of  the  same  point  equation 
(cf.  VI,  26),  and  the  function  x?  +  y?  +  2J2  —  (z|  +  y|  +  z|)  also  is  a  solution. 

7.  Show  that  the  locus  of  a  point  which  divides  in  constant  ratio  the  join  of 
corresponding  points  on  the  surfaces  Si  and  S2  of  Ex.  6  is  a  surface  upon  which  the 
parametric  lines  form  a  conjugate  system.    Under  what  condition  is  this  surface 
applicable  to  Si  and  S2  ? 

8.  The  tetrahedral  surface 

x  =  A(a  +  u)i(a  +  v)*,    y  =  B(b  +  u)*(b  +  «)*,     z  =  C(c 
admits  of  an  infinity  of  deforms 


The  curves  u  =  v  upon  these  surfaces  are  congruent,  and  consequently  each  is  an 
asymptotic  line  on  the  surface  through  it. 
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9.  If  the  equations  of  a  surface  are  of  the  form 

x 
the  equations 


lVi  cose,  yi=^U?  +  U*  +  h-l  Vi  sin  0, 


where  h  denotes  a  constant,  define  a  family  of  applicable  surfaces  upon  which  the 
parametric  lines  form  a  conjugate  system. 

10.  Show  that  the  equations  of  the  quadrics  can  be  put  in  the  form  of  Ex.  9, 
and  apply  the  results  to  this  case. 

142.  Asymptotic  lines  in  correspondence.  Deformation  of  a  ruled 
surface.  We  have  seen  (§  139)  that  a  surface  can  be  subjected  to 
a  continuous  deformation  in  which  an  asymptotic  line  remains 
asymptotic.  .  We  ask  whether  two  surfaces  are  applicable  with 
the  asymptotic  lines  in  one  system  corresponding  to  asymptotic 
lines  of  the  other.  We  assume  that  there  are  two  such  surfaces,  $, 
$!,  and  we  take  the  corresponding  asymptotic  lines  for  the  curves 
v  =  const,  and  their  orthogonal  trajectories  for  u  =  const.  In  con- 
sequence of  this  choice  and  the  fact  that  the  total  curvature  of  the 
two  surfaces  is  the  same,  we  have 

(36)  I)  =  Z>1=0,         ^=0,         £>'  =  &[. 

The  Codazzi  equations  (V,  13')  for  S  reduce  to 


D'      gl°g£  D'    ,  JL  £     D" 

~ 


/  D"  \      d  I   D'   \      glog^    D'        gloVj?    D" 


=Q 

~ 


(37) 


Because  of  (36)  the  Codazzi  equation  for  S^  analogous  to  the  first 
of  (37)  will  differ  from  the  latter  only  in  the  last  term.  Hence  we 
must  have  either  !>['=  D",  or  E=f(u).  In  the  former  case  the  sur- 
faces S  and  Sl  are  congruent.  Hence  we  are  brought  to  the  second, 
which  is  the  condition  that  the  curves  v  =  const,  be  geodesies.  As 
the  latter  are  asymptotic  lines  also,  they  are  straight,  and  conse- 
quently S  must  be  a  ruled  surface.  By  changing  the  parameter  w, 
we  have  J£  =  l,  and  equations  (37)  reduce  to 
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By  a  suitable  choice  of  the  parameter  v  the  first  of  these  equations 
may  be  replaced  by  J/ssl/vf?,  and  the  second  becomes 


where  $  is  an  arbitrary  function.  These  results  establish  the  fol- 
lowing theorem  of  Bonnet : 

A  necessary  and  sufficient  condition  that  a  surface  admit  an 
applicable  surface  with  the  asymptotic  lines  in  one  system  on  each 
surface  corresponding  is  that  the  surface  be  ruled;  moreover,  a 
ruled  surface  admits  of  a  continuous  deformation  in  which  the 
generators  remain  straight. 

To  this  may  be  added  the  theorem : 

If  two  surfaces  are  applicable  and  the  asymptotic  lines  in  both 
systems  on  each  surface  are  in  correspondence,  the  surfaces  are  con- 
gruent, or  symmetric. 

This  is  readily  proved  when  the  asymptotic  lines  are  taken  as 
parametric. 

We  shall  establish  the  second  part  of  the  above  theorem  in 
another  manner.  For  this  purpose  we  take  the  equations  of  the 
ruled  surface  in  the  form  (§  103) 

(38)  X  =  XQ  +  lu,         y  =  y0+mu,         z  =  z0  +  nu, 

where  x0,  y0,  z0  are  the  coordinates  of  the  directrix  C  expressed  as 
functions  of  its  arc  v,  and  I,  m,  n  are  the  direction-cosines  of  the 
generators,  also  functions  of  r.  They  satisfy  the  conditions 

(39)  *£«  +  y'i  +  #  =  1 ,         I*  +  w*  +  n*  =  1 , 

where  the  accents  indicate  differentiation  with  respect  to  v. 
Furthermore,  the  linear  element  is 

(4  0)  ds2  =  du*  +  2  cos  0Q  dudv  +  (a V  +  2  bu  + 1 )  dr, 

where 

(4i)        { a'2 = l''2 +  m''2  +  w'2*  b = Vx* + m'y° + n'z»> 

\  cos  00  =  x'J,  +  y'jn  +  z>. 

Hence  if  we  have  a  ruled  surface  with  the  linear  element  (40),  the 
problem  of  finding  a  ruled  surface  applicable  to  it,  with  the  gener- 
ators of  the  two  surfaces  corresponding,  reduces  to  the  determi- 
nation of  six  functions  of  v,  namely  x0,  y0,  z0;  ?,  m,  n,  satisfying 
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the  five  conditions  (39),  (41).  From  this  it  follows  that  there  is  an 
arbitrary  function  of  v  involved  in  the  problem,  and  consequently 
there  is  an  infinity  of  ruled  surfaces  with  the  linear  element  (40). 

There  are  two  general  ways  in  which  the  choice  of  this  arbi- 
trary function  may  be  made,  —  either  as  determining  the  form  of 
the  director-cone  of  the  required  surface,  or  by  a  property  of  the 
directrix.  We  consider  these  two  cases. 

143.  Method  of  Minding.  The  first  case  was  studied  by  Mind- 
ing.* He  took  ?,  m,  n  in  the  form 

(42)  /  =  cos  (/>  cos  i/r,       m  =  cos  <f>  sin  -\/r,       n  =  sin  </>, 

which  evidently  satisfy  the  second  of  (39).  The  first  of  (41) 
reduces  to 

(43)  t£'2+-^'2cos2</>=a2. 

If  we  solve  equations  (39)  and  (41)  for  x£,  «/0',  «„',  the  resulting 
expressions  are  reducible  by  means  of  (VII,  63)  to 

(44)  x[  =  I  cos  6>0  +  i  [l'b  ±  (mn1-  m'n)  Va2  sina00-  6s], 

and  analogous  expressions  for  y[  and  z[.  Hence,  if  </>  be  an  arbi- 
trary function  of  v,  and  i/r  be  given  by 


COS  (f> 

the  functions  #0,  #0,  20,  obtained  from  (44)  by  quadratures,  together 
with  £,  m,  n  from  (42),  determine  a  ruled  surface  with  the  linear 
element  (40). 

Each  choice  of  </>  gives  a  different  director-cone,  which  is  deter- 
mined by  the  curve  in  which  the  cone  cuts  the  unit  sphere,  whose 
center  is  at  the  vertex  of  the  cone.  Such  a  curve  is  defined  by  a 
relation  /(</>,  ^)  =  0,  so  that  instead  of  choosing  </>  arbitrarily  we 
may  take  /  as  arbitrary;  for,  by  combining  equations  (43)  and 
/(<£,  >/r)  =  0,  we  obtain  the  expressions  for  </>  and  -»/r  as  functions 
of  v.  Hence : 

A  ruled  surface  may  be  deformed  in  such  a  way  that  the  director' 
cone  takes  an  arbitrary  form. 

*  Crelle,  Vol.  XVIII  (1838),  pp.  297-302. 
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When  the  given  ruled  surface  is  nondevelopable,  the  radicand 
in  (44)  is  different  from  zero,  and  consequently  there  are  two  dif- 
ferent sets  of  functions  a-0,  y0,  z0.  Hence  there  are  two  applicable 
ruled  surfaces  with  the  same  director-cone.  If  the  parameters  of 
distribution  of  these  two  surfaces  be  calculated  by  (VII,  73),  they 
are  found  to  differ  only  in  sign.  Hence  we  have  the  theorem  of 
Beltrami :  * 

A  ruled  surface  admits  of  an  applicable  ruled  surface  such  that 
corresponding  generators  are  parallel,  and  the  parameters  of  distri- 
bution differ  only  in  sign. 

144.  Particular  deformations  of  ruled  surfaces.  By  means  of  the 
preceding  results  we  prove  the  theorem : 

A  ruled  surface  may  be  deformed  in  an  infinity  of  ways  so  that  a 
given  curve  becomes  plane. 

Let  the  given  curve  be  taken  for  the  directrix  of  the  original 
surface.  Assuming  that  a  deform  of  the  kind  desired  exists,  we 
take  its  plane  for  the  zy-plane.  From  (44)  we  have 


azn  cos  00  +  bn'  ±  (Im1  —  I'm)  Vcr  sin2 00  —  62  =  0, 
which,  in  consequence  of  (42)  and  (43),  reduces  to 


b  cos<£  •<£'+  a2  sin<£  cos#0±  cos  <f>  Va"2  —  <f>''2  V<r  sin2  00  —  b*  =  0. 

The  integral  of  this  equation  involves  an  arbitrary  constant,  and 
thus  the  theorem  is  proved. 

The  preceding  example  belongs  to  the  class  of  problems  whose 
general  statement  is  as  follows : 

To  deform  a  ruled  surface  into  a  ruled  surface  in  such  a  way  that 
the  deform  of  a  given  curve  C  on  the  original  surface  shall  possess  a 
certain  property  on  the  resulting  surface. 

We  consider  this  general  problem.  Let  the  deform  of  C  be  the 
directrix  of  the  required  surface,  and  let  «0,  y30,  70;  10,  w0,  n0;  X0,  p0,  v0 
denote  the  direction-cosines  of  its  tangent,  principal  normal,  and 
binormal.  If  a-  denotes  the  angle  between  the  osculating  plane  to 
the  curve  and  the  tangent  plane  to  the  surface,  we  have 

(46)  I  =  a0  cos  00  4-  sin  00  (10  cos  <r  -f-  X0  sin  <r), 

*  Annali,  Vol.  VH  (1865),  p.  115. 
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and  similar  expressions  for  m  and  n.  When  these  values  are  sub- 
stituted in  the  first  two  of  equations  (41),  the  resulting  equations 
are  reducible,  by  means  of  the  Frenet  formulas  (I,  50),  to 


(47) 


These  are  two  equations  of  condition  on  <r,  /a,  T,  as  functions  of  v. 
Each  set  of  solutions  determines  a  solution  of  the  problem  ;  for, 
the  directrix  is  determined  by  expressions  for  p  and  r,  and  equa- 
tions (46)  give  the  direction-cosines  of  the  generators. 

We  leave  it  to  the  reader  to  prove  the  above  theorem  by  this 
means,  and  we  proceed  to  the  proof  of  the  theorem: 

A  ruled  surface  may  be  deformed  in  such  a  manner  that  a  given 
curve  C  becomes  an  asymptotic  line  on  the  new  ruled  surface. 

On  the  deform  we  must  have  <r  =  0  or  er  =  TT,  so  that  from  (47) 


coso- 

-   Iff  i    M 

sin  o-  sin  00~|2 

P 
fcos  6 

1°  '  sinflj 
0  _i_  (foo  (r  cin  <9  V 

L  P 

+    (sin<r  sin^) 

r         J 
,      coso-  sin  00~|2     ^2      M 

T             J 

p  sin  B 

the  sign  being  fixed  by  the  fact  that  p  is  necessarily  positive.  The 
second  of  (47)  reduces  to 

1=      Va2sin26>0-52 

r~  sin200 

If  the  curve  with  these  intrinsic  equations  be  constructed,  and  in 
the  osculating  plane  at  each  point  the  line  be  drawn  which  makes 
the  angle  00  with  the  tangent,  the  locus  of  these  lines  is  a  ruled 
surface  satisfying  the  given  conditions. 

When  the  curve  C  is  an  orthogonal  trajectory  of  the  generators, 
the  same  is  true  of  its  deform.  Hence  : 

A  ruled  surface  may  be  deformed  in  such  a  way  that  all  the  gener- 
ators become  the  principal  normals  of  the  deform  of  any  one  of  their 
orthogonal  trajectories. 

Having  thus  considered  the  deformation  of  ruled  surfaces  in 
which  the  generators  remain  straight,  we  inquire  whether  two 
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ruled  surfaces  are  applicable  with  the  generators  of  each  corre- 
sponding to  curves  on  the  other.  Assume  that  it  is  possible,  and 
let  v  =  const,  be  the  generators  of  S  and  u  =  const,  the  curves 
on  S  corresponding  to  the  generators  of  Sr  From  (V,  13)  it 
follows  that  the  conditions  for  this  are  respectively 


where  A'=  —  1/p'.  But  equations  (48)  are  the  necessary  and 
sufficient  conditions  that  there  be  a  surface  2  applicable  to  S 
and  6\,  upon  which  the  asymptotic  lines  are  parametric  (cf.  VI,  3). 
But  the  curves  v  =  const,  and  u  —  const,  are  geodesies  on  S  and  S^ 
and  consequently  on  2.  Therefore  2  is  doubly  ruled.  Hence  : 

If  two  ruled  surfaces  S  and  St  are  applicable  to  one  another,  the 
generators  correspond  unless  the  surfaces  are  applicable  to  a  quadric 
with  the  generators  of  S  and  S1  corresponding  to  the  two  different 
systems  of  generators  of  the  quadric. 

EXAMPLES 

1.  A  ruled  surface  can  be  deformed  into  another  ruled  surface  in  such  a  way 
that  a  geodesic  becomes  a  straight  line. 

2.  A  ruled  surface  formed  by  the  binomials  of  a  curve  C  can  be  deformed  into 
a  right  conoid  ;  the  latter  is  the  right  helicoid  when  the  torsion  of  C  is  constant. 
Prove  the  converse  also. 

3.  On  the  hyperboloid  of  revolution,  defined  by 

x      u        v       .    v          y      u   .    v  v          z      u 

-  =  —  cos  -  +  sin  -  ,        -  =  —  sin  --  cos  -  ,        -  =  —  , 
CAC  c          CAC  c          d      A 

where  A2  =  c2  +  d2,  the  circle  of  gorge  is  a  geodesic,  which  is  met  by  the  generators 
under  the  angle  cos-  Jc/A. 

4.  Show  that  the  ruled  surface  which  results  from  the  deformation  of  the 
hyperboloid  of  Ex.  3,  in  which  the  circle  of  gorge  becomes  straight,  is  given  by 

ud        v  ud  .    v  uc 

x  —  —  cos  -  ,        y  =  —  sin  -  ,        z  =  --  \-  v. 
Ad  Ad  A 

5.  Show  that  the  ruled  surface  to  which  the  hyperboloid  of  Ex.  3  is  applicable 
with  parallelism  of  corresponding  generators  is  the  helicoid 

x      u       v      c2  —  d2  .    v        y      u   .    v      c2  —  d2        v        z      u      2  c 
-  =  —  cos-H  --  sin-,       -  =  —  sin  ---  cos-,       -  =  —  I  --  c, 
c      A       c      c2  +  d2       c        c      A       c      c2  +  d2        c        d      A      A2 

and  that  the  circle  of  gorge  of  the  former  corresponds  to  a  helix  upon  the  latter. 

6.  When  the  directrix  is  a  geodesic,  equations  (47)  reduce  to 

/cos  0o 
sin  *,  •*£  +  &  =  0,         (  -  - 
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7.  When  an  hyperboloio1  of  revolution  of  one  sheet  is  deformed  into  another 
ruled  surface,  the  circle  of  gorge  becomes  a  Bertrand  curve  and  the  generators 
are  parallel  to  the  corresponding  binomials  of  the  conjugate  Bertrand  curve. 

8.  A  ruled  surface  can  be  deformed  in  such  a  way  that  a  given  curve  is  made 
to  lie  upon  a  sphere  of  arbitrary  radius. 

9.  When  a  ruled  surface  admits  a  continuous  deformation  into  itself  the  total 
curvature  of  the  surface  is  constant  along  the  line  of  striction,  the  generators  meet  the 
latter  under  constant  angle,  and  the  parameter  of  distribution  is  constant  (cf  .  §  120). 

10.  Two  applicable  ruled  surfaces  whose  corresponding  generators  are  parallel 
cannot  be  obtained  from  one  another  by  a  continuous  deformation. 

GENERAL  EXAMPLES 

1.  Determine  the  systems  of  coordinate  lines  in  the  plane  such  that  the  linear 

element  of  the  plane  is  ^U2  _j.  ^2 

d  s2  = 


where  U  and  V  are  functions  of  u  and  v  respectively. 

2.  Solve  for  the  sphere  the  problem  similar  to  Ex.  1. 

3.  Determine  the  functions  tf>  (u)  and  ^  (u)  so  that  the  helicoids,  defined  by 


y  =  a     u2  -  62  sin  ,     z  -  bv  +  \1/. 

a  a 

shall  be  applicable  to  the  surface  whose  equations  are 

z  =  £7"  cosu,     y  =  Usinv,     z  =  /vl  —  U"2du, 
where  U  is  any  function  of  u. 

4.  Apply  the  method  of  Ex.  3  to  find  helicoids  applicable  to  the  pseudosphere  ; 
to  the  catenoid. 

5.  The  equations 

x  =  a  V2  u  —  2  cos  -  .     y  =  a  \/2ti  —  2  sin-,     z  =  -  (u  —  1) 
a  a  2 

define  a  paraboloid  of  revolution.  Show  that  surfaces  applicable  to  it  are  defined  by 
X  =  V   ^2  ~^3  +  f  (fz<tfa  -fadfz)  -  J  (fadfa  -  fadfa)   , 

y  =  ™ 


, 


where  a  is  a  real  constant,  and  the  /'s  and  0\s  are  functions  of  a  parameter  a  and 
/3  respectively  such  that 

fl    +  ft  +  n  =  J»       ^l2  +  ^  +  <(>•?  =  1,      /I01  +  /202  +  /303  =  U. 

6.  Investigate  the  special  case  of  Ex.  5  for  which  a  and  /3  are  conjugate  imaginary 

functions,  and  2  +  a  -  2  a2  .  2  -  a  -  2  a* 

/i  =  —    —  ;=  -  »    /2  =  t—    —  -=  —  ,    /»  =  a, 
2V2o  2V2a 

and  the  0's  are  functions  conjugate  imaginary  to  the/'s. 
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7.  Show  that  the  surface  of  translation 

x=  o(cosu  +  cosr),     y  =  a(sinu  +  sine),     z  =  c(u-f-t>) 
is  applicable  to  a  surface  of  revolution. 

8.  Show  that  the  minimal  surfaces  applicable  to  a  spiral  surface  (Ex.  22,  p.  151) 
are  determined  by  the  functions  F(u)  =  cum  +  in,  4>(c)  =  Citf"-"1,  and  that  the  asso- 
ciate surfaces  are  similar  to  the  given  one. 

9.  If  the  coefficients  E,  F,  G  of  the  linear  element  of  a  surface  are  homogeneous 
functions  of  u  and  v  of  order  —  2,  the  surface  is  applicable  to  a  surface  of  revolution. 

10.  If  z,  y,  z  are  the  coordinates  of  a  surface  S  referred  to  a  conjugate  system, 
the  equations 

—  =  P  —  ,  ^  =  p£^,  —  =  p  —  -    £^  =  o  —  ,  ^-  =  0^-,  —  =  Q— 

8u          cu     cu          cu     cu          8u'     cv          dv     cv          cv     cv          cv 
are  integrable  if  P  and  Q  satisfy  the  conditions 


where  the  Christoffel  symbols  are  formed  with  respect  to  the  linear  element  of  S. 
Show  that  on  the  surface  S',  whose  coordinates  are  z',  y",  z',  the  parametric  curves 
form  a  conjugate  system,  and  that  the  normals  to  S  and  S'  at  corresponding  points 
are  parallel. 

11.  Show  that  for  the  surface 


where  X  is  any  function  of  u  and  »,  and/!,  /2,  /3  ;  #1,  02,  <f>3  are  functions  of  u  and 
v  respectively,  the  parametric  curves  form  a  conjugate  system.  Apply  the  results 
of  Ex.  10  to  this  surface,  and  discuss  the  case  for  which  X  is  independent  of  t. 

12.  If  S  and  Si  are  two  applicable  surfaces,  and  S{  denotes  the  surface  corre- 
sponding to  Si  in  the  same  manner  as  S'  to  S  in  Ex.  10  and  by  means  of  the  same 
functions  P  and  Q,  then  S'  and  S{  are  applicable  surfaces. 

13.  If  x,  y,  z  and  Xi,  y-i,  Zi  are  the  coordinates  of  a  pair  of  applicable  surfaces 
S  and  Si,  a  second  pair  of  applicable  surfaces  S'  and  S{  is  defined  by 

x'  =  x  +  h(z  +  zi)  -  k(y  +  y,),        x{  =  xi-h(z  +  Zi)  +  k(y  +  yj, 
y'  =  y  +  k(x  +  xi)-g(z  +  Z!),        y{  =  yi-  k(x  +  xt)  +  g(z  +  zx), 


where  gr,  A,  and  k  are  constants.  Show  that  the  line  segments  joining  correspond- 
ing points  of  S  and  S'  are  equal  and  parallel  to  those  for  Si  and  S{ ;  that  the  lines 
joining  corresponding  points  on  S  and  Si  meet  the  similar  lines  for  S'  and  Si ;  and 
that  the  common  conjugate  system  on  S  and  Si  corresponds  to  the  common  conju- 
gate system  on  S'  and  Si. 

14.  Apply  the  results  of  Ex.  13  to  the  surfaces  of  translation 

z  =  u2  -  v2  +  2  av,     y  =  2  u2  +  t>2  —  2  av  —  2  f  Vb2  +  3«2du,     z  =  2  &u, 
Zi  =  u2  +  2  B2  -  2  av  -  2  f  V&2  +  3w2du,     2/1  =  -  u2  +  t3  +  2  f  V&2  +  3u*du, 

Show  that  when  </  =  A  =  0,  fc  =  —  1,  the  surface  S'  is  an  elliptic  paraboloid. 
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15.  Show  that  the  equations 


C    I       V"2  r   i 

=  ]  \\l-  —  dv,     y=  I  Vl- 

\         a2  J 


where  the  accent  indicates  differentiation  with  respect  to  the  argument,  define  a 
family  of  applicable  surfaces  of  translation.  Apply  the  results  of  Ex.  12  to  this  case. 

16.  Show  that  when  S  and  Si  in  Exs.  12  and  13  are  surfaces  of  translation,  and 
their  generating  curves  correspond,  the  same  is  true  of  S'  and  S{. 

17.  If  lines  be  drawn  through  points  of  a  Bertrand  curve  parallel  to  the  binor- 
inals  of  the  conjugate  curve,  their  locus  is  applicable  to  a  surface  of  revolution. 

18.  If  a  real  ruled  surface  is  applicable  to  a  surface  of  revolution,  it  is  applicable 
to  the  right  helicoid  or  to  a  hyperboloid  of  revolution  of  one  sheet  (cf.  Ex.  9,  §  144). 

19.  A  ruled  surface  can  be  deformed  in  an  infinity  of  ways  so  that  a  curve  not 
orthogonal  to  the  generators  shall  be  a  line  of  curvature  on  the  new  ruled  surface, 
unless  the  given  curve  is  a  geodesic  ;  in  the  latter  case  the  deformation  is  unique 
and  the  line  of  curvature  is  plane. 

20.  Let  P  be  any  point  of  a  twisted  curve  C,  and  MI,  M2  points  on  the  principal 
normal  to  C  such  that  /  .,  j,        \ 

PMl  =  -PM2  =  asin(j  —  +  61, 

where  a,  6  are  constants  and  p  is  the  radius  of  curvature  of  C.  The  loci  of  the  lines 
through  MI  and  M%  parallel  to  the  tangent  to  C  at  P  are  applicable  ruled  surfaces. 

21.  On  the  surface  whose  equations  are 

x  =  M,     y  =  /(u)0'(»)  +  f  (»),     z  =/(u)[>(«)  -  v<t>'(o)]  +  *  (v)  -  v^'(v), 

the  parametric  curves  form  a  conjugate  system,  the  curves  w  =  const,  lie  in  planes 
parallel  to  the  yz-plane,  and  the  curves  v  —  const,  in  planes  parallel  to  the  z-axis  ; 
hence  the  tangents  to  the  curves  u  =  const,  at  their  points  of  intersection  with  a 
curve  v  =  const,  are  parallel. 

22.  Investigate  the  character  of  the  surfaces  of  Ex.  21  in  the  following  cases  : 
(a),  <f>  (v)  =  V»2  +  l  ;  (b),  0  (v)  =  const.  ;  (c),  f  (v)  =  0  ;  (d),  f(u)  =  au  +  b. 

23.  If  the  equations  of  Ex.  21  be  written 


the  most  general  applicable  surfaces  of  the  same  kind  with  parametric  curves  cor- 
responding are  defined  by 


where  K  is  a  parameter,  and  the  functions  $1,  <f>2,  St'i,  ^2  satisfy  the  conditions 
*|  =  <t>?  +  4$ 
,      *i(02^2 

V/2  = 


Show  also  that  the  determination  of  *i  and  <J>2  requires  only  a  quadrature. 


CHAPTER  X 

DEFORMATION  OF  SURFACES.    THE  METHOD  OF  WEINGARTEN 

145.  Reduced  form  of  the  linear  element.  Weingarten  has  re- 
marked that  when  we  reduce  the  determination  of  all  surfaces  appli- 
cable to  a  given  one  to  the  solution  of  the  equation  (IX,  18),  namely 

(1)  Aa^  =  (l-A^)JT, 

we  make  no  use  of  our  knowledge  of  the  given  surface,  and  in 
reality  are  trying  to  solve  the  problem  of  finding  all  the  surfaces 
with  an  assigned  linear  element.  In  his  celebrated  memoir,  Sur  la 
deformation  des  surfaces,*  which  was  awarded  the  grand  prize  of 
the  French  Academy  in  1894,  Weingarten  showed  that  by  taking 
account  of  the  given  surface  the  above  equation  can  be  replaced 
by  another  which  can  be  solved  in  several  important  cases.  This 
chapter  is  devoted  to  the  exposition  of  this  method.  We  begin  by 
determining  a  particular  moving  trihedral  for  the  given  surface. 

It  follows  from  (VII,  64)  that  the  necessary  and  sufficient  con- 
dition that  the  directrix  of  a  ruled  surface  be  the  line  of  striction  is 


(2)  &  = 

The  functions  //  m,'  n'  are  proportional  to  the  direction-cosines  of 
the  curve  in  which  the  director-cone  of  the  surface  meets  the  unit 
sphere  with  center  at  the  vertex  of  the  cone.  We  call  this  curve 
the  spherical  indicatrix  of  the  surface.  From  (2)  and  the  identity 

II'  +  mm!  +  nn'  =  0 

it  is  seen  that  the  tangent  to  the  spherical  indicatrix  is  perpen- 
dicular to  the  tangent  plane  to  the  surface  at  the  corresponding 
point  of  the  line  of  striction.  This  fact  is  going  to  enable  us 
to  determine  under  what  conditions  a  ruled  surface  2,  tangent 
to  a  curved  surface  S  along  a  curve  (7,  admits  the  latter  for 
its  line  of  striction. 

*Acta  Mathematica,  Vol.  XX  (1896),  pp.  159-200. 
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We  suppose  that  the  parameters  w,  v  are  any  whatever,  and  that 
the  surface  is  referred  to  a  moving  trihedral.  We  consider  the 
ruled  surface  formed  by  the  z-axis  of  the  trihedral  as  the  origin 
of  the  latter  describes  the  curve  C.  The  point  (1,  0,  0)  of  a  second 
trihedral  parallel  to  this  one,  but  with  origin  fixed,  describes  the 
spherical  indicatrix  of  2.  From  equations  (V,  51)  we  find  that  the 
components  of  a  displacement  of  this  point  are 

0,         r  du  +  rjlv,         —  (qdu  +  q^dv). 

In  order  that  the  displacement  be  perpendicular  to  the  tangent 
plane  to  2  at  the  corresponding  point  of  (7,  that  is,  perpendicular 
to  the  zy-plane  of  the  moving  trihedral,  we  must  have 

(3) 


Hence  if  a  trihedral  T  be  associated  with  a  surface  S  in  any  man- 
ner, as  the  vertex  of  T  describes  an  integral  curve  of  equation  (3), 
the  a>axis  of  T  generates  a  ruled  surface  whose  line  of  striction  is 
this  curve. 

When  the  parametric  lines  on  S  are  given,  and  also  the  angle  U 
which  the  a>axis  of  T  makes  with  the  tangent  to  the  curve  v  =  const., 
the  functions  r  and  rl  are  completely  determined,  as  follows  from 
(V,  52,  55).  They  are 

Hfll\      'dU  #/12\      dU 

^  '-SlaJ-S1       r»"31i/"S' 

Hence  if  V  be  given  the  value 
(5)  U 


where  $  (u)  denotes  an  arbitrary  function  of  M,  the  function  rl  is  zero, 
and  as  the  vertex  of  the  trihedral  describes  a  curve  u  =  const.,  the 
2>axis  describes  a  ruled  surface  whose  line  of  striction  is  this  curve. 
Suppose  now  that  the  trihedral  is  such  that  ^=0.  From  (V,  48,  64) 
it  follows  that 

(6)  I-  UK; 
consequently 

(7)  r=  CffKdv 

where  -fy  is  an  arbitrary  function  of  u. 
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Let  the  right-hand  member  of  (7)  be  denoted  by  /(w,  r),  and  change 
the  parameters  of  the  surface  in  accordance  with  the  equations 

ut=u,    i\=f(u,  v). 
From  §  32  and  equation  (7)  it  follows  that 


Since  K  is  unaltered  by  the  transformation,  in  terms  of  the  new 
coordinates  H^K  is  equal  to  unity,  and  hence  from  (6)  we  have 
r  =  vr    Therefore  the  coordinate  curves  and  the  moving  trihedral 
of  a  surface  can  be  chosen  in  such  a  way  that 
(8)  ^=0,         r  =  v,         HK=\. 

In  this  case  we  say  that  the  linear  element  of  the  surface  is  in  its 
reduced  form.  It  should  be  remarked  that  for  surfaces  of  negative 
curvature  the  parameters  are  imaginary. 

146.  General  formulas.  If  Xv  Y#  Z^  ;  A;,  F2,  Z2;  A',  I',  Z  denote 
the  direction-cosines  of  the  axes  of  the  moving  trihedral  with 
respect  to  fixed  axes,  we  have,  from  (V,  47), 


(9) 


.  ~, 

J  =  Aav  —  Xq, 
cu 


cu 


cX  ,, 

-  =  Xlq  —  Xzp  , 
cu 


cv  cv  dv 

The  rotations p,p^  q,  ql  satisfy  equations  (V,  48)  in  the  reduced  form 

dv       cu  dv      cu 

The  coordinates  z,  y,  z  of  S  with  reference  to  these  fixed  axes  are 

given  by  /-          /> 

x  =  I  (i;Xl  4-  7/A'2)  dw  +  (^1X1  • 


(11) 


where 

(12) 

and 

(13) 


=^^Yl+r,Y2)d 


u  +  (f^ 


M_fli  =  _ 

cv       du 


cv 


du 
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Weingarten's  method  consists  in  replacing  the  coefficients  of 
fi  *?>  !i>  *?!  i*1  the  last  of  equations  (13)  by  differential  parameters 
of  u  formed  with  respect  to  the  linear  element  of  the  spherical 
representation  of  the  a>axis  of  the  moving  trihedral. 

By  means  of  (9)  this  linear  element  is  reducible  to 

(14)      da*  =  dX$  +  dY*  +  dZ?  =  (v2  +  q2)  du*  +  2  qq.dudv  +  qfdv*. 

The   differential   parameters   of  w,   formed  with    respect    to    this 
form,  have  the  values  * 


(15)  «  " 

\  (u,  \u)  =  41  »     A2w  = 
*'5<Zi 

Because  of  the  identity  (V,  38) 

g      2^0-^(0,  A^- 

^^ 


we  have  also 


If  the  last  of  equations  (1  3)  be  divided  by  qv  and  the  values  of 
9/^1'  ^i/^i  obtained  from  (15)  and  (16)  be  substituted,  we  have 


(17) 

V  V  £   V 

In  consequence  of  the  first  of  equations  (15),  written 
(18)  v  = 


the  coefficients  of  |,  T;,  ^,  ?;1  in  (17)  are  expressible  in  terms  of 
differential  parameters  of  u  formed  with  respect  to  (14),  as  was 
to  be  proved. 

An  exceptional  case  is  that  in  which  q^  =  0.  Under  this  condition 
the  spherical  representation  of  the  z-axis  reduces  to  a  curve,  as  is 
seen  from  (14). 

*  Previously  we  have  indicated  by  a  prime  differential  parameters  formed  with  respect 
to  the  linear  element  of  the  spherical  representation.  For  the  sake  of  simplicity  we  dis- 
regard this  practice  in  this  chapter. 
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By  means  of  (9)  we  find  that 

(19)  A^A;,  «)  =  i,      A^r,,  «>  =  £,      A^,  «)  =  f . 

and  consequently  equations  (11)  may  be  written 

(20)  x=  C[tXi+w^(Xv  «)]<&« +  [kX1+*l*Al<-ri,  u)]dv, 

and  similarly  for  y  and  z. 

147.  The  theorem  of  Weingarten.  Equation  (17)  is  the  equation 
which  Weingarten  has  suggested  as  a  substitute  for  equation  (1). 
We  notice  that  f,  77,  |x,  rjl  are  known  functions  of  u  and  v  when 
the  surface  £  is  given.  By  means  of  (18)  equation  (17)  can  be 
given  a  form  which  involves  only  u  and  differential  parameters 
of  u  formed  with  respect  to  (14).  On  account  of  the  invariant 
character  of  these  differential  parameters  this  linear  element 
may  be  expressed  in  terms  of  any  parameters,  say  u'  and  v'. 
We  shall  show  that  each  solution  of  equation  (17)  determines 
a  surface  applicable  to  S.  We  formulate  the  theorem  of  Wein- 
garten as  follows  : 

Let  S  be  a  surface  whose  linear  element  in  the  reduced  form  is 

(21 )  d»~  =  (?+  r)  du*  +  2(1^  +  wj  dudv  +  (tf  +  T?*)  dv> ; 
then  %,  T),  £j,  rjl  are  functions  of  u  and  r  such  that 

(22)  g_S._^        £-£-* 

CV          Cll  CV          Cll 

Furthermore^  let  A't,  Yv  Zv  be  the  coordinates  of  a  point  on  the  unit 
sphere,  expressed  in  terms  of  any  two  parameters  u'  and  v',  the  linear 
element  of  the  sphere  being 

(23)  dtr'-=  £'du'- 
Any  integral  ul  of  the  equation 

(24) 
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the  differential  parameters  being  formed  with  respect  to  (23),  renders 
the  following  expression  and  similar  ones  in  y  and  z  total  differentials: 

(25)       dx 


where 


and  the  surface  ivhose  coordinates  are  the  functions  x,  y,  z  thus  defined 
has  the  linear  element  (21). 

Before  proving  this  theorem  we  remark  that  the  parameters  u< 
and  v'  may  be  chosen  either  as  known  functions  of  u  and  v,  or  in 
such  a  way  that  the  linear  element  (14)  shall  have  a  particular 
form.  In  the  former  case  X^  Yr  Zv  are  known  as  functions  of  u' 
and  v',  and  in  the  second  their  determination  requires  the  solution 
of  a  Riccati  equation.  However,  in  what  follows  we  assume  that 
X^  Yv  Zv  are  known. 

Suppose  now  that  u'  and  v'  are  any  parameters  whatever,  and 
that  we  have  a  solution  u^  of  equation  (24),  where  the  differential 
parameters  are  formed  with  respect  to  (23).  Let  vl  denote  the 
quantity  (A^)"*.  Both  uv  and  vl  are  functions  of  u'  and  v',  and 
consequently  the  latter  are  expressible  as  functions  of  the  former. 
We  express  Xv,  Y^  Z^  as  functions  of  u1  and  vl  and  determine  the 
corresponding  linear  element  of  the  unit  sphere,  which  we  write 

(26)  d<r?  =  ^  du$  +  2  ^  du^  +  ^  dv*. 

In  terms  of  u.  and  v.  we  have  a  -^ 

^A1_      d_A± 

1  - 


2  , 

From  these  expressions  it  follows  that  if  we  put 


we  have 
(2T) 


--±  =  0. 
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Hence  if  we  put 

A    =   I  j^Sj,  -   .Zjl  .,,  ±     =   Z^Xn  -  A1^2,  £    =  A1  1  g  -  1  1A2, 

the  functions  A~,  I't,  •  •  •  ,  Z  satisfy  a  set  of  equations  similar  to  equa- 
tions (V,  47). 

In  consequence  of  (27)  the  corresponding  rotations  have  the  values 


p=—  >0  —  '          Q—  Zi  T~ 
*-     'cu^  l 

cX          - 


t  rt  =  0. 

It  is  readily  shown  that  these  functions  satisfy  equations  similar 
to  (10). 

Since  the  functions  £,  77,  £1?  ^  are  of  the  same  form  in  (25)  as 
in  (21),  equations  similar  to  the  first  two  of  equations  (13)  are  neces- 
sarily satisfied.  Hence  the  only  other  equation  to  be  satisfied,  in 
order  that  the  expressions  (25)  be  exact  differentials,  is 

(28)        prii(uv  vJ-JVfK'  ?'i)+  <7i£  K>  vi)-?fiK>  vi)=  °- 

But  it  can  be  shown  that  the  coefficients  of  (26)  are  expressible  in 

the  form  jz=vz  4-  o2  ^  —  a* 

<ol—vl-^-q,         ^i—  ??i'          &i  —  yu 

so  that  by  means  of  differential  parameters  of  ul  formed  with 
respect  to  (26)  the  equation  (28)  can  be  given  the  form  (17). 
Hence  all  the  conditions  are  satisfied,  and  the  theorem  of  Wein- 
garten  has  been  established. 

148.  Other  forms  of  the  theorem  of  Weingarten.  It  is  readily 
found  that  equations  (22)  are  satisfied  by  the  expressions 


(29) 


£=4?  +  »3?'    *i= 


cu~          cv  cucv 


du  cv  cv          dir 

where  (f>  is  any  function  of  u  and  ?'.    Since  now 
(30)  77  +  1^=0, 

equation  (17)  reduces  to 

2v2)    "        v  oucv    -        tAdw2 
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This  equation  will  be  simplified  still  more  by  the  introduction 
of  two  new  parameters  which  are  suggested  by  the  following 
considerations. 

As  previously  defined,  the  functions  Xt,  Yv  Zv  are  the  direction- 
cosines  of  lines  tangent  to  the  given  surface  S  in  such  a  way  that 
the  ruled  surface  formed  by  these  tangents  at  points  of  a  curve 
u  =  const,  has  this  curve  for  its  line  of  striction.  Moreover,  from 
the  theorem  of  Weingarten  it  follows  that  the  functions  X^  Yv  Zl 
have  the  same  significance  for  the  surface  applicable  to  S  which 
corresponds  to  a  particular  solution  of  equation  (17). 

But  Xv  Yv  Z{  may  be  taken  also  as  the  direction-cosines  of  the 
normals  to  a  large  group  of  surfaces,  as  shown  in  §  67.  In  partic- 
ular, we  consider  the  surface  2  which  is  the  envelope  of  the  plane 

XjX  +  y^y  +  Z^z  =  u. 

Each  solution  of  equation  (17)  determines  such  a  surface.  If  x,  y,  z 
denote  the  coordinates  of  the  point  of  contact  of  this  plane  with  2, 
we  have  from  (V,  32) 

(32)  *  =  MA'1+A1(?/,  A",), 
which,  in  consequence  of  (19),  may  be  written 

(32')  x  =  uXl+-X,t. 

Hence  the  point  of  contact  of  2  lies  in  the  plane  through  the  origin 
parallel  to  the  tangent  plane  to  S  at  the  corresponding  point. 

If  the  square  of  the  distance  of  the  point  of  contact  from  the 
origin  be  denoted  by  2  q,  and  the  distance  from  the  origin  to  the 

tangent  plane  by  p,*  we  have 

1 

(33)  22  =  x2+y2+z2=M2+-v        p  =  u. 

From  (V,  35,  37)  it  follows  that  the  principal  radii  of  2  are 
given  by 

(34) 

=  A22w 

*  The  reader  will  observe  that  the  functions  p  and  q  thus  denned  are  different  from 
the  rotations  designated  by  the  same  letters.  As  this  notation  is  generally  employed  in 
the  treatment  of  the  theorem  of  Weingarten,  it  has  seemed  best  to  retain  it,  even  at  the 
risk  of  a  confusion  of  notation. 
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where  the  differential  parameters  are  formed  with  respect  to  (14). 
From  these  equations  we  have 


(35) 


22W  =  PlPl  +  (Pl+P»)U 


We  shall  now  effect  a  change  of  parameters,  using  p  and  q 
defined  by  (33)  as  the  new  ones.    By  direct  calculation  we  obtain 


(36) 


d<j>  _c(f>      c<f> 

~  ==  7        i    ~  PI 

cu      cp      cq 


ov 


v   cq 


cudv          vs  \cpcq      dq2    / 


=  . 

cv*      v6  cq2      v*  cq 

By  means  of  the  equations  (33)  and  (36)  the  fundamental  equa- 
tion (31)  can  be  reduced  to 


(37) 


This  is  the  form  in  which  the  fundamental  equation  was  first  con- 
sidered by  Weingarten.*  The  method  of  §§  146,  147  was  a  subse- 
quent development. 

In  terms  of  the  parameters  p  and  q  the  formulas  (29)  become 


(38) 


r}  = 


If  these  values  and  the  expression  for  \(ut  XJ  given  by  (32)  be 
substituted  in  (20),  it  is  reducible  to 


cpdqj  J       \    ldpdq         cq2/ 
Comptes  Rendus,  Vol.  CXII  (1891),  p.  607. 
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Hence  the  equations  for  S  may  be  written 


ft 

/3A\  i 

(39) 


&)       '   \dq 

and  consequently  the  linear  element  of  S  is  of  the  form 

(40)  ds* 


/        v     w 

Since  these  various  expressions  and  equations  differ  only  in  form 
from  those  which  figure  in  the  theorem  of  Weingarten,  the  latter  is 
just  as  true  for  these  new  equations.  We  remark  also  that  the  right- 
hand  member  of  (40)  depends  only  upon  the  form  of  0.  Hence  we 
have  the  theorem  of  Weingarten  in  the  form: 

When  <j)  in  equation  (37)  is  a  definite  function  of  p  and  q,  this 
equation  defines  a  large  group  of  surfaces  with  the  same  spherical 
representation,  the  functions  p^  and  pz  denoting  the  principal  radii, 
and  p  and  2q  the  distance  from  the  origin  to  the  tangent  plane  and 
the  square  of  the  distance  to  the  point  of  contact.  Each  surface  2 
satisfying  this  condition  gives  by  quadratures  (39)  a  surface  with  the 
linear  element  (40).  Conversely,  each  surface  with  this  linear  element 
stands  in  such  relation  to  some  surface  satisfying  the  corresponding 
equation  (37). 

As  a  corollary  to  the  preceding  results,  we  have  the  theorem  : 
The  linear  element  of  any  surface  S  is  reducible  to  the  form 

(41)  ds2  =  du*+2^  dudv  +  2  ^  dv\ 

du  dv 

where  i/r  is  a  function  of  u  and  v. 

For,  we  have  seen  that  the  linear  element  of  any  surface  is 
reducible  to  the  form  (40).  If,  then,  we  change  the  parameters  by 
means  of  the  equations 

/^ox  ^  ^ 

(42)  u  =  -!->        v  =  ^r-» 

dp  dq 

we  have 

(43)  ds2  =  duz  +  2  p  dudv  +  2q  dv\ 
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From  (42)  it  follows  that 

c"<h  j         c2<b    ,  ,         c ~(f>   j     ,  c2^)  , 

du  =  —  -,  dp  H —  ao,         dv  =  —   -  dp  +  -^  do, 

cp~  cpcq  cpcq  cq 

and  consequently 


where 


__ 
(44) 


x  = _  A,        —  =  —3  A, 

cu          dpdq  dv      cp 


\cpcq 


From  (44)  it  is  seen  that  ^-  =^-  and  consequently  the  inverse 

dv      en* 

of  equations  (42)  are  of  the  form 

.  .  c-^r  cifr 

(45)  P  =  T^'        2  =  ^- 

du  cy 

Hence  equation  (43)  is  of  the  form  (41),  as  was  to  be  proved. 
Moreover,  equations  (44)  reduce  to 


>  ,  . 

du        2(f  ducv          dpcq  cv      dp 

In  terms  of  these  parameters  w,  v  equations  (39)  reduce  to 

(47)  dx  =  X^du  +  xdv,     dy  =  Y^du  +  ydv,     dz  =  Ztdu  +  zdv. 

Hence  the  coordinates  of  2  are  given  by 

_     dx          -      cy  dz 

(48)  x  =  —  »         y  =  —->         z  =  —» 

dv  to  cv 

and  the  direction-cosines  of  the  normal  to  2  are 

Y  -dx         v      dlJ         7      lz 
-X-\  —  —  »        ^i  =  :^'        A  =  —  ' 
cu  du  du 

that  is,  the  normals  to  2  are  parallel  to  the  corresponding  tangents 
to  the  curves  v  =  const,  on  S.   Hence  we  have  the  following  theorem  : 

When  the  linear  element  of  a  surface  is  in  the  form  (41),  the  sur- 
face 2  whose  coordinates  are  given  by  (48)  has  the  same  spherical 
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representation  of  its  normals  as  the  tangents  to  the  curves  v  =  const. 
on  S.  If  p  and  2q  denote  the  distance  from  the  origin  to  the  tangent 
plane  to  S  and  the  square  of  the  distance  to  the  point  of  contact,  they 
have  the  values  (45).  Moreover,  if  the  change  of  parameters  defined 
by  these  equations  be  expressed  in  the  inverse  form 

/cn\  &$  ^4* 

(oU)  u  =  — -i         v  =  -J-i 

cp  dq 

the  principal  radii  of  2  satisfy  the  condition 


and  the  coordinates  of  S  are  given  by  quadratures  of  the  form 
(52)  dx 


Moreover,  every  surface  with  the  same  representation  as  2,  and  whose 
functions  pv  p2,  p,  q  satisfy  (51)  for  the  same  </>,  determines  by  equa- 
tions of  the  form  (52)  a  surface  applicable  to  S* 

149.  Surfaces  applicable  to  a  surface  of  revolution.  When  the 
linear  element  of  a  surface  applicable  to  a  surface  of  revolution 
is  written 

(53)  ds2  =  dul  +  /a2  (Ul)  dv$, 

and  the  a>axis  of  the  moving  trihedral  is  tangent  to  the  curve 
v  =  const.,  the  function  r  is  equal  to  zero,  as  follows  from  (4). 

In  order  to  obtain  the  conditions  (8),  we  effect  the  transformation 
of  variables 

u  =  v1,         v  =  —  u^ 

so  that  the  linear  element  becomes 

(54)  d8*  =  p*du*+dv2. 

Now  r  =  p',  ^=0,  and  consequently  in  order  to  have  the  linear 
element  in  the  reduced  form  we  must  take 

(55)  u  =  u,         v=p'(—v). 

*  For  a  direct  proof  of  this  theorem  the  reader  is  referred  to  a  memoir  by  Qoursat, 
Sur  un  theoreme  de  M.  Weingarten,  et  sur  la  the'orie  des  surfaces  applicables,  Toulouse 
Annales,  Vol.  V  (1891)  ;  also  Darboux,  Vol.  IV,  p.  316,  and  Bianchi,  Vol.  II,  p.  198. 
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From  these  results  and  (32')  we  find  that  the  coordinates  of  the 
surface  2  are  given  by 


1   cz       v.  cz 
z  =  ----  1  —  -  —  » 
p'  cul      p  ci\ 

and  the  direction-cosines  of  the  normals  to  2  are 

1  ex  1  8y  1  cz 

JL,  =  --  »  J:1  =  —  -  —  *  A,  =  —  -  — 

p  dv,  p  cv,  p  cv, 

Also,  we  have 
(56)  p 

Hence  we  have  the  theorem  : 

To  a  curve  ivhich  is  the  deform  of  a  meridian  of  a  surface  of  revo- 
lution there  corresponds  on  the  surface  2  a  curve  such  that  the  tangent 
planes  to  2  at  points  of  the  curve  are  at  a  constant  distance  from  the 
origin,  and  to  a  deform  of  a  parallel  there  corresponds  a  curve  such 
that  the  projection  of  the  radius  vector  upon  the  tangent  plane  at  a 
point  is  constant. 

For  the  present  case  TJ  =  £t  =  0  ;  consequently  we  have,  from  (38), 


This  equation  is  satisfied  by 


where  /  is  any  function  whatever.    In  terms  of  this  function  we 
have,  from  (38), 

(58)  |  =  -2/',         77l  =  -4(2?-/)2/", 

where    the    accents    indicate  differentiation  with  respect  to  the 
argument,  2  q  —  p2. 

By  means  of  (55)  the  linear  element  (54)  can  be  transformed  into 


the  function  o>(v)  being  defined  by 
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Since  ij  =  f  x  =  0,  we  have 


and  we  know  that  r  =  v.    Now  equations  (58)  become 
»(»)  =  -  2/',         »'(»)  =  4  t>(2  ?-/)2/", 

and  these  are  consistent  because  of  the  relation  2q—p'  =  l/v2, 
which  results  from  (56).    Hence  we  have  the  theorem: 

When  <j>(p,  q)  is  a  function  of  2  q  —  p",  the  corresponding  surface  S 
is  applicable  to  a  surface  of  revolution,  the  tangents  to  the  deforms  of 
the  parallels  being  parallel  to  the  corresponding  normals  to  2. 

If  we  give  <£  the  form  (57)  and  put  i/r  =  2/',  the  linear  element 
of  Sis 

(59)  ds2=(2q—p2)d-^r'2  +  -^2dp2, 
as  follows  from  (40)  or  (58). 

150.  Minimal  lines  on  the  sphere  parametric.  In  §  147  we  re- 
marked that  the  parametric  curves  on  the  sphere  may  be  any  what- 
ever. An  interesting  case  is  that  in  which  they  are  the  imaginary 
generatrices.  In  §  35  we  saw  that  the  parameters  of  these  lines, 
say  a  and  /3,  can  be  so  chosen  that 

(60)  Xl~l  +  aB'        Yl=i  1  +  aB*         Zl=  l  +  aft' 
Consequently 

(61) 


From  (32)  we  find  that  the  coordinates  of 
the  plane 


the  envelope  of 


are 


(62) 


From  these  we  obtain 
(63)  2 
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By  means  of  (34)  the  expressions  for  pt  +  pz  and  p^2  in  terms 
of  p  and  its  derivatives  with  respect  to  a  and  /3  can  be  readily 
found,  and  thus  the  fundamental  equation  (37)  put  in  a  new  form. 
However,  it  is  not  with  the  general  case  that  we  shall  now  concern 
ourselves,  but  with  a  particular  form  of  the  function  <f>(p,  q). 

This  function  has  been  considered  by  Weingarten  * ;  it  is 


(64) 

In  this  case 

ay 

tf 


tr 

- 


cp  cq 


=1, 


=  0, 


cac/3 


so  that  equation  (37)  reduces  to 

(65)  ft  +  ft  =  -  (2  J>  +  «"(/>)), 

which,  in  consequence  of  (34),  may  be  written 

(66) 


eadfl 


When  the  values  from  (62)  are  substituted  in  (52),  we  obtain 


(67) 

where 
(68) 


2  2 

From  (42)  and  (64)  we  have 


^f£  _^'/«\ 

ca  c/3         {P) 


v=p. 


Hence  the  linear  element  (43)  of  S  is,  in  this  case, 
(69)  d**  =  du*  +  2  v  dudv  +  2  [u  +  v2  -f  w'(v)]  rfu2. 

*Acta  Mathematica,  Vol.  XX  (1896),  p.  193. 
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However,  from  (68)  it  is  seen  that 

(70)  ^  =  "  +  |2' 
so  that  (69)  may  be  written 

(71)  ds*  =  du*  +  2  [Ul  +  u'(v)]  dv\ 
Gathering  together  these  results,  we  have  the  theorem : 

The  determination  of  all  the  surfaces  with  the  linear  element  (71) 
reduces  to  the  integration  of  the  equation 

(72) 


dad/3 

The  integral  of  this  equation  for  <a(p)  arbitrary  is  not  known. 
However,  the  integral  is  known  in  certain  cases.  We  consider 
several  of  these. 

151.  Surfaces  of  Goursat.  Surfaces  applicable  to  certain  parab- 
oloids. When  we  take 

(73)  u'(p)=%m(\-m)p\ 

m  being  any  constant,  equation  (72)  becomes 

g>    .    m(l-m)p 


The  general  integral  of  this  equation  can  be  found  by  the  method 
of  Laplace,*  in  finite  form  or  in  terms  of  definite  integrals,  accord- 
ing  as  m  is  integral  or  not. 

The  linear  element  of  the  surface  S  is 

(75)  d*t=du*+[2ul+m(l-m)i?]dif. 
And  the  surfaces  2  are  such  that 

(76)  pl  +  pt+2p  =  m(m 


that  is,  the  sum  of  the  principal  radii  is  proportional  to  the  dis- 
tance of  the  tangent  plane  from  a  fixed  point.  These  surfaces 
were  first  studied  by  Goursat,  f  and  are  called,  consequently,  the 
surfaces  of  Groursat. 

*Darboux,  Vol.  II,  p.  66.  t  American  Journal,  Vol.  X  (1888),  p.  187. 
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Darboux  has  remarked*  that  equation  (71)  is  similar  to  the  linear 
element  of  ruled  surfaces  (VII,  53).  In  fact,  if  the  equations  of  a 
ruled  surface  are  written  in  the  form 

~  ~  I        7  __^  |       w»i*i  sy          -    /y        1       >T  -  / 

where  r0,  •  •  • ;  I,  m,  n  are  functions  of  v  alone,  which  now  is  not 
necessarily  the  arc  of  the  directrix,  the  linear  element  of  the 
surface  will  have  the  form  (71),  provided  that 

(78)      2Z2  =  1,    22-^  =  0,    2-r^2  =  2o>'(i'),    2ar07'  =  l,    2P=0. 

In  consequence  of  the  equations 

y;/' n  y/f2_A 

_''  =  v,  —       —  v, 

it  follows  that  a  ruled  surface  of  this  kind  admits  an  isotropic 
plane  director.  If  this  plane  be  x  +  iy  =  0,  that  is,  if 

we  have 

I  :=  F)  Til  ==  IT  ,  U  =  1 , 

where  V  is  a  function  of  v.  By  means  of  these  values  and  equa- 
tions (78),  we  can  put  (77)  in  the  form 

*dv 


(79) 


=  2  Vuv  +  2  Cv'u'dv  -  f  ^  dv, 

Cv  j 

—  u.  —  I   —  dv. 

1    J  V 


We  shall  find  that  among  these  surfaces  there  is  an  imaginary 
paraboloid  to  which  are  applicable  certain  surfaces  to  which  Wein- 
garten  called  attention.  To  this  end  we  consider  the  function 

(80)  m'(p)  =  -  ^cp  —  2  KC"^* 

where  K  denotes  a  constant.    Now  equation  (66)  becomes 

-** 
c?p          ,-^e  vV  —  1 


*  Vol.  IV,  p.  333. 
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In  consequence  of  the  identity 

— £_loEr(l+  a/3)2  = , 

dadfi  (l  +  a/3)2 

the  preceding  equation  is  equivalent  to 

22  2P  Q 

**          i  /-i     .          /->x9    -/T  O 


If  we  put  -£= 

this  equation  takes  the  Liouville  form 


—  ±  0-** 


dadft 

of  which  the  general  integral  is 

1 


where  A  and  B  are  functions  of  a  and  /3  respectively,  and  the 
accents  indicate  differentiation  with  respect  to  these.  Hence  the 
general  integral  of  (81)  is 


and  the  linear  element  of  S  is 

( 
Wj-vV^- 

If  now,  in  addition  to  (80),  we  take 


the  equations  (79)  take  such  a  form  that 
(83)  (x  +  iy)x  =  —  KZ. 

Hence  the  surfaces  with  the  linear  element  (82)  are  applicable  to 
the  imaginary  paraboloid  (83).  The  generator  x  +  iy  =  Q  of  this 
paraboloid  in  the  plane  at  infinity  is  tangent  to  the  imaginary 
circle  at  the  point  (x  :  y  :  z  —  1  :  i  :  0),  which  is  a  different  point 
from  that  in  which  the  plane  at  infinity  touches  the  surface, 
that  is,  the  point  of  intersection  of  the  two  generators. 
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Another  interesting  case  is  afforded  when  m  in  (73)  has  the 
value  2.    Then  o>'(r)  =  —  y2,  and  equation  (71)  becomes 

(84)  d  *2  =  dul  +  2  (wt  -  v2)  dv8. 

If  we  take  F=r/VT/c,  we  obtain  from  equations  (79) 


from  which  we  find,  by  the  elimination  of  wt  and  v, 
(85) 


The  generator  a;  +  iy  =  0  in  the  plane  at  infinity  on  the  paraboloid 
(85)  is  tangent  to  the  imaginary  circle  at  the  point  (x:y:z  =  l:i:0), 
just  as  in  the  case  of  the  paraboloid  (83),  but  the  paraboloid  (85)  is 
tangent  to  the  plane  at  infinity  at  the  same  point. 


GENERAL  EXAMPLES 

1.  A  moving  trihedral  can  be  associated  with  a  surface  in  an  infinity  of  ways  so 
that  as  the  vertex  of  the  trihedral  describes  a  curve  «  =  const,  the  jr-axis  generates 
a  ruled  surface  whose  line  of  striction  is  this  curve. 

2.  The  tangents  to  the  curves  v  =  const,  on  a  surface  at  the  points  where  these 
curves  are  met  by  an  integral  curve  of  the  equation 


form  a  ruled  surface  for  which  the  latter  curve  is  the  line  of  striction. 

3.  If  the  ruled  surface  formed  by  an  infinity  of  tangents  to  a  surface  S  has  the 
locus  of  the  points  of  contact  for  its  line  of  striction,  this  relation  is  unaltered  by 
deformations  of  S. 

4.  Show  that  if  Z),  IX,  D"  are  the  second  fundamental  coefficients  of  a  sur- 
face with  the  linear  element  (53),  the  equation  of  the  lines  of  curvature  of  the 
associated  surface  2  is  reducible  to 


+  D"dvi 


f>f>'dvl 
P 


=  0. 


5  .  Show  that  the  surface  2  associated  by  the  method  of  "Weingarten  with  a  sur- 
face S  applicable  to  a  surface  of  revolution  corresponds  with  parallelism  of  tangent 
planes  to  the  surface  S'  complementary  to  S  with  respect  to  the  deforms  of  the 
meridians  ;  and  that  the  lines  of  curvature  on  2  and  S'  correspond. 


370  DEFORMATION  OF  SURFACES 

6.  Show  that  when  <j>  has  the  form  (57),  the  equation  (51)  is  reducible  to 


hence  the  determination  of  all  the  surfaces  applicable  to  surfaces  of  revolution  is 
equivalent  to  the  determination  of  those  surfaces  S  which  are  such  that  if  MI  and 
M2  are  the  centers  of  principal  curvature  of  S  at  a  point  M,  and  N  is  the  projection 
of  the  origin  0  on  the  normal  at  M,  the  product  NMi  •  NM2  is  a  function  of  ON. 

7.  Given  any  surface  S  applicable  to  a  surface  of  revolution.    Draw  through  a 
fixed  point  0  segments  parallel  to  the  tangents  to  the  deforms  of  the  meridians 
and  of  lengths  proportional  to  the  radii  of  the  corresponding  parallels,  and  through 
the  extremities  of  these  segments  draw  lines  parallel  to  the  normals  to  S.    Show 
that  these  lines  form  a  normal  congruence  whose  orthogonal  surfaces  S  have  the 
same  spherical  representation  of  their  lines  of  curvature  as  S  and  are  integral  sur- 
faces of  the  equation  of  Ex.  6. 

8.  Let  S  be  a  surface  applicable  to  a  surface  of  revolution  and  S'  the  surface 
complementary  to  S  with  respect  to  the  deforms  of  the  meridians  ;  let  also  S  and 
2'  be  surfaces  associated  with  S  and  S'  respectively  after  the  manner  of  Ex.  7. 
Show  that  corresponding  normals  to  S  and  2'  are  perpendicular  to  one  another, 
and  that  the  common  perpendicular  to  these  normals  passes  through  the  origin  and 
is  divided  by  it  into  two  segments  which  are  functions  of  one  another. 

9.  Show  that  a  surface  determined  by  the  equation 

2q  +  K  +  (pi  +  pz)p  +  pipz  =  0, 

where  K  is  a  constant,  possesses  the  property  that  the  sphere  described  on  the  seg- 
ment of  each  normal  between  the  centers  of  principal  curvature  with  this  segment 
for  diameter  cuts  the  sphere  with  center  at  the  origin  and  of  radius  V±  K  in  great 
circles,  orthogonally,  or  passes  through  the  origin,  according  as  K  is  positive,  nega- 
tive, or  zero.  These  surfaces  are  called  the  surfaces  of  Bianchi. 

10.  Show  that  for  the  surfaces  of  Bianchi  the  function  0(p,  q)  is  of  the  form 


<t>  =  V2  q  -  p*  +  K, 

and  that  the  linear  element  of  the  associated  surface  S  applicable  to  a  surface 
of  revolution  is  / 1 

ds2=(-  - 

V2 

Show  also  that  according  as  K  =  0,  >0,  or<0  the  linear  element  of  S  is  reducible 
to  the  respective  forms 
ds2  =  du2  +  e2ud»2,  ds2  =  tanh4udu2  +  sech2ud»2,  d«2  =  coth*udu2  +  csch2ud»2. 

On  account  of  this  result  and  Ex.  10,  p.  318,  the  surfaces  of  Bianchi  are  said  to  be 
of  the  parabolic,  elliptic,  or  hyperbolic  type,  according  as  K  =  0,  >  0,  or  <  0. 

11.  Let  S  be  a  pseudospherical  surface  with  its  linear  element  in  the  form 
(VIII,  32),  and  Si  the  Bianchi  transform  whose  linear  element  is  (VIII,  83).  Find 
the  coordinates  x,  y,  z  of  the  surface  2  associated  with  Si  by  the  method  of  Wein- 
garten,  and  show  that  by  means  of  Ex.  8,  p.  291,  the  expression  for  x  is  reducible  to 

f 

x  =  ae"  (cos  6Xl  +  sin  0  X*)  +  £X, 

where  Xi,  X2,  X  are  the  direction-cosines  with  respect  to  the  x-axis  of  the  tangents 
to  the  lines  of  curvature  of  S  and  of  the  normal  to  the  latter. 
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12.  Show  that  the  surfaces  S  and  2  of  Ex.  11  have  the  same  spherical  represen- 
tation of  their  lines  of  curvature,  that  2  is  a  surface  of  Bianchi  of  the  parabolic 
type,  and  that  consequently  there  is  an  infinity  of  these  surfaces  of  the  parabolic 
type  which  have  the  same  spherical  representation  of  their  lines  of  curvature  as  a 
given  pseudospherical  surface  S. 

18.  Show  that  if  2t  and  22  are  two  surfaces  of  Bianchi  of  the  parabolic  type 
which  have  the  same  spherical  representation  of  their  lines  of  curvature,  the  locus 
of  a  point  which  divides  in  constant  ratio  the  line  joining  corresponding  points  of 
2i  and  22  is  a  surface  of  Bianchi  with  the  same  representation  of  its  lines  of  cur- 
vature, and  that  it  is  of  the  elliptic  or  hyperbolic  type  according  as  the  point  divides 
the  segment  internally  or  externally. 

14.  When  S  is  a  pseudospherical  surface  with  its  linear  element  in  the  form 
(VIII,  32),  the  coordinates  zi,  y^,  z\  of  the  surface  2  determined  by  the  method 
of  Weingarten  are  reducible  to 

_f  A 

xi  =  (ae   "cosfl  +  ijsinfl)  JTi  +  (ae   "sinff  —  i7Cos0)JT2, 

and  analogous  expressions  for  yi  and  z\,  where  X\,  Y\,  Z\;  JT2,  Tj,  Z2  are  the 
direction-cosines  of  the  tangents  to  the  lines  of  curvature  of  S.  Show  also  that  2 
has  the  same  spherical  representation  of  its  lines  of  curvature  as  the  surface  Si  with 
the  linear  element  (VIII,  33). 

15.  Derive  from  the  equations 

xXt  +  yTi  +  zZt  =  p,        x*  +  r/2  +  z2  =  2g, 
by  means  of  (44),  (48),  and  (49),  the  equations 

_C-X  P<t>  -^_     Chi,  t     C20  -r-^f'-X  AcV 

x  —  =  A  —  »  >  x  -  =  —  A  -  >  >  x  -  =  A  — 

cu2          cq'2  *4    cucv  cprg  ^    co2          tJp2 

where  z,  y,  z  are  the  coordinates  of  S. 

16.  Show  that  the  equations  for  2  similar  to  (IV,  27)  are  reducible  to 

<?x    ,        &x,       -/Px.     ,    tPx    ,\ 
-  du  H  --  d«-f  r[  —  du  H  ---  dv}  =  0, 
cucv  cr2  \cu2  cucv     J 

and  similar  expressions  in  y  and  z.   Derive  therefrom  (cf  .  Ex.  15)  the  equations 
H  du  +  D"dv  +  r(Ddu  +  ITdv)  =  0, 


.  . 

du  --  -dv  — 


C2^  -  F-<f>         \ 

-^-du  --  —dv]  =  0, 
cqz  cpcq     / 


cpcq  cfr 

where  D,  IX,  D"  are  the  second  fundamental  coefficients  of  S. 

17.  Show  that  the  lines  of  curvature  on  2  correspond  to  a  conjugate  system  on 
S  (cf.  Ex.  16). 

18.  Show  that  for  the  surface  2  we  have 

ex  c  -Yi  ex      c^i  ,  c  X\ 

—  =  -  PiP-2  ^—  '         —  =  -T  --  (Pi  +  Pa)  -r—  • 
cp  cq  cq       cp  cq 

19.  Let  S  be  the  surface  defined  by  (67)  and  S\  the  surface  whose  coordinates  are 

Zi  =  x  -  tiiXi,        yi  =  y  -  «iFi,        Zi  =  z  -  itiZi. 

Show  that  Si  is  an  involute  of  S,  that  the  curves  p  =  const,  are  geodesies  on  S  and 
lines  of  curvature  on  Si,  and  that  the  radii  of  principal  curvature  of  Si  are 
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20.  Show  that  when  m  in  (73)  is  0  or  1,  the  function  p  is  the  sum  of  two  arbi- 
trary functions  of  a  and  /3  respectively,  that  the  linear  element  of  S  is 


that  S  is  an  evolute  of  a  minimal  surface  (cf.  Ex.  19),  and  that  the  mean  evolute  of 
2  is  a  point. 

21.  Show  that  when  m  in  (73)  is  2,  the  general  integral  of  equation  (74)  is 


where  /i  and  /2  are  arbitrary  functions  of  a  and  /3  respectively.    Show  also  that  the 
surface  S  is  minimal  (cf  .  §  161). 

22.  Show  that  the  mean  evolute  of  a  surface  of  Goursat  is  a  surface  of  Goursat 
homothetic  to  the  given  one. 

23.  Show  that  when  u(p)  =  ^  op2,  then 

p  =  a  log  (I  +  aft)  +  A(«)  +  /2  (ft), 
where  /i  and  /2  are  arbitraiy  functions,  that  the  linear  element  of  S  is 

ds2  =  du?  +  2  (ui  +  av)  do2, 
and  that  the  mean  evolute  of  S  is  a  sphere. 

24.  Show  that  the  surfaces  S  of  Ex.  23  are  applicable  to  the  surfaces  of  revolu- 
tion SQ  whose  equations  are 

x0  =  au  cos  —  ,         2/0  =  au  sin  —  ,         z0  =  |  Vu2  —  a2  —  a'2  du, 

a  OC  *) 

where  a  is  an  arbitrary  constant.    Show  also  that  when  a  =  ia,  S0  is  a  paraboloid. 

25.  Show  that  when 


(TO\2 
q  +  -g )  -  mp*, 


the  surfaces  2  are  spherical  or  pseudospherical  according  as  m  is  positive  or  nega- 
tive ;  also  that  the  surfaces  S  are  applicable  to  the  surface 

D2         M2 

x  +  iv  =  i>,         x  —  ly  = wi»,        z  =  u, 

2      2m 

which  is  a  paraboloid  tangent  to  the  plane  at  infinity  at  a  point  of  the  circle  at 
infinity. 


CHAPTER  XI 

INFINITESIMAL  DEFORMATION  OF  SURFACES 

152.  General  problem.  The  preceding  chapters  deal  with  pairs 
of  isometric  surfaces  which  are  such  that  in  order  that  one  may 
be  applied  to  the  other  a  finite  deformation  is  necessary.  In 
the  present  chapter  we  shall  be  concerned  with  the  infinitesimal 
deformations  which  constitute  the  intermediate  steps  in  such  a 
finite  deformation. 

Let  x,  y,  z  ;  or7,  y\  z'  respectively  be  the  coordinates  of  a  surface 
S  and  a  surface  £',  the  latter  being  obtained  from  the  former  by  a 
very  small  deformation.  If  we  put 

(l)  x'=x  +  exl,       y'=y  +  eyv       z'=z  +  &v 

where  e  denotes  a  small  constant  and  xv  yv  zx  are  determined  func- 
tions of  u  and  t>,  these  functions  are  proportional  to  the  direction- 
cosines  of  the  line  through  corresponding  points  of  S  and  S'.  From 
these  equations  we  have 

dx"1  +  dy'2  +  dz'~  =  dx2  +  dif  +  dz2+2e  (dx  dx^  +  dy  d^  + 


If  the  functions  satisfy  the  condition 

(2)  dx  dx1  +  dy  dyl  +  dz  dzl  =  0, 

corresponding  small  lengths  on  S  and  S'  are  equal  to  within  terms 
of  the  second  order  in  e.  When  e  is  taken  so  small  that  e2  may  be 
neglected,  the  surface  S'  defined  by  (1)  is  said  to  arise  from  S  by 
an  infinitesimal  deformation  of  the  latter.  In  such  a  deformation 
each  point  of  S  undergoes  a  displacement  along  the  line  through 
it  whose  direction-cosines  are  proportional  to  xv  y1?  zx.  These  lines 
are  called  the  generatrices  of  the  deformation. 

It  is  evident  that  the  problem  of  infinitesimal  deformation  is 
equivalent  to  the  solution  of  equation  (2).     Since  x^  yv  z1  are 
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functions  of  u  and  v,  they  may  be  taken  for  the  coordinates  of  a 
surface  Sr  Equation  (2)  expresses  the  fact  that  the  tangent  to 
any  curve  on  S  is  perpendicular  to  the  tangent  to  the  correspond- 
ing curve  on  St  at  the  homologous  point.  We  say  that  in  this  case 
S  and  S1  correspond  with  orthogonality  of  corresponding  linear  ele- 
ments. And  so  we  have: 

The  problem  of  the  infinitesimal  deformation  of  a  surface  S  is 
equivalent  to  the  determination  of  the  surfaces  corresponding  to  it 
with  orthogonality  of  linear  elements. 

153.  Characteristic  function.  We  proceed  to  the  determination 
of  these  surfaces  Sv  and  to  this  end  replace  equation  (2)  by  the 
equivalent  system 

Y?^^!  =  0     y  ^  ^  =  o     V  —  ?^  4-  V  a_  ^  =  o 

(  '      2-ifdudu  ^fdvdv  ^cudv^'dv  du 

Weingarten  *  replaced  the  last  of  these  equations  by  the  two 


thus  defining  a  function  <£,  which  Bianchi  has  called  the  character- 
istic function  ;  as  usual  H=vEG—F'i. 

If  the  first  of  equations  (3)  be  differentiated  with  respect  to  v, 
and  the  second  with  respect  to  u,  we  have 

dx  d\       ^  dxv    tfx   _  ^  dx  d\       ^  dxl    c*x  _ 

**Hu  dudv  ~    '        ^  8v  du  cv      Z  ~dv  dudv  ~ 


With  the  aid  of  these  identities,  of  the  formulas  (V,  3),  and  of  the 
Gauss  equations  (V,  7),  the  equations  obtained  by  the  differentia- 
tion of  equations  (4)  with  respect  to  u  and  v  respectively  are 
reducible  to 


du  II 


dv  H 

*  Orelle,  Vol.  C  (1887),  pp.  296-310. 
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Excluding  the  case  where  S  is  a  developable  surface,  we  solve  these 


CX. 


equations  for  jVJT-r-^i  2-,X  ^  and  obtain 
**     c«     ^*      cy 


(5) 


cv 


KH 


dv 


where  K  denotes  the  total  curvature  of  S.  If  we  solve  equations 
(3),  (4),  and  (5)  for  the  derivatives  of  x^  yv  zl  with  respect  to  u 
and  y,  we  obtain 


(6) 


cv 


cv 


cu 


cu 


cu 


^1  = 
0v 


KH 


cv 


cu 


cu 


KH 


and  similar  expressions  in  y^  and  zr  Hence,  when  the  characteristic 
function  is  known,  the  surface  St  can  be  obtained  by  quadratures. 
Our  problem  reduces  therefore  to  the  determination  of  <f>. 

If  equations  (5)  be  differentiated  with  respect  to  v  and  u  respec- 
tively, and  the  resulting  equations  be  subtracted  from  one  another, 
we  have 


e?         cr 
cv  \ 


<w\       Z 
KH         }      du 


cu 


cv 


KH 


When  the  derivatives  of  A',  3*,  Z  in  the  right-hand  member  are 
replaced  by  the  expressions  (V,  8),  the  above  equation  reduces  to 


cu 


KH 


H 


Bianchi  calls  this  the  characteristic  equation. 

In  consequence  of  (IV,  73,  74)  equation  (7)  is  reducible  to 


D  y      D  — 

<R\    C   I       g?'  g"  I   L   c 

(8)ay\ F /  +  ^ 


fi< 


0V 


ft 
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where  <£",  <&,  $  are  the  coefficients  of  the  linear  element  of  the 
spherical  representation  of  S,  namely 

(9)  da2  =  &du*  +  2  tfdudv 

and  // 


By  means  of  (V,  27)  equation  (8)  is  reducible  to 


where  the  Christoffel  symbols  are  formed  with  respect  to  (9). 

Since  X,  F,  ^  are  solutions  of  equations  (V,  22),  they  are  solu- 
tions of  (10),  and  consequently  also  of  equation  (7).  Therefore  the 
latter  equation  may  be  written 


dv 


dv 


cu 


KH 


du 


2u 


dv 


KH 


=  0. 


But  this  is  the  condition  of  integrability  of  equations  (6).    Hence 
we  have  the  theorem : 

Each  solution  of  the  characteristic  equation  determines  a  surface 
Sv  and  consequently  an  infinitesimal  deformation  of  S. 

154.  Asymptotic  lines  parametric.  When  the  asymptotic  lines 
on  S  are  parametric,  equation  (10)  is  reducible,  in  consequence  of 
(VI,  15),  to 


where 
If  we  put 


dudv      2      dv      du      2      du     dv 
P~  ~  & 
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e  being  +1  or  —1  according  as  the  curvature  of  S  is  positive  or 
negative,  equation  (11)  becomes 

(12) 


ctucv 
Since  A,  Y,  Z  are  solutions  of  (11),  the  functions 

are  solutions  of  (12). 

Now  equations  (6)  may  be  put  in  the  form 

B 


(13) 


cu 


cv, 
cu 


£? 
cu 


cv 


C0 

cv 


The  reader  should  compare  these  equations  with  the  Lelieuvre 
formulas  (§  79),  which  give  the  expressions  for  the  derivatives  of 
the  coordinates  of  S  in  terms  of  vlt  v2,  v3. 

From  these  results  it  follows  that  any  three  solutions  of  an 

equation  of  the  form  rr-Q 

=  J/0, 


cuv 


where  31  is  any  function  of  u  and  v,  determine  a  surface  S  upon 
which  the  parametric  curves  are  the  asymptotic  lines,  and  every 
other  solution  linearly  independent  of  these  three  gives  by  quad- 
ratures an  infinitesimal  deformation  of  S. 


EXAMPLES 

1.  A  necessary  and  sufficient  condition  that  two  surfaces  satisfying  the  condi- 
tion (2)  be  applicable  is  that  they  be  minimal  surfaces  adjoint  to  one  another. 

2.  If  x,  y,  z  and  ij,  yls  z\  satisfy  the  condition  (2),  so  also  do  f,  ij,  f  and  fr,  in, 
ft,  the  latter  being  given  by 

cjz  +  dlf        Xi  =  a^  +  O&H  +  a3^  +  eu 
c2z  +  dj,        Vi  =  &ifi  +  ^i  +  &sft  +  e«, 
f  =  asx  4-  b,y  +  csz  +  ds,         zt  =  crf i  +  c^  +  csfi  +  e3, 
where  ai,  a2,  •  •  •,  e\,  e$,  €3  are  constants. 

3.  A  necessary  condition  that  the  locus  of  the  point  (xi,  yi,  z\)  be  a  curve  is 
that  S  be  a  developable  surface.    In  this  case  any  orthogonal  trajectory  of  the 
tangent  planes  to  S  satisfies  the  condition. 

4.  Investigate  the  cases  <f>  =  0  and  <p  —  c,  where  c  is  a  constant  different  from  zero. 

5.  If  Si  and  S{  correspond  to  S  with  orthogonality  of  linear  elements,  so  also 
does  the  locus  of  a  point  dividing  in  constant  ratio  the  line  joining  corresponding 
points  on  Si  and  S{. 
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155.  Associate  surfaces.  The  expressions  in  the  parentheses  of 
equation  (10)  differ  only  in  sign  from  the  second  fundamental  co- 
efficients, Z>0,  D'0,  D",  of  the  surface  S0  enveloped  by  the  plane 

(14)  Xx  +  Yy  +  Zz  =  </>.* 
Hence  equation  (10)  may  be  written 

(15)  D"D0  +  DD'J -  2 D'D'Q  =  0. 

This  is  the  condition  that  to  the  asymptotic  lines  upon  either 
of  the  surfaces  S,  S0  there  corresponds  a  conjugate  system  on 
the  other  (§  56).  Bianchi  applies  the  term  associate  to  two  sur- 
faces whose  tangent  planes  at  corresponding  points  are  parallel, 
and  for  which  the  asymptotic  lines  on  either  correspond  to  a 
conjugate  system  on  the  other.  Since  the  converse  of  the  pre- 
ceding results  are  readily  shown  to  be  true,  we  have  the  theorem 
of  Bianchi  f : 

When  two  surfaces  are  associate  the  expression  for  the  distance 
from  a  fixed  point  in  space  to  the  tangent  plane  to  one  is  the  char- 
acteristic function  for  an  infinitesimal  deformation  of  the  other. 

Hence  the  problems  of  infinitesimal  deformation  and  of  the 
determination  of  surfaces  associate  to  a  given  one  are  equivalent. 
We  consider  the  latter  problem. 

Since  the  tangent  planes  to  S  and  S0  at  corresponding  points 
are  parallel,  we  have 

dx,.   .  dx    dx    dXf.    dx    dx 

—  =  \ fJi ,       -5  =  0- T—-> 

cu    du    dv     dv    cu    dv 

and  similar  equations  in  y0  and  20,  where  X,  /A,  cr,  r  are  functions 
of  u  and  v  to  be  determined,  t 

7i  V      s$  ~V      /}  7 

If  these  equations  be  multiplied  by  — »  — >  --  and  added,  and 

dX   dY   dZ  ^U    ^u    ^U 

likewise  by  — »  — .»  — -  and  added,  we  obtain 

7   dv     dv     dv 

(D,=  \D-  pD>,       D0"  =  trV-  rD", 
\  Z>0'  =  \D'-  f*D"  =  al)  -  rD', 

*  Cf.  §  67.  t  Lezioni,  Vol.  II,  p.  0. 

J  The  negative  signs  before  f-  and  r  are  taken  so  that  subsequent  results  may  have  a 
suitable  form. 
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where  Z>0,  D0',  D0"  are  the  second  fundamental  quantities  for  S0. 
When  these  values  are  substituted  in  (15),  we  find 

(17)  X-T=0. 

Consequently  the  above  equations  reduce  to 

cr0          ex         3x  c*0          ex         dx 

(IS)  -  =  A.  --  fJi  —  »  -  =  (7  --  A,  -  • 

(hi  CU  CV  CV  ril  CV 

If  we  make  use  of  the  Gauss  equations  (V,  7),  the  condition  of 
integrability  of  equations  (18)  is  reducible  to 


CU  CV 


where  A  and  B  are  determinate  functions.  Since  similar  equations 
hold  in  y  and  2,  both  A  and  7?  must  be  identically  zero.  Calculating 
the  expressions  for  these  functions,  we  have  the  following  equations 
to  be  satisfied  by  X,  /x,  and  a  : 


(19) 

cu      cv 

To  these  equations  we  must  add 
(20) 


f22\    9,ri2\_.     fin 
/M  -i  f—  2M  1  r+0"1  ^  r= 

IIJ  L1J          IIJ 


obtained  from  the  last  of  (16).  The  determination  of  the  asso- 
ciate surfaces  of  a  given  surface  referred  to  any  parametric  system 
requires  the  integration  of  this  system  of  equations.  Moreover, 
every  set  of  solutions  leads  to  an  associate  surface.  We  shall  now 
consider  several  cases  in  which  the  parametric  curves  are  of  a 
particular  kind. 

156.  Particular  parametric  curves.  Suppose  that  S  is  a  sur- 
face upon  which  the  parametric  curves  form  a  conjugate  system. 
We  inquire  under  what  conditions  there  exists  an  associate  sur- 
face upon  which  also  the  corresponding  curves  form  a  conjugat* 
system. 
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On  this  hypothesis  we  have,  from  (16), 

fi  =  a-  =  0, 
so  that  equations  (19)  reduce  to 


2 
which  are  consistent  only  when 


that  is,  when  the  point  equation  of  S,  namely 

J^=(12)^      (12\^, 
8udv~\l  J  du      I  2  J  dv' 

has  equal  invariants  (cf.  §  165). 

Conversely,  when  condition  (22)  is  satisfied,  the  function  \ 
given  by  the  quadratures  (21)  makes  the  equations 

(23)  ^  =  X^,         ^  =  -X^ 
dw          du  dv  dv 

compatible,  and  thus  the  coordinates  of  an  associate  surface  are 
obtained  by  quadratures.   Hence  we  have  the  theorem  of  Cosserat*: 

The  infinitesimal  deformation  of  a  surface  S  is  the  same  problem 
as  the  determination  of  the  conjugate  systems  with  equal  point  invari- 
ants on  S. 

Since  the  relation  between  S  and  S0  is  reciprocal  and  the 
parametric  curves  are  conjugate  for  both  surfaces,  these  curves  on 
S0  also  have  equal  point  invariants. 

If  S  be  referred  to  its  asymptotic  lines,  the  corresponding  lines 
on  S0  form  a  conjugate  system.  In  this  case,  as  is  seen  from  (16), 
X  is  zero  and  equations  (18)  reduce  to 

(24)  ^  =  -^         ^o  =  cr^; 
du  dv  dv          du 

moreover,  equations  (19)  become 

il 


221        m 

" 


*  Toulouse  Annales,  Vol.  VII  (1893),  N.  60. 
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The  solution  of  this  system  is  the  same  problem  as  the  integra- 
tion of  a  partial  differential  equation  of  the  second  order,  as  is 
seen  by  the  elimination  of  either  unknown.  When  a  solution  of 
the  former  is  obtained,  the  corresponding  value  of  the  other 
unknown  is  given  directly  by  one  of  equations  (25). 

We  make  an  application  of  these  results  to  a  ruled  surface, 
which  we  suppose  to  be  referred  to  its  asymptotic  lines.  If  the 
curves  v  =  const,  are  the  generators,  they  are  geodesies,  and  conse- 
quently (VI,  50) 


Now  fji  can  be  found  by  a  quadrature.  When  this  value  is  sub- 
stituted in  the  second  of  equations  (25),  we  have  a  linear  equa- 
tion in  o-,  and  consequently  <r  also  can  be  obtained  by  quadratures. 
Hence  we  have  the  theorem  : 

When  the  curved  asymptotic  lines  on  a  ruled  surface  are  known, 
its  associate  surfaces  can  be  found  by  quadratures. 

If  *S'0  were  referred  to  its  asymptotic  lines,  we  should  have 
equations  similar  to  (24).  These  equations  may  be  interpreted 
as  follows: 

The  tangent  to  an  asymptotic  line  on  one  of  two  associate  surfaces 
is  parallel  to  the  direction  conjugate  to  the  corresponding  curve  on 
the  other  surface. 

,  EXAMPLES 

1.  If  two  associate  surfaces  are  applicable  to  one  another,  they  are  minimal 
surfaces. 

2.  Every  surface  of  translation  admits  an  associate  surface  of  translation  such 
that  the  generatrices  of  the  two  surfaces  constitute  the  common  conjugate  system. 

3.  The  surfaces  associate  to  a  sphere  are  minimal. 

4.  When  the  equations  of  the  right  helicoid  are 

x  =  u  cos  r,        y  =  u  sin  t,        z  =  ac, 

the  characteristic  function  of  any  infinitesimal  deformation  is  <£  =  (U+V)(u'1+a*)~  *, 
where  U  and  V  are  arbitrary  functions  of  u  and  v  respectively.  Find  the  surfaces 
Si  and  S0,  and  show  that  the  latter  are  molding  surfaces. 

5.  If  So  and  S6  are  associate  surfaces  of  a  surface  S,  the  locus  of  a  point 
dividing  in  constant  ratio  the  joins  of  corresponding  points  of  S0  and  So  is  an 
associate  of  S. 
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157.  Relations  between  three  surfaces  S,  S1(  S0.  Having  thus 
discussed  the  various  ways  in  which  the  problem  of  infinitesimal 
deformation  may  be  attacked,  we  proceed  to  the  consideration  of 
other  properties  which  are  possessed  by  a  set  of  three  surfaces 
S,  Sv  S0. 

We  recall  the  differential  equation 

dxdx^  +  dydy^+  dzdz^  =  0, 

and  remark  that  it  may  be  replaced  by  the  three 
(26)      dxl==  zQdy  —  yQdz,     dy^  x0dz  —  z0dx,     dz:  =  y0dx  —  x0dy, 


if  the  functions  a;0,  yQ,  z0  are  such  a  form  that  the  conditions  of 
integrability  of  equations  (26)  are  satisfied.    These  conditions  are 

dy  dz0  _  dz  dy0  =  dy  dz0  _  dz  dy0  ^ 
du  dv      du  dv       dv  du      dv  du 


du  dv 


cu  cv 

dx  dz0 
du  dv 


dz  dx0 
dv  du 


dx  3z0 
dv  cu 


du  dv       du  dv  dv  du       dv  du 

If  these  equations  be  multiplied  by  — »  —  >  —   respectively  and 

F  *  du     du    du 

added,  and  likewise  by  — »  —  >  — ,  and  by  A",  Y,  Z,  we  obtain, 

by  (IV,  2),  a»    Sv  Sv 

•"i  —  ri  „ 

(27) 


(28) 


From  the  first  two  of  these  equations  it  follows  that  the  locus  of 
the  point  with  coordinates  x0,  y^  z0  corresponds  to  S  with  paral- 
lelism of  tangent  planes. 

In   order  to   interpret  the  last   of   these   equations   we   recall 
from  §  61  that 

a  d(Y,  Z}  a  d(Z,  X)  a  d(X,  Y)  ^ 

~  ft  d(u,  v)'  ~  7f  d(u,  v)  '  "  /t  d  (u,  v)  ' 


^ 

du 

^j 

dv 

X 

Y 

Z 

X 

Y 

Z 

dx 

du 

dy 
cu 

dz 

du 

dx 

dv 

dy 

dv 

dz 

dv 

~fo 

dv 

'dv 

du 

du 

du 

RELATIONS  BETWEEN  S,  Sv  AND  S0  383 

where  a  is  ±  1  according  as  the  curvature  of  the  surface  is  positive 
or  negative.    If  we  substitute  these  values  in  the  left-hand  mem- 

bers of  the  following  equations,  and  add  and  subtract  - 

dx  dX  dX  **  dU   dV 

and  -  -  from  these  equations  respectively,   the   resulting 

cv  cu   cv 

expressions  are  reducible  to  the  form  of  the  right-hand  members 

*-Z?iL\-.(ff*X-D* 

cu         cu]         \      cu          dv 


By  means  of  these  and  similar  identities,  equation  (28)  can  be 
transformed  into 

<fr«(>X  +  ^y  d*o  ^_Z)'(y  ^Q  —  +V  ^  —  \  =  0. 
cu  cu          ^4  dv  dv  \*1  cu  cv      ^  dv  du/ 

Since  this  equation  is  equivalent  to  (15)  because  of  (27),  the 
quantities  a-0,  yOJ  ZQ  in  (26)  are  the  coordinates  of  <S'0.  Hence 
when  a  surface  Sl  is  known,  the  coordinates  of  the  correspond- 
ing surface  S0  are  readily  found. 

This  result  enables  us  to  find  another  property  of  S0  and  Sr 
If  X^  YJ,  Zl  denote  the  direction-cosines  of  the  normal  to  Sv 
they  are  given  by 

Y==  1  - 

^ 


r)  *      7/j  a(w,  t»)  l      H^  8(u,  v) 


where  Jfl  =  V  '  ElGl  —  F*,  E^  f\,  Gl  being  the  coefficients  of  the 
linear  element  of  Sv  If  the  values  of  the  derivatives  of  xr  yv  2t, 
as  given  by  (26),  be  substituted  in  these  expressions,  we  have, 
in  consequence  of  (14), 

(30)        Xi-b      YI 


As  an  immediate  consequence  we  have  the  theorem  : 

A  normal  to  St  i*  parallel  to  the  radius  vector  of  S0  at  the  corre- 
sponding point. 
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By  means  of  (30)  we  find  readily  the  expressions  for  the  second 
fundamental  coefficients  Z\,  D^  D"  of  8V    If  we  notice  that 


£±1-0  Vr  1±1-0 

—  " }  Z-.-i  •*-  A  —      * 

and  substitute  the  values  from  (6)  and  (30)  in 

1  ~     2j  du  du'  1  ~     ^  du  ~c~v  "       i  IhT 


we  obtain 


(31) 


dv   dv 


D(  = 
1 


(D'D1'-  D"D'}. 
V 


From  these  expressions  follow 

f  /)  />"  4.  T>"  7>  —  2  Z>'Z>'  =  0 
(32)  U^       ^^ 


Combining  this  result  with  (15),  we  have  : 

The  asymptotic  lines  upon  any  one  of  a  group  of  three  surfaces 
S,  S^  S0  correspond  to  a  conjugate  system  on  the  other  two; 

or,  in  other  words: 

The  system  of  lines  which  is  conjugate  for  any  two  of  three  surfaces 
$,  Sv  S0  corresponds  to  the  asymptotic  lines  on  the  other. 

If  the  curvature  of  S  be  negative,  its  asymptotic  lines  are  real, 
and  consequently  the  common  conjugate  system  on  Sl  and  S0  is 
real.  If  these  lines  be  parametric,  the  second  of  equations  (32) 
reduces  to  =  0. 


As  an  odd  number  of  the  four  quantities  in  this  equation  must 
be  negative,  either  S0  or  $j  has  positive  curvature  and  the  other 
negative.  Similar  results  follow  if  we  begin  with  the  assumption 
that  Sl  or  S0  has  negative  curvature. 

If  the  curvature  of  S  be  positive,  the  conjugate  system  common 
to  it  and  ^  is  real  (cf.  §56);  consequently  the  asymptotic  lines 
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on  S0  are  real,  and  the  curvature  of  the  latter  is  negative.  But 
we  saw  that  when  the  curvature  of  S0  is  negative,  and  of  S  positive, 
that  of  St  also  is  negative.  Hence  : 

Given  a  set  of  three  surfaces  S,  S^  S0;  one  and  only  one  of  them 
has  positive  curvature. 

Suppose  that  S  is  referred  to  the  conjugate  system  corresponding 
to  asymptotic  lines  on  Sy    The  point  equation  of  S  is 


_{  "I  !?_{  m  !?  =  0. 

I  1  J  cu      I  2  )  &v 


cudv 

We  shall  prove  that  this  is  the  point  equation  of  £t  also. 
If  we  differentiate  the  equation 

faj  _      cy  _      dz 
!)u~~Zo&u~yo&u 

with  respect  to  v,  and  make  use  of  the  fact  that  y  and  z  are  solu- 
tions of  (33),  we  have,  in  consequence  of  (26), 

=  /^o  ^  _  fyo  fc\    ,    (121    CXi        (121    ££j 

\2v  fa,      8v  du)      \  1  /  cu      1  2  J  3v  ' 


But  the  expression  in  parenthesis  is  zero  in  consequence  of  equa- 
tions similar  to  (24),  and  hence  xv  is  a  solution  of  (33). 

Since  the  parametric  curves  on  S0  are  its  asymptotic  lines,  the 
spherical  representation  of  SQ  and  consequently  of  S  must  satisfy 
the  condition  a  T12V  d  /12V 

du\l  J  =^12  /' 
Hence  we  have  the  theorem  of  Cosserat: 

The  problem  of  infinitesimal  deformation  of  a  surface  is  the  same 
as  the  determination  of  the  conjugate  si/stems  with  equal  tangential 
invariants  upon  the  surface. 

158.  Surfaces  resulting  from  an  infinitesimal  deformation.  We 
pass  to  the  consideration  of  the  surface  S'  arising  from  an  infini- 
tesimal deformation  of  S.  Its  coordinates  are  given  by 

(34)  x'=x+€xv         y'=y  +  eyv         z'=z  +  ezlt 

where  e  is  a  small  constant  whose  powers  higher  than  the  first  are 
neglected.  Since  the  fundamental  quantities  of  the  first  order  for 
S',  namely  E',  F',G',  are  equal  to  the  corresponding  ones  for  5,  by 
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means  of  (26)  the  expressions  for  the  direction-cosines  X',  Y',  Z' 

of  the  normal  to  S'  are  reducible  to 

(35)  X'  =  X+e(Yz0-Zy.} 

and  similar  expressions  for  Y1  and  Z'. 

The  derivatives  of  X'  with  respect  to  u  and  v  are  reducible  by 
means  of  (29)  to 


where  a  is  ±1  according  as  the  curvature  of  S0  is  positive  or  negative. 
When  these  results  are  combined  with  (26)  and  (34),  we  obtain 

—  ^  —  +  —  V  —  (D'  —  -D  d~ 

du      ft  2*  du  \   °  8u         °  dv 


.j       dY  dx\          /dXdz      dZ  dxY\ 

i     €   x  .  I  Zn  1  ~       7        P  77"  ~  )        2/0 1  "^       n        I"  7~  ^~  )     ' 

du  cu/          \du  du      du  du/_\ 
The  last  expression  is  identically  zero,  as  one  sees  by  writing  it 

out  in  full.     From   this   and  similar  expressions  for  V » 

4  du  dv 

»  and  V »  the  values  for  the  second  fundamental 

dv   du  ***  dv   dv 

coefficients  of  S'  can  be  given  in  the  form 


(36) 


We  know  that  //  is  equal  to  ±  HK  according  as  the  curvature 
of  S  is  positive  or  negative  (cf.  §  60).  Also,  by  §  157,  one  and  only 
one  of  three  surfaces  *SX  Sv  S0  has  positive  curvature.  Recalling 
that  a  in  the  above  formulas  is  ±  1  according  as  the  curvature  of 
SQ  is  positive  or  negative,  we  can,  in  consequence  of  (31),  write 
equations  (36)  in  the  form 

—  7)  +  e        l    T)          V—  T)'4-  r        l    D'         A"—  D"+         1  D" 

v  l* 


where  the  upper  sign  holds  when  Sl  has  positive  curvature. 
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From  these  equations  it  is  seen  that  &'  and  D'  can  be  zero  sim- 
ultaneously only  when  D[  is  zero.  Hence  we  have: 

The  unique  conjugate  system  which  remains  conjugate  in  an  infini- 
tesimal deformation  of  a  surface  is  the  one  corresponding  to  a  conju- 
gate system  on  Sv  or,  what  is  the  same  thing,  to  the  asymptotic  lines 
on  S0. 

In  particular,  in  order  that  the  curves  of  this  conjugate  system 
be  the  lines  of  curvature,  it  is  necessary  and  sufficient  that  the 
spherical  representation  be  orthogonal,  and  consequently  that  S0  be 
a  minimal  surface  (cf.  §  55).  From  this  it  follows  that  the  spherical 
representation  of  the  lines  of  curvature  of  S  is  isothermal.  Con- 
versely, if  a  surface  is  of  this  kind,  there  is  a  unique  minimal  sur- 
face with  the  same  representation  of  its  asymptotic  lines,  and  this 
surface  can  be  found  by  quadratures.  Hence  the  required  infinites- 
imal deformation  of  the  given  surface  can  be  effected  by  quadra- 
tures (26),  and  so  we  have  the  theorem  of  Weingarten  * : 

A  necessary  and  sufficient  condition  that  a  surface  admit  an  infini- 
tesimal deformation  which  preserves  its  lines  of  curvature  is  that  the 
spherical  representation  of  the  latter  be  isothermal;  when  such  a 
surface  is  expressed  in  terms  of  parameters  referring  to  its  lines  of 
curvature,  the  deformation  can  be  effected  by  quadratures. 

159.  Isothermic  surfaces.  By  means  of  the  results  of  §  158  we 
obtain  an  important  theorem  concerning  surfaces  whose  lines  of 
curvature  form  an  isothermal  system.  They  are  called  isothermic 
surfaces  (cf.  Exs.  1,  3,  p.  159). 

From  equations  (23)  it  follows  that  if  the  common  conjugate 
system  on  two  associate  surfaces  is  orthogonal  for  one  it  is  the 
same  for  the  other.  In  this  case  equation  (22)  reduces  to 

c2  E 

ciif         G 
of  which  the  general  integral  is 

E__U_ 

where  U  and  V  are  functions  of  u  and  v  respectively.    Hence  the 
lines  of  curvature  on  S  form  an  isothermal  system  (cf.  §  41). 

*  Sitzungsberichte  der  Konig.  Akademie  zu  Berlin,  1886. 
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If  the  parameters  be  isothermic  and  the  linear  element  written 

ds2=r(dui+dv2), 
it  follows  from  (21)  that 

(37)  \  =  i, 

r 
and  equations  (23)  become 

dx0  _  1  dx          dxQ  _      1  dx 
du      r  du  dv  r  dv 

From  these  results  we  derive  the  following  theorem  of  Bour  *  and 
Christoffel : 

If  the  linear  element  of  an  isothermic  surface  referred  to  its  lines 
of  curvature  be  d#  =  r  (du*  +  dv^ 

a  second  isothermic  surface  can  be  found  by  quadratures.  It  is  asso- 
ciate to  the  given  one,  and  its  linear  element  is 

ds2=-(du2+dv*). 

From  equations  (16)  and  (17)  it  follows  that  the  equation  of  the 
common  conjugate  system  (IV,  43)  on  two  associate  surfaces  S,  S0 
is  reducible  to 

(38)  ndu*+2\dudv  +  a-dv2=Q. 

The  preceding  results  tell  us  that  a  necessary  and  sufficient  condi- 
tion that  S  be  an  isothermic  surface  is  that  there  be  a  set  of  solu- 
tions of  equations  (19)  such  that  (38)  is  the  equation  of  the  lines 
of  curvature  on  S.  Hence  there  must  be  a  function  p  such  that 

p  =  p  (ED' -  FD),     2  X  =  p  (ED"  -  GD),     <r  =  p  (FD"  -  GD') 
satisfy  equations  (19).f    Upon  substitution  we  are  brought  to  two 
equations  of  the  form 

dlogj>_  d  log  p  _  R 

du  dv 

where  a  and  [B  are  determinate  functions  of  u  and  v.  In  order  that 
S  be  isothermic,  these  functions  must  satisfy  the  condition 

da  =  8/3 

dv      du 

When  it  is  satisfied,  p  and  consequently  /i,  X,  cr  are  given  by  quad- 

1»o  4-1-1  -pp  a 

*  Journal  de  I'Ecole  Polytechnique,  Cahier  39  (1862),  p.  118. 
t  Cf.  Bianchi,  Vol.  II,  p.  30. 
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Consider  furthermore  the  form 
(39)  H(n  du2  +  2  X  dudv  +  <r  dv2). 

From  (37)  it  is  seen  that  when  the  lines  of  curvature  are  para- 
metric, this  expression  reduces  to  2  dudv.  Hence  its  curvature  is 
zero  (cf.  V,  12),  and  consequently  the  curvature  of  (39)  is  zero. 
From  §  135  it  follows  that  this  form  is  reducible  to  du1dvl  by  quad- 
ratures. Hence  we  have  the  theorem  of  Weingarten  : 

The  lines  of  curvature  upon  an  isothermic  surface  can  be  found  by 
quadratures. 

We  conclude  this  discussion  of  isothermic  surfaces  with  the  proof  of  a  theorem 
of  Ribaucour.  He  introduced  the  term  limit  surfaces  of  a  group  of  applicable  sur- 
faces to  designate  the  members  of  the  group  whose  mean  curvature  is  a  maximum 
or  minimum.  According  to  Ribaucour, 

The  limit  surfaces  of  a  group  of  applicable  surfaces  are  isothermic. 

In  proving  it  we  consider  a  member  S  of  the  group  referred  to  its  lines  of  cur- 
vature. Its  mean  curvature  is  given  by  D/E  +  D"/G.  In  consequence  of  equations 
(36)  the  mean  curvature  of  a  near-by  surface  is,  to  within  terms  of  higher  order, 


EG       EG 

A  necessaiy  and  sufficient  condition  that  the  mean  curvature  of  S  be  a  maximum 
or  minimum  is  consequently  /j)      jy 


Excluding  the  case  of  the  sphere  for  which  the  expression  in  parenthesis  is  zero, 
we  have  that  DO  is  zero.  Hence  the  common  conjugate  system  of  S  and  So  is  com- 
posed of  lines  of  curvature  on  the  former,  and  therefore  S  is  isothermic. 

GENERAL  EXAMPLES 

1 .  If  x,  y,  z  and  zi,  y\,  z\  are  the  coordinates  of  two  surfaces  corresponding  with 
orthogonality  of  linear  elements,  the  coordinates  of  a  pair  of  applicable  surfaces 
are  given  by  ^l  =  x  +  txl,         in  =  y  +  tyi,         fi  =  *  +  tei, 

h=x-lxi,        i)z  =  y  -  tyi,         fa  =  z  -  tei, 
where  t  is  any  constant. 

2.  If  two  surfaces  are  applicable,  the  locus  of  the  mid-point  of  the  line  joining 
corresponding  points  admits  of  an  infinitesimal  deformation  in  which  this  line  is 
the  generatrix. 

3.  Whatever  be  the  surface  S,  the  characteristic  equation  (7)  admits  the  solu- 
tion <f>  =  aX  +  bT  +  cZ,  where  a,  6,  c  are  constants.    Show  that  So  is  the  point 
(a,  6,  c)  and  that  equations  (26)  become 

Xi  =  cy  -  bz  +  d,        yi  =  az  —  cx  +  e,        z\  =  bx  —  ay  +  f, 

where  d,  e, /are  constants;  that  consequently  Si  is  a  plane,  and  that  the  infinitesi- 
mal deformation  is  in  reality  an  infinitesimal  displacement. 
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4.  Determine  the  form  of  the  results  of  Exs.  1,  2,  where  <f>  has  the  value  of  Ex.  3. 

5.  Show  that  the  first  fundamental  coefficients  E\,  FI,  GI  of  a  surface  Si  are  of 
the  form 


dv  8u 


dv  Bu 

6.  Let  S  denote  the  locus  of  the  point  which  bisects  the  segment  of  the  normal 
to  a  surface  S  between  the  centers  of  principal  curvature  of  the  latter.    In  order 
that  the  lines  on  2  corresponding  to  the  lines  of  curvature  on  S  shall  form  a  conju- 
gate system,  it  is  necessary  and  sufficient  that  I,  correspond  to  a  minimal  surface 
with  orthogonality  of  linear  elements,  and  that  the  latter  surface  and  S  correspond 
with  parallelism  of  tangent  planes. 

7.  Show  that  when  the  spherical  representation  of  the  asymptotic  lines  of  a  sur- 
face S  satisfies  the  condition       g  (H)'      a  (22) 

3u  \  2  )       fa  I  1 

equations  (25)  admit  two  pairs  of  solutions  which  are  such  that  n  =  <r  and  /*  =  —  <r. 
On  the  two  associate  surfaces  So,  So  thus  found  by  quadratures  the  parametric 
systems  are  isothermal-conjugate,  and  So  and  S0  are  associates  of  one  another. 

8.  Show  that  the  equation  of  Ex.  7  is  a  necessary  and  sufficient  condition  that 
two  surfaces  associate  to  S  be  associate  to  one  another. 

9.  Show  that  when  the  sphere  is  referred  to  its  minimal  lines,  the  condition  of 
Ex.  7  is  satisfied,  and  investigate  this  case. 

10.  On  any  surface  associate  to  a  pseudospherical  surface  the  curves  correspond- 
ing to  the  asymptotic  lines  of  the  latter  are  geodesies.  A  surface  with  a  conjugate 
system  of  geodesies  is  called  a  surface  ofVoss  (cf.  §  170). 

1  1  .  Determine  whether  minimal  surfaces  and  the  surfaces  associate  to  pseudo- 
spherical  surfaces  are  the  only  surfaces  of  Voss. 

12.  When  the  equations  of  a  central  quadric  are  in  the  form  (VII,  35),  the  asso- 
ciate surfaces  are  given  by 


y0  =  2  Vb  T  f  Uu  du  +fvv  dv]  , 

Zo  =  iVcF  Cl7(I  +  v?)du  -  fV(l  +  »2) 

where  ZJand  Fare  arbitrary  functions  of  u  and  v  respectively  ;  hence  the  associates 
are  surfaces  of  translation. 

13.  When  the  equations  of  a  paraboloid  are  in  the  form 

x=Va(u  +  t>),     y=Vb(u  —  t),     2  =  2w», 

the  associate  surfaces  are  surfaces  of  translation  whose  generators  are  plane  curves  ; 
their  equations  are 

zo  =  Vo(ir  +  V),    yQ=Vb(V-U),    z0  =  2CuU'du 
where  U  and  V  are  arbitrary  functions  of  u  and  v  respectively. 
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14.  Show  that  a  quadric  admits  of  an  infinitesimal  deformation  which  preserves 
its  lines  of  curvature,  and  determine  the  corresponding  associate  surface. 

15.  Since  the  relation  between  S  and  Si  is  reciprocal,  there  is  a  surface  Ss 
associate  to  Si  which  bears  to  S  a  relation  similar  to  that  of  S0  to  Si.    Show  that 
the  asymptotic  lines  on  S0  and  S3  correspond,  and  that  these  surfaces  are  polar 
reciprocal  with  respect  to  the  imaginary  sphere  x-  +  y'2  +  z-  +  1  =  0. 

16.  Since  the  relation  between  S  and  S0  is  reciprocal,  there  is  a  surface  S2  cor- 
responding to  So  with  orthogonality  of  linear  elements  which  bears  to  S  a  relation 
similar  to  that  of  Si  to  S0.    Show  that  the  asymptotic  lines  on  S!  and  S2  correspond, 
that  the  coordinates  of  the  latter  are  such  that 

Xi  —  x»  =  yzo  —  zy0,    y\  —  y-i  =  zx^  —  zz0,     21  —  z2  =  xy0  —  yxo, 
and  that  the  line  joining  corresponding  points  on  Si  and  S2  is  tangent  to  both  surfaces. 

17.  Show  that  if  S5  denotes  the  surface  corresponding  to  Ss  with  orthogonality 
of  linear  elements  which  is  determined  by  Si,  associate  to  S3,  the  surfaces  S  and 
Ss  are  related  to  one  another  in  a  manner  similar  to  Si  and  S2  of  Ex.  16. 

18.  Show  that  the  surface  S4,  which  is  the  associate  to  S2  determined  by  S0,  is 
the  polar  reciprocal  of  S  with  respect  to  the  imaginary  sphere  x'2  +  y2  +  z2  +  1  =  0. 

19.  If  we  continue  the  process  introduced  in  the  foregoing  examples,  we  obtain 
two  sequences  of  surfaces 

S,     Si,     S3,     Ss,     S7,     Sg,     Sn,     •  •  • , 
S,     So,     S2,     S4,     SB,     S8,     SIQ, 

Show  that  Sn  and  SIQ  are  the  same  surface,  likewise  Si2  and  S9,  and  that  conse- 
quently there  is  a  closed  system  of  twelve  surfaces ;  they  are  called  the  twelve  sur- 
faces of  Darboux. 

20.  A  necessary  and  sufficient  condition  that  a  surface  referred  to  its  minimal 
lines  be  isothermic  is  that  j)       TT 

D"     F' 

where  U  and  V  are  functions  of  «  and  v  respectively. 

21.  A  necessary  and  sufficient  condition  that  the  lines  of  curvature  on  an  iso- 
thermic surface  be  represented  on  the  sphere  by  an  isothermal  system  is  that 

Pi_V 

*~F' 

where  U  and  T'  are  functions  of  u  and  v  respectively,  the  latter  being  parameters 
referring  to  the  lines  of  curvature.  Show  that  the  parameters  of  the  asymptotic 
lines  on  such  a  surface  can  be  so  chosen  that  E  =  G. 

22.  Show  that  an  isothermic  surface  is  transformed  by  an  inversion  iuto  an 
isothermic  surface. 

23.  If  Si  and  S2  are  the  sheets  of  the  envelope  of  a  family  of  spheres  of  two 
parameters,  which  are  not  orthogonal  to  a  fixed  sphere,  and  the  points  of  contact  of 
any  sphere  are  said  to  correspond,  in  order  that  the  correspondence  be  conformal, 
it  is  necessary  that  the  lines  of  curvature  on  Si  and  S2  correspond  and  that  these 
surfaces  be  isothermic  (cf.  Ex.  15,  Chap.  XIII). 


CHAPTER  XII 

RECTILINEAR  CONGRUENCES 

160.  Definition  of  a  congruence.  Spherical  representation.  A  two- 
parameter  system  of  straight  lines  in  space  is  called  a  rectilinear 
congruence.  The  normals  to  a  surface  constitute  such  a  system  ; 
likewise  the  generatrices  of  an  infinitesimal  deformation  of  a  sur- 
face (cf.  §  152).  Later  we  shall  find  that  in  general  the  lines  of  a 
congruence  are  not  normal  to  a  surface.  Hence  congruences  of 
normals  form  a  special  class  ;  they  are  called  normal  congruences. 
They  were  the  first  studied,  particularly  in  investigations  of  the 
effects  of  reflection  and  refraction  upon  rays  of  light.  The  first 
purely  mathematical  treatment  of  general  rectilinear  congruences 
was  given  by  Kummer  in  his  memoir,  Allgemeine  Theorie  der 
gradlinigen  Strahlensysteme.*  We  begin  our  treatment  of 
the  subject  with  the  derivation  of  certain  of  Kummer's  results  by 
methods  similar  to  his  own. 

From  the  definition  of  a  congruence  it  follows  that  its  lines 
meet  a  given  plane  in  such  a  way  that  through  a  point  of  the 
plane  one  line,  or  at  most  a  finite  number,  pass.  Similar  results 
hold  if  a  surface  be  taken  instead  of  a  plane  ;  this  surface  is 
called  the  surface  of  reference.  And  so  we  may  define  a  con- 
gruence analytically  by  means  of  the  coordinates  of  the  latter 
surface  in  terms  of  two  parameters  w,  v,  and  by  the  direction- 
cosines  of  the  lines  in  terms  of  these  parameters.  Thus,  a  con- 
gruence is  defined  by  a  set  of  equations  such  as 

=/i  (M,  v)»       y  =/2  (u,  v),      z  =/a  (u,  t>), 

=  01  (Ul    V)»  Y=  02  (W>    *')>         Z  =  03  (M»    W)> 

where  the  functions  f  and  <f>  are  analytic  in  the  domain  of  u  and  v 
under  consideration,  and  the  functions  <f>  are  such  that 


*Crelle,  Vol.  LVII  (1860),  pp.  18&-230. 
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We  make  a  representation  of  the  congruence  upon  the  unit 
sphere  by  drawing  radii  parallel  to  the  lines  of  the  congruence,  and 
call  it  the  spherical  representation  of  the  congruence.  When  we  put 


the  linear  element  of  the  spherical  representation  is 
(3)  &<f  =  €dtf  +  2  £dudv  +  gdv1. 

If  we  put 

.  .          _  ^  ex  cX       ,     ^v  ex  3X       „     ^-\  ex  dX  -^\  ex  dX 

^  cu  du  ^  dv  cu'  ^  cu  ev  ^  cv  cv 

we  have  the  second  quadratic  form 

(5)  2J  dxdX=  e  du*  +  (f  +/')  dudv  +  g  rfw2, 
which  is  fundamental  in  the  theory  of  congruences. 

161.  Normal  congruences.  Ruled  surfaces  of  a  congruence.  If 
there  be  a  surface  S'  normal  to  the  congruence,  the  coordinates 
of  S'  are  given  by 

(6)  x'=x  +  tX,         y'=y  +  tY,         z'=z  +  tZ, 

where  t  measures  the  distance  from  the  surface  of  reference  to  S'. 
Since  *S"  is  normal  to  the  congruence,  we  must  have 

(7) 

which  is  equivalent  to 


CU        CU 

If  these  equations  be  differentiated  with  respect  to  v  and  u  respec- 
tively, and  the  resulting  equations  be  subtracted,  we  obtain 
(9)  /=/'. 

Conversely,  when  this  condition  is  satisfied,  the  function  t  given 
by  the  quadratures  (8)  satisfies  equation  (7).  Since  t  involves  an 
additive  constant,  equations  (6)  define  a  family  of  parallel  surfaces 
normal  to  the  congruence.  Hence  : 

A  necessary  and  sufficient  condition  for  a  normal  congruence  is 
that  f  and  f  be  equal. 

The  lines  of  the  congruence  which  pass  through  a  curve  on  the 
surface  of  reference  S  form  a  ruled  surface.    Such  a  curve,  and 
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consequently  a  ruled  surface  of  the  congruence,  is  determined  by  a 
relation  between  u  and  v.  Hence  a  differential  equation  of  the  form 

(10)  Mdu  +  Ndv  =  0 

defines  a  family  of  ruled  surfaces  of  the  congruence.  We  consider 
a  line  l(u,  v)  of  the  congruence  and  the  ruled  surface  2  of  this 
family  upon  which  I  is  a  generator ;  we  say  that  2  passes  through  L 
We  apply  to  2  the  results  of  §§  103,  104. 

If  ds0  denotes  the  linear  element  of  the  curve  C  in  which  2  cuts 
the  surface  of  reference,  it  follows  from  (VII,  54),  (3),  and  (5)  that 
the  quantities  a"2  and  b  for  2  have  the  values 

r\a     d<r2 


_  ^  dX  dx  _e  du2  +  (/+/')  dudv  -f  g  dv2 

x    j       77  79 

^"^     ft  C        ft  0  ri  Q 

aSQ     aSQ  aSQ 

From  (VII,  58)  we  have  that  the  direction-cosines  \,  /*,  v  of  the 
common  perpendicular  to  I  and  to  the  line  I'  of  parameters  u  -f-  du, 
v  +  dv,  where  dv/du  is  given  by  (10),  have  the  values 

rL<n  \—(Y—  —  7—\      -(7——Y—\      -(Y—  —  vdx\ 

\    da-          da  /  \     da-          da-  /  \     da-          da-/ 

which,  by  means  of  (V,  31),  are  reducible  to 


^  ~          , 

-  --  c/1  —-  }du  +    c/  -  --  &-^~    dv 

(16)  X= 


-  <^2  .  da- 
and  similar  expressions  for  fi  and  v. 
From  (12)  it  follows  that 

.  dX  ,      dY        dZ 
X-—  +  /i-—  +  y—  -=0. 
ao-          da-         da 

Since  dX/da-,  dY/do;  dZ/da-  are  the  direction-cosines  of  the  tangent 
to  the  spherical  representation  of  the  generators  of  2,  we  have  the 
theorem  : 

Given  a  ruled  surface  2  of  a  congruence  ;  let  C  be  the  curve  on 
the  unit  sphere  which  represents  2,  and  M  the  point  of  C  correspond- 
ing to  a  generator  L  of  2  ;  the  limiting  position  of  the  common  per- 
pendicular to  L  and  a  near-by  generator  of  2  is  perpendicular  to  the 
tangent  to  C  at  M. 
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162.  Limit  points.  Principal  surfaces.  By  means  of  (VII,  62) 
and  (12)  we  find  that  the  expression  for  the  shortest  distance  8 
between  I  and  I'  is,  to  within  terms  of  higher  order, 

dx 


8  =  ^- 

—  ~-y 

ds0  ds0 
X  Y 

dX  dY 

When  the  values  (13)  for  X,  /*,  v  are  substituted  in  the  right-hand 
member  of  this  equation,  the  result  is  reducible  to 

e  du  +fdv,       fdu  +  gdv 


(14) 


8  = 


If  .Y denotes  the  point  where  this  line  of  shortest  distance  meets  /, 
the  locus  of  JV  is  the  line  of  striction  of  2.  Hence  the  distance  of 
X  from  the  surface  .%  measured  along  7,  is  given  by  (VII,  65) ;  if 
it  be  denoted  by  r,  we  have,  from  (11), 

...  , ,                                  edu*+(f  +/')  dudv  +  gdi? 
(15)  r  = -E-r*-* '- — 


For  the  present  *  we  exclude  the  case  where  the  coefficients  of 
the  two  quadratic  forms  are  proportional.  Hence  r  varies  with 
the  value  of  dv/du,  that  is,  with  the  ruled  surface  2  through  I.  If 
we  limit  our  consideration  to  real  surfaces  2,  the  denominator  is 
always  positive,  and  consequently  the  quantity  r  has  a  finite  maxi- 
mum and  minimum.  In  order  to  find  the  surfaces  2  for  which  r 
has  these  limiting  values,  we  replace  dv/du  by  t,  and  obtain 


(16) 


r= 


If  we  equate  to  zero  the  derivative  of  the  right-hand  member  with 
respect  to  f,  we  get 


(17) 


=  0, 


a  quadratic  in  t.    Since  €$—  3*  >  0,  we  may  apply  to  this  equation 
reasoning  similar  to  that  used  in  connection  with  equation  (IV,  21), 

*  Cf.  Ez.  1,  §  171. 
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and  thus  prove  that  it  has  two  real  roots.  The  corresponding  values 
of  r  follow  from  (16)  when  these  values  of  t  are  substituted  in  the 
latter.  Because  of  (17)  the  resulting  equation  may  be  written 


r  =  — 


where  I  indicates  a  root  of  (17)  and  r  the  corresponding  value  of  r. 
When  we  write  the  preceding  equations  in  the  form 


and  eliminate  £,  we  obtain  the  following  quadratic  in  r : 

\     2     , 
If  rl  and  rz  denote  the  roots  of  this  equation,  we  have 


(19) 


The  points  on  I  corresponding  to  these  values  of  r  are  called  its 
limit  points.  They  are  the  boundaries  of  the  segment  of  I  upon 
which  lie  the  feet  of  each  perpendicular  common  to  it  and  to  a 
near-by  line  of  the  congruence.  The  ruled  surfaces  of  the  con- 
gruences which  pass  through  I  and  are  determined  by  equation  ( 
(17)  are  called  the  principal  surfaces  for  the  line.  There  are  two 
of  them,  and  their  tangent  planes  at  the  limit  points  are  determined 
by  I  and  by  the  perpendiculars  of  shortest  distance  at  the  limit 
points.  They  are  called  the  principal  planes. 

In  order  to  find  other  properties  of  the  principal  surfaces,  we 
imagine  that  the  parametric  curves  upon  the  sphere  represent  these 
surfaces.  If  equation  (17)  be  written 


(20) 


=  0, 
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it,  is  seen  that  a  necessary  and  sufficient  condition  that  the  ruled 
surfaces  v  =  const.,  u  —  const,  be  the  principal  surfaces,  is 


From  these  it  follows  that  since  the  coefficients  of  the  two  funda- 
mental quadratic  forms  are  not  proportional,  we  must  have 

(21)  <^=0, 


From  the  first  of  these  equations  and  the  preceding  theorem  follows 
the  result  : 

The  principal  surfaces  of  a  congruence  are  represented  on  the 
sphere  by  an  orthogonal  system,  and  the  two  principal  planes  for 
each  line  are  perpendicular  to  one  another. 

For  this  particular  parametric  system  equation  (13)  reduces  to 

cdX  ,         ~(jX  , 
<5  —  du  —  &  —  dv 


so  that  the  direction-cosines  Xt,  /A,,  vl  of  the  perpendicular  whose  foot 
is  the  limit  point  on  I  corresponding  to  v  =  const,  have  the  values 

1    dX  1    dY  1    cZ 

\  —  __  —  ,         »  =_^__,         v  —      __  -- 

cv  v<    r>' 


Hence  the  angle  o>  between  the  lines  with  these  direction-cosines 
and  those  with  (22)  is  given  by 

(23) 


The  values  of  rl  and  r2  are  now 

e  a 

r>=-T      r'=~T 

so  that  with  the  aid  of  (23)  equation  (15)  can  be  put  in  the  form 
(24)  r  =  rlcostca  4-r2sin2a>. 

This  is  Hamilton's  equation.    We  remark  that  it  is  independent  of 
the  choice  of  parameters. 
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163.  Developable  surfaces  of  a  congruence.  Focal  surfaces.  In 
order  that  a  ruled  surface  be  developable,  it  is  necessary  and  suffi- 
cient that  the  perpendicular  distance  between  very  near  generators 
be  of  the  second  or  higher  order.  From  (14)  it  follows  that  the 
ruled  surfaces  of  a  congruence  satisfying  the  condition 

(25)  =  0 

e  du  +fdv,          f'du  +  g  dv 

are  developable.  Unlike  equation  (20),  the  values  of  dv/du  satis- 
fying this  equation  are  not  necessarily  real.  We  have  then  the 
theorem : 

Of  all  the  ruled  surfaces  of  a  congruence  through  a  line  of  it  two 
are  developable,  but  they  are  not  necessarily  real. 

The  normals  to  a  real  surface  afford  an  example  of  a  congruence 
with  real  developables ;  for,  the  normals  along  a  line  of  curvature 
form  a  developable  surface  (§  51).  Since /and/'  are  equal  in  this 
case,  equations  (20)  and  (25)  are  equivalent.  And,  conversely,  they 
are  equivalent  only  in  this  case.  Hence  :  « 

When  a  congruence  is  normal,  and  only  then,  the  principal  surfaces 
are  developable. 

When  a  ruled  surface  is  developable  its  generators  are  tangent 
to  a  curve  at  the  points  where  the  lines  of  shortest  distance  meet 
them.  Hence  each  line  of  a  congruence  is  tangent  to  two  curves 
in  space,  real  or  imaginary  according  to  the  character  of  the  roots 
of  equation  (25).  The  points  of  contact  are  called  the  focal  points 
for  the  line.  By  means  of  (25)  we  find  that  the  values  of  r  for 
these  points  are  given  by 

e  du  +fdv          f'du  +  g  dv 


If  these  equations  be  written  in  the  form 

(£p  +  e)  du  +  (&p  +/)  dv  =  0, 
(£p  +/')  du  +  (<?p  +  g}dv  =  0, 

and  if  du,  dv  be  eliminated,  we  have 

(26)        (£$-  ^)  p*  +  [0#-  (/+/')  ^+  eg]  p  +  eg  -ff  =  0. 
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If  pl  and  p2  denote  the  roots  of  this  equation,  it  follows  that 

(27) 


From  (19)  and  (27)  it  is  seen  that 


(28) 


These  results  may  be  interpreted  as  follows : 

The  mid-points  of  the  two  segments  bounded  respectively  by  the 
limit  points  and  by  the  focal  points  coincide. 

This  point  is  called  the  middle  point  of  the  line  and  its  locus  the 
middle  surface  of  the  congruence. 

The  distance  betiveen  the  focal  points  is  never  greater  than  that 
between  the  limit  points.    They  coincide  when  the  congruence  is  normal. 

Equation  (24)  may  be  written  in  the  forms 


cos  a>  = 


,—  ra 


sin  &)  = 


Hence  if  cal  and  &>2  denote  the  values  of  &>  corresponding  to  the 
developable  surfaces,  we  have 


COS  ft),  = 


sm  ft),  = 


T   —  T 

*  i  •   n 


COS"  ft).,  = 


From  these  and  the  first  of  (28)  it  follows  that 


cos  &)t  =  sin  &)„,         sin'&)1=  cos  a), 
so  that 

(29)  cos2ft)1+cos2&)2=0, 
and  consequently 

(30)  ft)1+ft)2  =  -±mr, 
or 

(31)  ^ -«,=  ."" 
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where  n  denotes  any  integer.  If  the  latter  equation  be  true,  the 
developable  surfaces  are  represented  on  the  sphere  by  an  orthog- 
onal system,  as  follows  from  the  theorem  at  the  close  of  §  161.  But 
by  §  34  the  condition  that  equation  (25)  define  an  orthogonal  sys- 
tem on  the  sphere  is/=/',  that  is,  the  congruence  must  be  normal. 
Since  in  this  case  the  principal  surfaces  are  the  developables,  equa- 
tion (30)  as  well  as  (31)  is  satisfied.  Hence  equation  (30)  is  the 
general  solution  of  (29). 

The  planes  through  I  which  make  the  angles  o^,  &>2  with  the 
principal  plane  o>  =  0  are  called  the  focal  planes  for  the  line  ;  they 
are  the  tangent  planes  to  the  two  developable  surfaces  through 
the  line.  Incidentally  we  have  proved  the  theorem : 

A  necessary  and  sufficient  condition  that  the  two  focal  planes  for 
each  line  of  a  congruence  be  perpendicular  is  that  the  congruence 
be  normal. 

And  from  equation  (30)  it  follows  that 

The  focal  planes  are  symmetrically  placed  with  respect  to  the  prin- 
cipal planes  in  such  a  way  that  the  angles  formed  by  the  two  pairs 
of  planes  have  the  same  bisecting  planes. 

If  9  denote  the  angle  between  the  focal  planes,  then 
a  ^      o 

U  =  ft)2  —  ft)..  = A  ft),, 

and 

(3  2)  sin  6  =  cos  2  o>l  =  cos2  w1  —  cos2  &>2  =  -^— — -  • 

1  2 

The  loci  of  the  focal  points  of  a  congruence  are  called  its  focal 
surfaces.  Each  line  of  the  congruence  touches  both  surfaces,  being 
tangent  to  the  edges  of  regression  of  the  two  developables  through  it. 
By  reasoning  similar  to  that  employed  in  the  discussion  of  surfaces 
of  center  (§  74)  we  prove  the  theorem : 

A  congruence  may  be  regarded  as  two  families  of  developable  sur- 
faces. Each  focal  surface  is  touched  by  the  developables  of  one  family 
along  their  edges  of  regression  and  enveloped  by  those  of  the  other 
family  along  the  curves  conjugate  to  these  edges. 

The  preceding  theorem  shows  that  of  the  two  focal  planes  through 
a  line  I  one  is  tangent  to  the  focal  surface  St  and  the  other  is  the 
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osculating  plane  of  the  edge  of  regression  on  Sl  to  which  I  is  tan- 
gent ;  similar  results  hold  for  S0.  When  the  congruence  is  nor- 
mal these  planes  are  perpendicular,  and  consequently  these  edges 
of  regression  are  geodesies  on  Sl  and  S9.  Since  the  converse  is 
true  (§  76),  we  have  : 

A  necessary  and  sufficient  condition  that  the  tangents  to  a  family 
of  curves  on  a  surf  ace  form  a  normal  congruence  is  that  the  curves  be 
geodesies. 

EXAMPLES 

1.  If  JJT,  F,  Z  are  the  direction-cosines  of  the  normal  to  a  minimal  surface  at 
the  point  (x,  y,  z),  the  line  whose  direction-cosines  are  T,  —  X,  Z  and  which  passes 
through  the  point  (x,  y,  0)  generates  a  normal  congruence. 

2.  Prove  that  the  tangent  planes  to  two  confocal  quadrics  at  the  points  of  con- 
tact of  a  common  tangent  are  perpendicular,  and  consequently  that  the  common 
tangents  to  two  confocal  quadrics  form  a  normal  congruence. 

3.  Find  the  congruence  of  common  tangents  to  the  paraboloids 

x-  +  y-  =  2az,        x*  +  y*  =  -2  az, 
and  determine  the  focal  surfaces. 

4.  If  two  ruled  surfaces  through  a  line  L  are  represented  on  the  sphere  by 
orthogonal  lines,  their  lines  of  striction  meet  L  at  points  equally  distant  from  the 
middle  point. 

5.  In  order  that  the  focal  planes  for  each  line  of  a  congruence  meet  under  the 
same  angle,  it  is  necessary  and  sufficient  that  the  osculating  planes  of  the  edges  of 
regression  of  the  developables  meet  the  tangent  planes  to  the  focal  surfaces  under 
constant  angle. 

6.  A  necessary  and  sufficient  condition  that  a  surface  of  reference  of  a  congru- 
ence be  its  middle  surface  is  g<o  —  (f  +  f)<&  +  e^=  0. 


164.  Associate  normal  congruences.    If  we  put 

(33)  7=V.Y^,         7i=Vx-, 
'     ^t     8u  4     dv 

equations  (8)  may  be  replaced  by 

(34)  t  =  c—  \  ydu  +  ^dv, 

where  c  is  a  constant.    Now  equation  (9)  is  equivalent  to 

(35)  ^  =  ^1. 

dv      2u 
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In  consequence  of  this  condition  equation  (34)  may  be  written 

(36)  t  =  c-4>(ujt 

where  uv  is  a  function  of  u  and  v  thus  defined.  If  the  orthogonal 
trajectories  of  the  curves  u^=  const,  be  taken  as  parametric  curves 
vl=  const.,  it  follows  from  (36)  and  from  equations  in  u^  and  vl 
analogous  to  (33)  and  (34)  that 

VA^  =  O. 

^     dvl 
From  this  result  follows  the  theorem  : 

The  lines  of  a  normal  congruence  cut  orthogonally  the  curves  on 
the  surface  of  reference  at  whose  points  t  is  constant. 

If  6  denotes  the  angle  which  a  line  of  the  congruence  makes 
with  the  normal  to  the  surface  of  reference  at  the  point  of  inter- 
section, we  have 

(37)  8in  ^ 


where  the  linear  element  of  the  surface  is 


If  S  be  taken  for  the  surface  of  reference  of  a  second  congruence 
whose  direction-cosines  JTt,  Y^  Zl  satisfy  the  conditions 


where  ^(MJ)  is  any  function  whatever  of  wx,  this  congruence  is 
normal  and       has  the  value 


Since  <f>l  is  any  function,  there  is  a  family  of  these  normal  congru- 
ences which  we  call  the  associates  of  the  given  congruence  and  of 
one  another.  Through  any  point  of  the  surface  of  reference  there 
passes  a  line  of  each  congruence,  and  all  of  these  lines  lie  in  the 
plane  normal  to  the  curve  wt=  const,  through  the  point.  Hence: 

The  two  lines  of  two  associate  congruences  through  the  same  point 
of  the  surface  of  reference  lie  in  a  plane  normal  to  the  surface. 
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Combining  with  equation  (37)  a  similar  one  for  an  associate  con- 
gruence, we  have 

sin6>       ' 


Hence  we  have  the  theorem  : 

The  ratio  of  the  sines  of  the  angles  which  the  lines  of  two  associate 
congruences  make  with  the  normal  to  their  surface  of  reference  is  con- 
stant along  the  curves  at  whose  points  t  is  constant. 

When  in  particular  /(wj  in  (38)  is  a  constant,  the  former  theorem 
and  equation  (38)  constitute  the  laws  of  reflection  and  refraction  of 
rays  of  light,  according  as  the  constant  is  equal  to  or  different  from 
minus  one.  And  so  we  have  the  theorem  of  Malus  and  Dupin  : 

If  a  bundle  of  rays  of  light  forming  a  normal  congruence  be  reflected 
or  refracted  any  number  of  times  by  the  surfaces  of  successive  homo- 
geneous media,  the  rays  continue  to  constitute  a  normal  congruence. 

By  means  of  (37)  equation  (36)  can  be  put  in  the  form 


=  c  —  /  \£ sin  6  dur 


From  this  result  follows  the  theorem  of  Beltrami  *  : 

If  a  surface  of  reference  of  a  normal  congruence  be  deformed  in  such 
a  way  that  the  directions  of  the  lines  of  the  congruence  with  respect 
to  the  surface  be  unaltered,  the  congruence  continues  to  be  normal. 

165.  Derived  congruences.  It  is  evident  that  the  tangents  to  the 
curves  of  any  one-parameter  family  upon  a  surface  S  constitute  a 
congruence.  If  these  curves  be  taken  for  the  parametric  lines 
v  =  const.,  and  their  conjugates  for  u  =  const.,  the  developables  in 
one  family  have  the  curves  v  =  const,  for  edges  of  regression,  and 
the  developables  of  the  other  family  envelop  S  along  the  curves 
u  =  const.  We  may  take  $  for  the  surface  of  reference.  If  Sl  be 
the  other  focal  surface,  the  lines  of  the  congruence  are  tangent  to 
the  curves  u  =  const,  on  Sr  The  tangents  to  the  curves  v  =  const, 
on  Sl  form  a  second  congruence  of  which  S^  is  one  focal  surface, 
and  the  second  surface  Sa  is  uniquely  determined.  Moreover,  the 

*  Giornale  di  matematiche,  Vol.  II  (18(>4),  p.  281. 
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lines  of  the  second  congruence  are  tangent  to  the  curves  u  =  const. 
on  Sz.  In  turn  we  may  construct  a  third  congruence  of  tangents 
to  the  curves  v  =  const,  on  S2.  This  process  may  be  continued 
indefinitely  unless  one  of  these  focal  surfaces  reduces  to  a  curve, 
or  is  infinitely  distant. 

In  like  manner  we  get  a  congruence  by  drawing  tangents  to 
the  curves  u  =  const,  on  S,  which  is  one  focal  surface,  and  the 
other,  S_v  is  completely  determined.  The  tangents  to  the  curves 
u  =  const,  on  S_l  form  still  another,  and  so  on.  In  this  way  we 
obtain  a  suite  of  surfaces 


which  is  terminated  only  when  a  surface  reduces  to  a  curve,  or 
its  points  are  infinitely  distant.  Upon  each  of  these  surfaces  the 
parametric  curves  form  a  conjugate  system.  The  congruences  thus 
obtained  have  been  called  derived  congruences  by  Darboux.*  It  is 
clear  that  the  problem  of  finding  all  the  derived  congruences  of  a 
given  one  reduces  to  the  integration  of  the  equation  of  its  devel- 
opables  (25);  for,  when  the  developables  are  known  we  have  the 
conjugate  system  on  its  focal  surfaces. 

In  order  to  derive  the  analytical  expressions  for  these  results, 
we  recall  (§  80)  that  the  coordinates  x,  y,  z  of  S  are  solutions 
of  an  equation  of  the  form 

(39) 


ou  cv         cu        cv 

where  a  and  b  are  determinate  functions  of  u  and  v.    If  the  coordi- 
nates of  Sl  be  denoted  by  x^  y^  zx,  they  are  given  by 

dx  dy  dz 

*,-»  +  x,-.       »,-»  +  \£-       •,—  +  *.£• 


where  XjVjff  measures  the  distance  between  the  focal  points.  But 
as  the  lines  of  the  congruence  are  tangent  to  the  curves  u  =  const. 
on  S^  we  must  have 

dx.          dx  dy.          dy  8z.          dz 

(40)  —  =  /*i  —  •>         —  =Ati—  '          —  =  Ati  —  ' 

dv      ^du  dv      ^I8u  dv        l  du 

*  Vol.  II,  pp.  16-22. 
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where  /*1  is  a  determinate  function  of  u  and  v.  When  the  above 
value  for  xl  is  substituted  in  the  first  of  these  equations,  the  result 
is  reducible,  by  means  of  (39),  to 

s\  \  cx  .  /-i      i\  \<*x      n 

-^  —  a\.  —  u.,}  ---  Ml  —  0X.)  —  =  0. 

99  *ljcu  l)  dv 

Since  the  same  equation  is  true  for  y  and  z,  the  quantities  in  paren- 
theses must  be  zero,  that  is, 

i  a  i    a 


Hence  the  surface  S1  is  defined  by 

I  ex  ,  1  £*/  .  1  02 

(41  Xl=z  +  -—,          y=y  +  -JL,  z=2  + 

0  CU  0  CU  b  CU 

and  equations  (40)  become 

(42)    ^i=|/-^i  —  -\—  ,  ^i 
' 


Proceeding  in  a  similar  manner,  we  find  that  S_i  is  defined  by 
the  equations 

1  ex  1  cy  \cz 

a  cv  a  cv  a  cv 

and  that  /  -  1 

"dlli          \du  CL        d/  CV 

and  similar  expressions  in  y_v  and  2_j. 

From  (41)  and  (43)  it  is  seen  that  the  surface  Sl  or  S^l  is  at 
infinity,  according  as  b  or  a  is  zero.  When  a  and  b  are  both  zero, 
£  is  a  surface  of  translation  (§  81).  Hence  the  tangents  to  the 
generators  of  a  surface  of  translation  form  two  congruences  for 
each  of  which  the  other  focal  surface  is  at  infinity. 

In  order  that  Sl  be  a  curve,  a^,  yv  zl  must  be  functions  of  u  alone. 
From  (42)  it  follows  that  the  condition  for  this  is 

_^l=a 

£v  J  ~T 

In  like  manner  the  condition  that  £_i  be  a  curve  is 

cu  a      a 
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The  functions  h  and  k,  denned  by 

h  = (-  «5,          k  = f-  ai, 

#M  dt> 

are  called  the  invariants  of  the  differential  equation  (39).  Hence 
the  above  results  may  be  stated: 

A  necessary  and  sufficient  condition  that  the  focal  surface  Sl  or 
S_i  be  a  curve  is  that  the  invariant  k  or  h  respectively  of  the  point 
equation  of  S  be  zero. 

166.  Fundamental  equations  of  condition.  We  have  seen  (§  160) 
that  with  every  congruence  there  are  associated  two  quadratic  dif- 
ferential forms.  Now  we  shall  investigate  under  what  conditions 
two  quadratic  forms  determine  a  congruence.  We  assume  that  we 
have  two  such  forms  and  that  there  is  a  corresponding  congruence. 
The  tangents  to  the  parametric  curves  on  the  surface  of  reference 
at  a  point  are  determined  by  the  angles  which  they  make  with  the 
tangents  to  the  parametric  curves  of  the  spherical  representation  of 
the  congruence  at  the  corresponding  point,  and  with  the  normal  to 
the  unit  sphere.  Hence  we  have  the  relations 

_dX_  ,82X 
du          dv 

?j.  +  ^ 

and  similar  equations  in  y  and  z,  where  a,  /3,  7;  a^  ft^  7,  are  functions 
of  u  and  v.  If  we  multiply  these  equations  by  -— »  — >  --  respec- 
tively, and  add ;  also  by  — >  — »  —  and  by  A,  Y,  Z;  we  obtain 

dv     dv     dv 

e  =  oc(o  +  B^~,          f  = 


from  which  we  derive 


a  =  ~/^3 55*      ^  = 

(45) 
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In  order  that  equations  (44)  be  consistent,  we  must  have 

(46) 

d 

which,  in  consequence  of  equations  (V,  22),  is  reducible  to  the  form 
j^+S— +  TJS=0, 

CU  CV 

where  -ft,  S,  T  are  determinate  functions.  Since  this  equation  must 
be  satisfied  by  Y  and  Z  also,  we  must  have  R  =  0,  S  =  0,  T=  0. 
When  the  values  of  a,  /3,  ar  /3r  from  (45),  are  substituted  in  these 
equations,  we  have 


(47). 


CU 


Conversely,  when  we  have  a  quadratic  form  whose  curvature 
is  + 1,  it  may  be  taken  as  the  linear  element  of  the  spherical  rep- 
resentation of  a  congruence,  which  is  determined  by  any  set  of 
functions  e,  /,  /',  g,  7,  7^  satisfying  equations  (47).  For,  when 
these  equations  are  satisfied,  so  also  is  (46),  and  consequently 
the  coordinates  of  the  surface  of  reference  are  given  by  the 
quadratures  (44). 

Incidentally  we  remark  that  when  the  congruence  is  normal,  and 
the  surface  of  reference  is  one  of  the  orthogonal  surfaces,  the  last 
of  equations  (47)  is  satisfied  identically,  and  the  first  two  reduce 
to  the  Codazzi  equations  (V,  27). 

We  apply  these  results  to  the  determination  of  the  congruences 
with  an  assigned  spherical  representation  of  their  principal  surfaces, 
and  those  with  a  given  representation  of  their  developables. 

167.  Spherical  representation  of  principal  surfaces  and  of  devel- 
opables. A  necessary  and  sufficient  condition  that  the  principal 
surfaces  of  a  congruence  cut  the  surface  of  reference  in  the  para- 
metric lines  is  given  by  (21). 
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If  we  require  that  the  surface  of  reference  be  the  middle  surface 
of  the  congruence,  and  if  r  denote  half  the  distance  between  the 
limit  points,  we  have,  from  (15), 

(48)  e=  —  r£,         g  =  rg. 

When  these  values  are  substituted  in  (47),  the  first  two  become 


(49) 


and  the  last  is  reducible  to  * 


(50)  2  I  |  , 

dudv          dv      du          du      dv 


Moreover,  equations  (44)  become 

dx         dx    f  dx  ,  dx    f  dx  ,    dx 

(51)      —  —  —  r  --  -  ----  \-yX.          -  =  —    —  +  r— 

^     '     du  du      g  dv  dv      £  du          dv 

where  7  and  yt  are  given  by  (49)  ;  and  similar  equations  in  y  and  z. 
Our  problem  reduces,  therefore,  to  the  determination  of  pairs  of 
functions  r  and  /  which  satisfy  (50).  Evidently  either  of  these 
functions  may  be  chosen  arbitrarily  and  the  other  is  found  by  the 
solution  of  a  partial  differential  equation  of  the  second  order. 
Hence  any  orthogonal  system  on  the  unit  sphere  serves  for  the 
representation  of  the  principal  surfaces  of  a  family  of  congruences, 
whose  equations  involve  three  arbitrary  functions. 

In  order  that  the  parametric  curves  on  the  sphere  represent  the 
developables  of  a  congruence,  it  is  necessary  and  sufficient  that 


as  is  seen  from  (25).  If  the  surface  of  reference  be  the  middle  sur- 
face, and  p  denotes  half  the  distance  between  the  focal  points,  it 
follows  from  (15)  that  e  g 

P=  ~~§~H' 

*  Cf.  Bianchi,  Vol.  I,  p.  314. 
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Combining  these  equations  with  the  above,  we  have 
(52)  e  =  -p&         f  =  -f'  =  p^         ff  =  p& 

When  these  values  are  substituted  in  the  first  two  of  equations  (47) 
and  the  resulting  equations  are  solved  for  7  and  7^  we  find 


0     p,         71  =  -7-  p, 

cu          ^  2  J  cv          I  1  J 

and  the  last  of  equations  (47)  reduces  to 

' 


Each  solution  of  this  equation  determines  a  congruence  with  the 
given  representation  of  its  developables,*  and  the  middle  surface 
is  given  by  the  quadratures 


and  similar  expressions  in  y  and  z. 

When  the  values  (52)  are  substituted  in  (18)  the  latter  becomes 


Consequently  equation  (32)  reduces  to 


Referring  to  equation  (III,  16),  we  have: 

The  angle  between  the  focal  planes  of  a  congruence  is  equal  to  the 
angle  between  the  lines  on  the  sphere  representing  the  corresponding 
developable*. 

This  result  is  obtained  readily  from  geometrical  considerations. 

168.  Fundamental  quantities  for  the  focal  surfaces.  We  shall 
make  use  of  these  results  in  deriving  the  expressions  for  the  funda- 
mental quantities  of  the  focal  surfaces  Sl  and  $2,  which  are  defined  by 

zt=  z  +  pZ, 


*  This  result  is  due  to  Guichard,  Annales  de  I'Ecole  Normale,  Ser.  3,  Vol.  VI  (1889), 
pp.  342-314. 
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From  these  and  (54)  we  get 

te, 


aw       \aw 

(55) 


The  coefficients  of  the  linear  elements  of  S1  and  S2,  as  derived 
from  these  formulas,  are 


(56)   j 

and 

(57) 


The  direction-cosines  of  the  normals  to  Sl  and  S2  denoted  by 
X^  Fr  ^;  -X"2,  F2,  Z2  respectively  are  found  from  the  above  equa- 
tions and  (V,  31)  to  have  the  values 


I  d(M,  v)  "         v^"          V?/K 


_ 
" 


8u_    -- 

' 


and  similar  expressions  for  Yi  and  ^.  If  these  equations  be  differ- 
entiated, and  the  resulting  equations  be  reduced  by  means  of  (V,  22), 
they  can  be  put  in  the  form 


, 

du  '  ~ 


aw 
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From  these  expressions  and  (55)  we  obtain 

T)  -  -Y  ^i^i-  _2#/?P     (12V  \ 

(58)  \  D[  =  -  Y  ^1  fi  =  -V  ^£i^i  =  0, 

'  ct1   </w  •  cu    cv 

^~\  CJC.  C^L-t  £  / r    \  ££  \ 

TV'          _   >  l  —  <  >  n 

\         —  £-/ /- —  —  —  111    i  ' 

cf    </y  "v  "^     1 

and 


From  the  foregoing  formulas  we  derive  the  following  expressions 
for  the  total  curvature  of  St  and  of  S2: 


EXAMPLES 

1.  If  upon  a  surface  of  reference  S  of  a  normal  congruence  the  curves  orthog- 
onal to  the  lines  of  the  congruence  are  defined  by  <£(u,  v)  =  const.,  and  6  denotes 
the  angle  between  a  line  of  the  congruence  and  the  normal  to  the  surface  at  the 
point  of  meeting,  then  sin20  =  AiF(<£)  where  the  differential  parameter  is  formed 
with  respect  to  the  linear  element  of  S.  Show  that  0  is  constant  along  a  line  0  =  const, 
only  when  the  latter  is  a  geodesic  parallel. 

2.  When  in  the  point  equation  of  a  surface,  namely 

— h  a—  +  6— -  0, 

cucv         cu        cv 

a  or  6  is  zero,  the  coordinates  of  the  surface  can  be  found  by  quadratures. 

3.  Find  the  derived  congruences  of  the  tangents  to  the  parametric  curves  on  a 
tetrahedral  surface  (Ex.  2,  p.  267),  and  determine  under  what  conditions  the  sur- 
face Si  or  S_ ,  is  a  curve. 

t/ 

4.  Find  the  equation  of  the  type  (39)  which  admits  as  solutions  the  quantities 

zi»  2/1,  2i  given  by  (41). 

5.  When  a  congruence  consists  of  the  tangents  to  the  lines  of  curvature  in 
one  system  on  a  surface,  the  focal  distances  are  equal  to  the  radii  of  geodesic 
curvature  of  the  lines  of  curvature  in  the  other  system. 
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6.  Let  S  be  a  surface  referred  to  its  lines  of  curvature,  let  «i  and  s2  denote  the 
arcs  of  the  curves  v  =  const,  and  w  =  const,  respectively,  TI  and  r2  their  radii  of 
first  curvature,  and  RI  and  R2  their  radii  of  geodesic  curvature ;  for  the  second 
focal  sheet  St  of  the  congruence  of  tangents  to  the  curves  v  —  const,  the  linear 


element  is  reducible  to 


hence  the  curves  Si  =  const,  are  geodesies. 


R2 


7.  Show  that  2i  of  Ex.  6  is  developable  when  r\  =/(si),  and  determine  the 
most  general  form  of  r\  so  that  2i  shall  be  developable. 

8.  Determine  the  condition  which  p  must  satisfy  in  order  that  the  asymptotic 
lines  on  either  focal  surface  of  a  congruence  shall  correspond  to  a  conjugate  system 
on  the  other,  and  show  that  in  this  case 


where  0  denotes  the  angle  between  the  focal  planes. 

9.  In  order  that  the  focal  surfaces  degenerate  into  curves,  it  is  necessary  and 
sufficient  that  the  spherical  representation  satisfy  the  conditions 

10.  Show  that  the  surfaces  orthogonal  to  a  normal  congruence  of  the  type  of 
Ex.  9  are  cyclides  of  Dupin. 

11.  A  necessary  and  sufficient  condition  that  the  second  sheet  of  the  congruence 
of  tangents  to  a  family  of  curves  on  a  surface  S  be  developable  is  that  the  curves 
be  plane. 

169.  Isotropic  congruences.  An  isotropic  congruence  is  one  whose 
focal  surfaces  are  developables  with  minimal  edges  of  regression. 
In  §  31  we  saw  that  H—  0  is  a  necessary  and  sufficient  condition 
that  a  surface  be  of  this  kind.  Referring  to  (56)  and  (57),  we  see 
that  we  must  have 


From  (54)  it  is  seen  that  if  p  were  zero  the  middle  surface  would 
be  a  point,  and  from  (55)  that  if  the  expressions  in  parentheses 
were  zero  the  surfaces  St  and  S2  would  be  curves.  Consequently 

(61)  ^=^=0. 

Conversely,  if  this  condition  be  satisfied,  ^  and  *S"2  are  isotropic 
developables.  Hence  an  isotropic  congruence  is  one  whose  devel- 
opables are  represented  on  the  sphere  by  minimal  lines. 
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In  consequence  of  (61)  we  have,  from  (52), 

<?  =  <7  =  0, 
and  since  f+f  also  is  zero,  it  follows  that 

(62)  dx  dX+  dy  dY+  dz  dZ=  0. 

Therefore  r  is  zero,  so  that  all  the  lines  of  striction  lie  on  the 
middle  surface.  Since  (61)  is  a  consequence  of  (62),  we  have 
the  following  theorem  of  Ribaucour,*  which  is  sometimes  taken 
for  the  definition  of  isotropic  congruences: 

All  the  lines  of  gtriction  of  an  isotropic  congruence  lie  on  the  mid- 
dle surface  ;  and,  conversely,  when  all  the  lines  of  striction  lie  on  the 
middle  surface,  the  congruence  i*  isotropic  ;  moreover,  the  middle  sur- 
face corresponds  to  the  spherical  representation  with  orthogonality  of 
linear  elements. 

Ribaucour  has  established  also  the  following  theorem  :  f 

The  middle  envelope  of  an  isotropic  congruence  is  a  minimal  surf  ace. 

Since  the  minimal  lines  on  the  sphere  are  parametric,  in  order 
to  prove  this  theorem  it  is  only  necessary  to  show  that  on  the 
middle  envelope,  that  is,  the  envelope  of  the  middle  planes, 
the  corresponding  lines  form  a  conjugate  system.  If  W  denotes 
the  distance  of  the  middle  plane  from  the  origin,  the  condition 
necessary  and  sufficient  that  the  parametric  lines  be  conjugate 
is  that  W  satisfy  the  equation 

(63)  J?L  +  £0=0. 

cudv 

By  definition 


and  with  the  aid  of  (V,  22)  we  find 


=  --  h  P=f  —  n  =A 


dudv     ducv 

Since  equation   (53)   reduces  to       ^  +  />d/  =  0,  the  function  W 
satisfies  (63). 

*  Etude  des  Elassoides  on  Surfaces  a  Coarbure  Moyenne  Nulle,  J/em<rire»  Couronnes 
par  I'  Academic  de  Belyique,  Vol.  XLIV  (1881),  p.  63.  t  Z.c.,  p.  31. 
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170.  Congruences  of  Guichard.  Guichard*  proposed  and  solved 
the  problem : 

To  determine  the  congruences  whose  focal  surfaces  are  met  by  the 
developables  in  the  lines  of  curvature. 

With  Bianchi  we  call  them  congruences  of  Guichard. 

We  remark  that  a  necessary  and  sufficient  condition  that  a  con- 
gruence be  of  this  kind  is  that  F^  and  F2  of  §  168  be  zero.  From 
(56)  and  (57)  it  is  seen  that  this  is  equivalent  to 

(64) 

Comparing  this  result  with  §  78,  we  have  the  theorem: 

A  necessary  and  sufficient  condition  that  the  developables  of  a  con- 
gruence meet  the  focal  surfaces  in  their  lines  of  curvature  is  that  the 
congruence  be  represented  on  the  sphere  by  curves  representing  also 
the  asymptotic  lines  on  a  pseudo spherical  surface. 

In  this  case  the  parameters  can  be  so  chosen  thatf 

(^"=^  =  1,  $  =  —  COS  ft), 

where  CD  is  a  solution  of 

=  sin  ft). 

dudv 

In  this  case  equation  (53)  is 

(65)  ^L  =  f,Cosft). 


In  particular,  this  equation  is  satisfied  by  X,  F,  Z  (V,  22).    If  we 
replace  p  by  X  in  (54),  we  have 

r-°-     r=0; 

ou  ov 

consequently,  for  the  congruence  determined  by  this  value  of  /o, 
the  middle  surface  is  a  plane. 

From  (55)  it  follows  that  the  lines  of  the  congruence  are  tangent 
to  the  lines  of  curvature  v  =  const,  on  Sr    Consequently  they  are 

*  L.c.,  p.  346.  t  This  is  the  only  real  solution  of  (64). 
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parallel  to  the  normals  to  one  of  the  sheets  of  the  evolute  of  Sl 
(cf.  §  74) ;  call  it  2r  Hence  the  conjugate  system  on  Et  corre- 
sponding to  the  lines  of  curvature  on  Sl  is  represented  on  the 
sphere  by  the  same  lines  as  the  developables  of  the  congruence. 
Referring  to  (VI,  38),  we  see  that  condition  (64)  is  equivalent  to 


where  the  Christoffel  symbols  are  formed  with  respect  to  the  linear 
element  of  2r  But  these  are  the  conditions  that  the  parametric 
curves  on  2X  be  geodesies  (cf.  §  85).  Surfaces  with  a  conjugate 
system  of  geodesies  were  studied  by  Voss,  *  and  on  this  account 
are  called  surfaces  of  Voss.  Since  the  converse  of  the  above  results 
is  true,  we  have  the  following  theorem  of  Guichard : 

A  necessary  and  sufficient  condition  that  the  tangents  to  the  lines 
of  curvature  in  one  family  of  a  surface  form  a  congruence  of 
Guichard  is  that  one  sheet  of  the  evolute  of  the  surface  be  a  sur- 
face of  Voss,  and  that  the  tangents  constituting  the  congruence  be 
those  which  are  parallel  to  the  normals  to  the  latter. 

If  Wl  denotes  the  distance  from  the  origin  to  the  tangent  plane 
to  the  surface  of  Voss  21?  then  Wl  is  a  solution  of  equation  (65) 
(cf.  §  84).  Hence  Wl  +  xp  is  a  solution  of  this  equation,  provided  K 
be  a  constant.  But  since  the  tangent  plane  to  2t  passes  through 
the  corresponding  point  of  Sr  the  above  result  shows  that  a  plane 
normal  to  the  lines  of  the  congruence,  and  which  divides  in  con- 
stant ratio  the  segment  between  the  focal  points,  envelopes  a  sur- 
face of  Voss.  In  particular,  we  have  the  corollary : 

The  middle  envelope  of  a  congruence  ofGruichardis  a  surface  of  Voss. 

171.  Pseudospherical  congruences.  The  lines  joining  correspond- 
ing points  on  a  pseudospherical  surface  S  and  on  one  of  its  Backlund 
transforms  St  (cf.  §  120)  constitute  an  interesting  congruence.  We 
recall  that  the  distance  between  corresponding  points  is  constant, 
and  that  the  tangent  planes  to  the  two  surfaces  at  these  points 
meet  under  constant  angle.  From  (32)  it  follows  that  the  distance 
between  the  limit  points  also  is  constant. 

*Munchener  Berichte,  Vol.  XVIII  (1888),  pp.  (15-102. 
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Conversely,  when  the  angle  between  the  focal  planes  of  a  con- 
gruence is  constant,  and  consequently  also  the  angle  6  between 
the  parametric  lines  on  the  sphere  representing  the  developables, 
we  have,  from  (V,  4), 

IfllV     lfl2V  1/12V     1/22V     n 

*l2/  +  ?lir!0'     n2/  +  ?ll}° 

Furthermore,  if  the  distance  between  the  focal  points  is  constant,  we 
have  p  =  a,  and  by  (60)  sin2  Q 


Hence  the  two  focal  surfaces  have  the  same  constant  curvature. 
Congruences  of  this  kind  were  first  studied  by  Bianchi.  *  He 
called  them  pseudospherical  congruences. 

In  order  that  the  two  focal  surfaces  of  the  congruence  be  Back- 
lund  transforms  of  one  another,  it  is  necessary  that  their  lines  of 
curvature  correspond.  It  is  readily  found  that  for  both  surfaces 
the  equation  of  these  lines  is  reducible  by  means  of  (66)  to 


Moreover,  the  differential  equation  of  the  asymptotic  lines  on  each 
surface  is  (odu2  —  ^/dv2  =  0.    Hence  we  have  the  theorems: 

On  the  focal  surfaces  of  a  pseudospherical  congruence  the  lines  of 
curvature  correspond,  and  likewise  the  asymptotic  lines. 

The  focal  surfaces  of  a  pseudospherical  congruence  are  Backlund 
transforms  of  one  another. 

EXAMPLES 

1.  When  the  parameters  of  a  congruence  are  any  whatsoever,  and  likewise  the 
surface  of  reference,  a  condition  necessary  and  sufficient  that  a  congruence  be 
isotropic  is  e   _/  +  /'_  g 

~£~    2&    ~~j' 

2.  A  necessary  and  sufficient  condition  that  a  congruence  be  isotropic  is  that 
the  locus  of  two  points  on  each  line  at  an  equal  constant  distance  from  the  middle 
surface  shall  describe  applicable  surfaces. 

3.  Show  that  equation  (65)  admits  —  and  —  as  solutions.  Prove  that  in  each 

du          dv 
case  one  of  the  focal  surfaces  is  a  sphere. 

*Annali,  Ser.  2,  Vol.  XV  (1887),  pp.  161-172;  also  Lezioni,  Vol.  I,  pp.  323,  324. 
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4.  Determine  all  the  congruences  of  Guichard  for  which  one  of  the  focal  surfaces 
is  a  sphere. 

5.  When  a  surface  is  referred  to  its  lines  of  curvature,  a  necessary  and  suffi- 
cient condition  that  the  tangents  to  the  curves  v  =  const,  shall  form  a  congruence 
of  Guichard  is  s  /  I     ~VG\ 

*       I         / -  * 

c "  \VE     cu    ) 

6.  Determine  the  surfaces  which  are  such  that  the  tangents  to  the  lines  of 
curvature  in  each  system  form  a  congruence  of  Guichard. 

172.  JT-congmences.  We  have  just  seen  that  the  asymptotic  lines 
on  the  focal  surfaces  of  a  pseudospherical  congruence  correspond ; 
the  same  is  true  in  the  case  of  the  congruences  of  normals  to  a 
IT -surface  (cf.  §  124).  For  this  reason  all  congruences  possessing 
this  property  are  called  W-congruences.  We  shall  derive  other  prop- 
erties of  these  congruences. 

The  condition  that  asymptotic  lines  correspond,  namely 


takes  the  following  form  in  consequence  of  (58)  and  (59): 


Hence  from  (60)  it  follows  that  a  necessary  and  sufficient  condition 
for  a  ir-congruence  is 


In  order  to  obtain  an  idea  of  the  analytical  problem  involved  in 
the  determination  of  TT-congruences,  we  suppose  that  we  have  two 
surfaces  S,  8  referred  to  their  asymptotic  lines,  and  inquire  under 
what  conditions  the  lines  joining  corresponding  points  on  the  surfaces 
are  tangent  to  them.  We  assume  that  the  coordinates  of  the  surfaces 
are  defined  *  by  means  of  the  Lelieuvre  formulas  (cf.  §  79),  thus  : 


(68) 


Sx 
du 

Zx_ 
du 


cu     du 


dx 


dv     dv 


*Cf.  Guichard,  Comptes  Rendus,  Vol.  CX  (1890),  pp.  126-127. 
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and  similar  equations  in  y,  z,  y,  and  z.    The  functions  vv  i>2,  v3 ; 
VP  i>2,  I>8  respectively  are  solutions  of  equations  of  the  form 

(69) 

v     ; 


du  dv  du  dv 

and  they  are  such  that 

(70)  vl  +  v*  +  vl  =  a,          vl  +  v$  -f-  v*  =  a, 

where  a  and  a  are  defined  by 

/71\  js~  — jr 

a2'  a2' 

Since  v^  v^  v3  and  v^  v2,  v3  are  proportional  to  the  direction- 
cosines  of  the  normals  to  £  and  £,  the  condition  that  the  lines 
joining  corresponding  points  be  tangent  to  the  surfaces  $  and 
S  is 


Hence 

X  —  X  ^U  —  1J  Z  —  Z 


where  m  denotes  a  factor  of  proportionality.  In  order  to  find  its 
value,  we  notice  that  from  these  equations  follow  the  relations 

(2  p}*=  2(5 -  x)*=  ^Sfe-  "a"/ 

=  mi!L  [aa  —  (Si/^)2]  =  m2««  sin2 ^, 

where  ^  denotes  the  angle  between  the  focal  planes.  If  this  value 
of  2  p  and  the  values  of  K  and  K  from  (71)  be  substituted  in  (67), 
it  is  found  that  m4  =  l.  We  take  w=l,  thus  fixing  the  signs  of 
v^  v2,  i/3,  and  the  above  equations  become 

(72)     x  -  x  =  v2vs- vsv2,     */-#  =  *y1-'VV    t-*  =  vj>i—vjr 

If  the  first  of  these  equations  be  differentiated  with  respect  to  M, 
the  result  is  reducible  by  (68)  to 
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Proceeding  in  like  manner  with  the  others,  and  also  differentiating 
with  respect  to  v,  we  are  brought  to 


(73) 


-(",-+ *,•)  =  *  (",-",)> 
cu 


where  I  and  k  are  factors  of  proportionality  to  be  determined. 

If  the  first  of  these  equations  be  differentiated  with  respect  to  r, 
and  in  the  reduction  we  make  use  of  the  second  and  of  (69),  we  find 


CV 


In  like  manner,  if  the  second  of  the  above  equations  be  differen- 
tiated with  respect  to  u.  we  obtain 


cu 


cv 


Since  these  equations  are  true  for  t=l,  2,  3,  the  quantities  in 
parentheses  must  be  zero.     This  gives 

-      ck      j.  ck      j,  21      ck 

\  =  --  (-  Art,          X  =  ---  h  A-Z,  —  =  — 

dv  dt  cu      dv 


In  accordance  with  the  last  we  put 

,        c  ,       1 
k  =  —  loer-r, 
cu     g6>t 

and  the  others  become 


8  ,       1 
t  =  —  log  — 
B 


l  cncv 


Hence  equations  (69)  may  be  written 


=  6. 


from  which  it  follows  that  0l  is  a  solution  of  the  first  of  equa- 
tions (69)  and  l/^  of  the  second.  Moreover,  equations  (73)  may 
now  be  written  in  the  form 


(74) 
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Hence  if  0l  be  a  known  solution  of  the  first  of  equations  (69),  we 
obtain  by  quadratures  three  functions  j>,,  which  lead  by  the  quadra- 
tures (68)  to  a  surface  S.  The  latter  is  referred  to  its  asymptotic 
lines  and  the  joins  of  corresponding  points  on  S  and  8  are  tangent 
to  the  latter.  And  so  we  have : 

If  a  surface  S  be  referred  to  its  asymptotic  lines,  and  the  equations 
of  the  surface  be  in  the  Lelieuvre  form,  each  solution  of  the  corre- 
sponding equation  ffQ 

—  =•  \6 
dudv 

determines  a  surface  S,  found  by  quadratures,  such  that  S  and  S  are 
the  focal  surfaces  of  a  W-congruence. 

Comparing  (74)  with  (XI,  13),  we  see  that  if  we  put 

xi=e?v         3/1=^         zi=0i^ 

the  locus  of  the  point  (x^  y^  zj  corresponds  to  S  with  orthogo- 
nality of  linear  elements.  Hence  vv  v2,  vs  are  proportional  to  the 
direction-cosines  of  the  generatrices  of  an  infinitesimal  deformation 
of  S,  so  that  we  have : 

Each  focal  surface  of  a  W-congruence  admits  of  an  infinitesimal 
deformation  whose  generatrices  are  parallel  to  the  normals  to  the 
other  focal  surface. 

Since  the  steps  in  the  preceding  argument  are  reversible,  we 
have  the  theorem : 

The  tangents  to  a  surface  which  are  perpendicular  to  the  genera- 
trices of  an  infinitesimal  deformation  of  the  latter  constitute  a  W- 
congruence  of  the  most  general  kind ;  and  the  normals  to  the  other 
surface  are  parallel  to  the  generatrices  of  the  deformation. 

173.  Congruences  of  Ribaucour.  In  his  study  of  surfaces  corre- 
sponding with  orthogonality  of  linear  elements  Ribaucour  consid- 
ered the  congruence  formed  by  the  lines  through  points  on  one 
surface  parallel  to  the  normals  to  a  surface  corresponding  with  the 
former  in  this  manner.  Bianchi  *  calls  such  a  congruence  a  con- 
gruence of  Ribaucour,  and  the  second  surface  the  director  surface. 

In  order  to  ascertain  the  properties  of  such  a  congruence,  we 
recall  the  results  of  §  153.  Let  Sv  be  taken  for  the  surface  of 

*  Vol.  II,  p.  17. 
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reference,  and  draw  lines  parallel  to  the  normals  to  S.    If  the  latter 
be  referred  to  its  asymptotic  lines,  it  follows  from  (XI,  6)  that 


== 

~ 


u  cu  HK  >  cv  cu        HK 

,,  =  yo  &£$  =^8xl9X  =  Df^4> 

J      **  du  dv         ~  HK  '         9     ^  cv   cv        HK' 

Since  these  values  satisfy  the  conditions 

fg-  e^=  0,         gj  -f£=  0, 

the  ruled  surfaces  u  =  const.,  v  =  const,  are  the  developables.  And 
since  also  pl+  p3  is  equal  to  zero,  Sl  is  the  middle  surface  of  the 
congruence.  But  the  parametric  curves  on  St  form  a  conjugate 
system  when  the  asymptotic  lines  on  S  are  parametric.  Hence  we 
have  the  theorem  : 

The  developable  surfaces  of  a  congruence  of  Ribaucour  cut  the 
middle  surface  in  a  conjugate  system. 

Guichard  *  proved  that  this  property  is  characteristic  of  congru- 
ences of  Ribaucour.  In  order  to  obtain  this  result,  we  differentiate 
the  first  of  equations  (54)  with  respect  to  v,  and  in  the  reduction 
make  use  of  the  fact  that  A'  and  p  satisfy  equations  (V,  22  )  and 
(53)  respectively.  This  gives 


ciicv      \    dv          I  1  J  /  cu      \    cu 


,  , 

\IJ9*          cu         l2Jdv 


From  this  and  similar  equations  in  yv  and  zt  it  follows  that  a 
necessary  and  sufficient  condition  that  the  parametric  curves  form 
a  conjugate  system  is      -   fl^V     c  fl2V 
cu  I  1  j      cv  L  2  J 

When  this  condition  is  satisfied  by  a  system  of  curves  on  the 
sphere,  they  represent  the  asymptotic  lines  on  a  unique  surface  S, 
whose  coordinates  are  given  by  the  quadratures  (VI,  14) 


*Annales  L'Ecole  Normale,  Ser.  3,  Vol.  VI  (1889),  pp.  344,  345. 
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and  similar  expressions  for  y  and  z.    Combining  these  equations 
with  (54),  we  find  that 

^  dx  _  „  ^-\  dx1  dx     ^  dxl  dx  _  ,.  ^  Sxl  dx  ^_  _ 

'  '~  -     -     = 


Hence  S  and  Sl  correspond  with  orthogonality  of  linear  elements, 
and  the  normals  to  the  former  are  parallel  to  the  lines  of  the  con- 
gruence. Hence  : 

A  necessary  and  sufficient  condition  that  the  developable*  of  a 
congruence  cut  the  middle  surface  in  a  conjugate  system  is  that  their 
representation  be  that  also  of  the  asymptotic  lines  of  a  surface,  in  which 
case  the  latter  and  the  middle  surface  correspond  with  orthogonality 
of  linear  elements. 

EXAMPLES 

1.  When  the  coordinates  of  the  unit  sphere  are  in  the  form  (III,  35),  the  para- 
metric curves  are  asymptotic  lines.    Find  the  W-congruences  for  which  the  sphere 
is  one  of  the  focal  sheets. 

2.  Let  vi  =f;(u)  +  0;(0),  where  /,-  and  <j>i  are  functions  of  u  and  v  respectively, 
and  i  =  1,  2,  3,  be  three  solutions  of  the  first  of  equations  (69),  in  which  case  X  =  0, 
and  let  #1  in  (74)  be  unity.    Show  that  for  the  corresponding  TF-congruence  the  mid- 
dle surface  is  a  surface  of  translation  with  the  generatrices  u  =  const.,  v  =  const., 
that  the  f  unctions  /;  and  0,-  are  proportional  to  the  direction-cosines  of  the  binor- 
mals  to  these  generatrices,  and  that  the  intersections  of  the  osculating  planes  of 
these  generatrices  are  the  lines  of  the  congruence. 

3.  Show  that  isotropic  congruences  and  congruences  of  Guichard  are  congru- 
ences of  Ribaucour. 

4.  A  necessary  and  sufficient  condition  that  a  congruence  of  Ribaucour  be  nor- 
mal is  that  the  spherical  representation  of  its  developables  be  isothermic. 

5.  The  normals  to  quadrics  and  to  the  cy  elides  of  Dupin  constitute  congruences 
of  Ribaucour. 

6.  When  the  middle  surface  of  a  congruence  is  plane,  the  congruence  is  of  the 
Ribaucour  type. 

7.  Show  that  the  congruence  of  Ribaucour,  whose  director  surface  is  a  skew 
helicoid,  is  a  normal  congruence,  and  that  the  normal  surfaces  are  molding  surfaces. 

8.  Show  that  a  necessary  and  sufficient  condition  that  a  congruence  of  Ribaucour 
be  normal  is  that  the  director  surface  be  minimal. 

GENERAL  EXAMPLES 

1.  Through  each  line  of  a  congruence  there  pass  two  ruled  surfaces  of  the  con- 
gruence whose  lines  of  striction  lie  on  the  middle  surface  ;  their  equation  is 

edu*  +  (f  +  f')dudv  +  gdv\ 


they  are  called  the  mean  ruled  surfaces  of  the  congruence. 
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2.  Show  that  the  mean  ruled  surfaces  of  a  congruence  are  represented  on  the 
sphere  by  an  orthogonal  system  of  real  lines,  and  that  their  central  planes  (§  105) 
bisect  the  angles  between  the  focal  planes.    Let  u  =  const.  ,  »  =  const,  be  the  mean 
ruled  surfaces  and  develop  a  theory  analogous  to  that  iu  §  167. 

3.  If  the  two  focal  surfaces  of  a  congruence  intersect,  the  intersection  is  the 
envelope  of  the  edges  of  regression  of  the  two  families  of  developable  surfaces  of 
the  congruence. 

4.  If  a  congruence  consists  of  the  lines  joining  points  on  two  twisted  curves,  the 
focal  planes  for  a  line  of  the  congruence  are  determined  by  the  line  and  the  tangent 
to  each  curve  at  the  point  where  the  curve  is  met  by  the  line. 

5.  In  order  that  the  lines  which  join  the  centers  of  geodesic  curvature  of  the 
curves  of  an  orthogonal  system  on  a  surface  shall  form  a  normal  congruence,  it  is 
necessary  and  sufficient  that  the  corresponding  radii  of  geodesic  curvature  be  func- 
tions of  one  another,  or  that  the  curves  in  one  family  have  constant  geodesic  curvature. 

6.  Let  S  be  a  surface  whose  lines  of  curvature  in  one  system  are  circles;  let  C 
denote  the  vertex  of  the  cone  circumscribing  S  along  a  circle,  and  L  the  corre- 
sponding generator  of  the  envelope  of  the  planes  of  the  circles  ;  a  necessary  and 
sufficient  condition  that  the  lines  through  the  points  C  and  the  corresponding  lines  L 
form  a  normal  congruence  is  that  the  distance  from  C  to  the  points  of  the  correspond- 
ing circle  shall  be  the  same  for  every  circle  ;  if  this  distance  be  denoted  by  a,  the 
radius  of  the  sphere  is  given  by   ^2  _  _g/2/  jp  ,  as\ 

where  the  accent  indicates  differentiation  with  respect  to  the  arc  of  the  curve  of 
centers  of  the  spheres. 

7.  Let  S  be  a  surface  referred  to  its  lines  of  curvature,  d  and  C%  the  centers 
of  principal  normal  curvature  at  a  point,  GI  and  G2  the  centers  of  geodesic  curva- 
ture of  the  lines  of  curvature  at  this  point  ;  a  necessary  and  sufficient  condition 
that  the  line  joining  Cj  and  GI  form  a  normal  congruence  is  that  p2  be  a  function 
of  Pffu,  or  that  one  of  these  radii  be  a  constant. 

8.  Let  S  be  a  surface  of  the  kind  defined  in  Ex.  6;  the  cone  formed  by  the 
normals  to  the  surface  at  points  of  a  circle  A  is  tangent  to  the  second  sheet  of  the 
evolute  of  S  in  a  conic  T  (cf.  §  132).   Show  that  the  lines  through  points  of  T  and 
the  vertex  C  of  the  cone  which  circumscribes  S  along  A  generate  a  normal  con- 
gruence, and  that  C  lies  in  the  plane  of  r. 

9.  Given  an  isothermal  orthogonal  system  on  the  sphere  for  which  the  linear 
elementis  *r»  =  X  ((*«*+*>•); 

on  each  tangent  to  a  curve  r  =  const,  lay  off  the  segment  of  length  X  measured  from 
the  point  of  contact,  and  through  the  extremity  of  the  segment  draw  a  line  parallel  to 
the  radius  of  the  sphere  at  the  point  of  contact  .  Show  that  this  congruence  is  isotropic. 

10.  When  a  congruence  is  isotropic  and  its  direction-cosines  are  of  the  form 
(III,  35),  equation  (53)  reduces  to 


CUCD  (1  +  UC)2 

Show  that  the  general  integral  is 


where  /  and  <f>  are  arbitrary  functions  of  u  and  t  respectively.   Find  the  equations 
of  the  middle  surface. 
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11.  Show  that  the  intersections  of  the  planes 

(1  -  w2)  x  +  i  (I  +  w2)  y  +  2  uz  +  4f(u)  -  0, 
(1-  t>2)x-  i(\  +  vz)y  +  2vz  +40(0)=  0 

constitute  an  isotropic  congruence,  for  which  these  are  the  focal  planes  ;  that  the 
locus  of  the  mid-points  of  the  lines  joining  points  on  the  edges  of  regression  of  the 
developables  enveloped  by  these  planes  is  the  minimal  surface  which  is  the  middle 
envelope  of  the  congruence,  by  finding  the  coordinates  of  the  point  in  which  the 
tangent  plane  to  this  surface  meets  the  intersection  of  the  above  planes. 

12.  Show  that  the  middle  surface  of  an  isotropic  congruence  is  the  most  general 
surface  which  corresponds  to  a  sphere  with  orthogonality  of  linear  elements,  and 
that  the  corresponding  associate  surface  in  the  infinitesimal  deformation  of  the 
sphere  is  the  minimal  surface  adjoint  to  the  middle  envelope. 

13.  Find  the  surface  associate  to  the  middle  surface  of  an  isotropic  congruence 
when  the  surface  corresponding  to  the  latter  with  orthogonality  of  linear  elements 
is  a  sphere,  and  show  that  it  is  the  polar  reciprocal,  with  respect  to  the  imaginary 
sphere  »2  +  j/2  +  z2  +  1  =  0,  of  the  minimal  surface  adjoint  to  the  middle  envelope 
of  the  congruence. 

14.  The  lines  of  intersection  of  the  osculating  planes  of  the  generatrices  of  a 
surface  of  translation  constitute  a  TF-congruence  of  which  the  given  surface  is  the 
middle  surface  ;  if  the  generatrices  be  curves  of  constant  torsion,  equal  but  of 
opposite  sign,  the  congruence  is  normal  to  a  W-surface  of  the  type  (VIII,  72). 

15.  If  the  points  of  a  surface  S  be  projected  orthogonally  upon  any  plane  A, 
and  if,  after  the  latter  has  been  rotated  about  any  line  normal  to  it  through  a 
right  angle,  lines  be  drawn  through  points  of  A  parallel  to  the  corresponding  nor- 
mals to  S,  these  lines  form  a  congruence  of  Ribaucour. 

16.  A  necessary  and  sufficient  condition  that  the  tangents  to  the  curves  v  =  const. 
on  a  surface,  whose  point  equation  is  (VI,  26),  shall  form  a  congruence  of  Ribaucour  is 


_ 
du      dv        du  dv 

17.  Show  that  the  tangents  to  each  system  of  parametric  curves  on  a  surface 
form  congruences  of  Ribaucour  when  the  point  equation  is 


du  dv  du  dv 

where  Ui  and  FI  are  functions  of  u  and  v  respectively,  and  the  accents  indicate 
differentiation. 

1 8.  Show  that  if  the  parametric  curves  on  a  surface  8  form  a  conjugate  system, 
and  the  tangents  to  the  curves  of  each  family  form  a  congruence  of  Ribaucour,  the 
same  is  true  of  the  surfaces  Si  and  S_i,  which  together  with  8  constitute  the  focal 
surfaces  of  the  two  congruences. 

19.  Show  that  the  parameter  of  distribution  p  of  the  ruled  surface  of  a  con- 
gruence, determined  by  a  value  of  d»/du,  is  given  by 

&du  +  c?dw,    c^du  -f  &dv 
edu  +  /dw,      f'du  +  gdv 
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20.  Show  that  the  mean  ruled  surfaces  (cf.  Ex.  1)  of  a  congruence  are  char- 
acterized by  the  property  .that  for  these  surfaces  the  parameter  of  distribution 
has  the  maximum  and  minimum  values. 

21.  If  5  and  S0  are  two  associate  surfaces,  and  through  each  point  of  one  a  line 
be  drawn  parallel  to  the  corresponding  radius  vector  of  the  other,  the  developables  of 
the  congruence  thus  formed  correspond  to  the  common  conjugate  system  of  S  and  SQ, 

22.  In  order  that  two  surfaces  S  and  S0  corresponding  with  parallelism  of 
tangent  planes  be  associate  surfaces,  it  is  necessary  and  sufficient  that  for  the 
congruence  formed  by  the  joins  of  corresponding  points  M  and  M0  of  these  sur- 
faces the  developables  cut  S  and  So  in  their  common  conjugate  system,  and  that 
the  focal  points  M  and  M0  form  a  harmonic  range. 

23.  In  order  that  a  surface  S  be  isothermic,  it  is  necessary  and  sufficient  that 
there  exist  a  congruence  of  Ribaucour  of  which  S  is  the  middle  surface,  such  that 
the  developables  cut  S  in  its  lines  of  curvature. 


CHAPTER  XIII 

CYCLIC  SYSTEMS 

174.  General  equations  of  cyclic  systems.  The  term  congruence 
is  not  restricted  to  two-parameter  systems  of  straight  lines,  but  is 
applied  to  two-parameter  systems  of  any  kind  of  curves.  Darboux  * 
has  made  a  study  of  these  general  congruences  and  Ribaucourf  has 
considered  congruences  of  plane  curves.  Of  particular  interest  is 
the  case  where  these  curves  are  circles.  Ribaucour  has  given  the 
name  cyclic  systems  to  congruences  of  circles  which  admit  of  a  one- 
parameter  family  of  orthogonal  surfaces.  This  chapter  is  devoted 
to  a  study  of  cyclic  systems. 

We  begin  with  the  general  case  where  the  planes  of  the  circles 
envelop  a  nondevelopable  surface  S.  We  associate  with  the  latter 
a  moving  trihedral  (§  68),  and  for  the  present  assume  that  the 
parametric  curves  on  the  surface  are  any  whatever. 

As  the  circles  lie  in  the  tangent  planes  to  S,  the  coordinates 
of  a  point  on  one  of  them  with  respect  to  the  corresponding 
trihedral  are  of  the  form 

(1)  a  +  It  cos  0,     b+fisin0,     0, 

where  a,  b  are  the  coordinates  of  the  center,  R  the  radius,  and  6 
the  angle  which  the  latter  to  a  given  point  makes  with  the  moving 
a>axis. 

In  §  69  we  found  the  following  expressions  for  the  projections 
of  a  displacement  of  a  point  with  respect  to  the  moving  axes : 

'  dx  +  f  du  +  ^dv  +  (qdu  +  q^v)  z  —  (rdu-\-  r^dv)  y, 
dy  +  77  du  +  t]^dv  +  (rdu  +  r^dv)  x  —  (pdu  +  ptdv)  z, 
dz  +(p  du  +pldv)y  —  (qdu+  q^dv]  x, 

*Vol.  II,  pp.  1-10;  also  Eisenhart,  Congruences  of  Curves,  Transactions  of  the  Amer. 
Math.  Soc.,  Vol.  IV  (1903),  pp.  470-488. 

t  Memoire  sur  la  theorie  generate  des  surfaces  courbes,  Journal  des  Mathtmatiques, 
Ser.  4,  Vol.  VII  (1891),  §  117  et.  seq. 
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where  the  translations  £,  f  j,  17,  rjl  and  the  rotations  />,  #,  r ;  pr  q^  rv 
satisfy  the  conditions 


(3) 


cu 


3q       So. 

_i  __     *i  —  7-rj  _ 

—  rf\ 
dv       cu 


crj      crj. 

_  -  --  —  —  £  r  — 
i'       -  5  1' 

•*-•*.. 


GV         CU 


When    the    values    (1)   are   substituted   in   (2)   the   latter   are 
reducible  to 


(4) 


A  du  +  A^dv  -f  cos  0  dR  —  (dO  +  r  du  +  r^v)  R  sin  0, 
B  du  +  Bfo  +  sin  0dR  +  (d0+r  du  +  r^dv)  R  cos  0, 
(p  du  +  Pjdv)  (b  +  R  sin  0)  —  (qdu  +  qvdv)  (a+R  cos  0), 

where  we  have  put,  for  the  sake  of  brevity, 

^a  fc  A  7?  ^ 

cu  cu 


The  conditions  that 


2u\cv/      cv\cu 
are  reducible,  by  means  of  (3),  to 


(6) 


dv       du 
dB      cBl  _ 
dv       du 


rAl+a(pq1-plq). 


The  direction-cosines  of  the  tangent  to  the  given  circle  at  the 
point  (1)  are 

(7)  —  sin0,     cosfl,     0. 

Hence  the  condition  that  the  locus  of  the  point,  as  ?*  and  v  vary, 
be  orthogonal  to  the  circle  is  that  the  sum  of  the  expressions  (4) 
multiplied  respectively  by  the  quantities  (7)  be  zero.  This  gives 

(8)  Rd0+(Bcos0-As'm0+Rr)du 
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In  order  that  the  system  of  circles  be  normal  to  a  family  of  sur- 
faces this  equation  must  admit  of  a  solution  involving  a  parameter. 
Since  it  is  of  the  form 

(9)  Rd6+  Udu  +  Vdv  =  0, 

the  condition  that  such  an  integral  exist  is  that  the  equation 


dV 


dR      cU 

-     = 


be    satisfied    identically.*     For    equation    (8)    this    condition   is 
reducible  to 


(11) 


In  order  that  this  equation  be  satisfied  identically,  the  expressions 
in  the  brackets  must  be  zero.  If  they  are  not  zero,  it  is  possible 
that  the  two  solutions  of  this  equation  will  satisfy  (8),  and  thus 
determine  two  surfaces  orthogonal  to  the  congruence  of  circles. 
Hence  we  have  the  theorem  of  Ribaucour: 

If  the  circles  of  a  congruence  are  normal  to  more  than  two  surfaces, 
they  form  a  cyclic  system. 

The   equations   of   condition   that   the    system   be    cyclic    are 
consequently 


(12) 


cv 


du 


The  total  curvature  of  S  is  given  by  (cf.  §  70) 


•Murray,  Differential  Equations,  p.  137.   New  York,  1897;  also  Forsyth,  Differential 
Equations,  p.  257.   London,  1888. 
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From  this  and  (5)  it  is  seen  that  equations  (12)  involve  only 
functions  relating  to  the  linear  element  of  S  and  to  the  circle. 
Hence  we  have  the  theorem  of  Ribaucour: 

If  the  envelope  of  the  planes  of  the  circles  of  a  cyclic  system  be 
deformed  in  any  manner  without  disturbing  the  size  or  position  of 
the  circles  relative  to  the  point  of  contact,  the  congruence  of  circles 
continues  to  form  a  cyclic  system. 

Furthermore,  if  we  put  Q 

t  =  tan  - » 

m 

equation  (8)  assumes  the  Riccati  form, 

dt  +  (af  +ajt  +  a,)  du  +  (ft/  +  bj  +  ft,)  dv  =  0, 

where  the  a's  and  ft's  are  functions  of  u  and  v.  Recalling  a  funda- 
mental property  of  such  equations  (§  14),  we  have  : 

Any  four  orthogonal  surfaces  of  a  cyclic  system  meet  the  circles  in 
four  points  whose  cross-ratio  is  constant. 

Since  by  hypothesis  S  is  nondevelopable,  equations  (12)  may 
be  replaced  by 

7? 
du 

(13) 


By  (5)  the  first  two  of  these  equations  are  reducible  to 

(14) 

The  condition  of  integrability  of  these  equations  is 
da  .       2b  ... 


Instead  of  considering  this  equation,  we  introduce  a  function 
by  the  equation 

(16)  2<£  =  JK2-a2-62, 
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and  determine  the  condition  which  <£  must  satisfy.    We  take  for 
a  and  b  the  expressions  obtained  by  solving  (14)  ;  that  is 
d<b         dd>  t.  d<b      -.  8<b 

•n    —  —  —  fj  —  _  —  £     —  '—  -L.   £  —  _ 

,.,_.  I8u         dv  *l8u      5  dv 

(17)  a  =  ~B  -  1  -  '       b  =  —  t  -  1  -- 

f7?!-?!7?  ?*7l—  fl*? 

Now  the  equation  (15)  vanishes  identically,  and  the  only  other 
condition  to  be  satisfied  is  the  last  of  (13);  this,  by  the  substi- 
tution of  these  values  of  a,  5,  R,  becomes  a  partial  differential 
equation  in  </>  of  the  form 


_ 

du*  dv*      \du2vj         cu2         dudv          dv2 

where  J,  L,  M,  N  denote  functions  of  </>,  £,  •  •  •  r^  and  their  deriva- 
tives of  the  first  order.  Conversely,  each  solution  of  this  equation 
gives  a  cyclic  system  whose  circles  lie  in  the  tangent  planes  to  S. 

EXAMPLES 

1.  Let  S  be  a  surface  of  revolution  denned  by  (III,  99),  and  let  Tbe  the  trihedral 
whose  x-axis  is  tangent  to  the  curve  v  —  const.  Determine  the  condition  which  the 
function  ^  («)  must  satisfy  in  order  that  the  quantities  a,  6  in  (1)  may  have  the  values 


Vl  4-  tf>'2(u)  w 

and  determine  also  the  expression  for  R. 

2.  A  necessary  and  sufficient  condition  that  all  the  circles  of  a  cyclic  system 
whose  planes  envelop  a  nondevelopable  surface  shall  have  the  same  radius,  is  that 
the  planes  of  the  circles  touch  their  envelope  S  at  the  centers  of  the  circles,  and 
that  S  be  pseudospherical. 

3.  Let  S  be  a  surface  referred  to  an  orthogonal  system  of  lines,  and  let  T  be 
the  trihedral  whose  x-axis  is  tangent  to  the  curve  v  =  const.    With  reference  to  the 
trihedral  the  equations  of  a  curve  in  the  tangent  plane  are  of  the  form 

x  =  p  cos  0,        y  =  p  sin  0,        z  =  0, 

where  in  general  p  is  a  function  of  0,  u,  and  v.  Show  that  the  condition  that  there 
be  a  surface  orthogonal  to  these  curves  is  that  there  exist  a  relation  between  0,  u, 
and  v  which  satisfies  the  equation 

i2~|  /do  80  dp  \ 

\dO  +  I  —  —  +  £  cos  0  —  —  pt  sin  0  +  p2r  I  du 
80J  J  \d8  du  d0  I 

(*.        —  y.  \ 

—  —  +  ill  sin  9  —  +  pin  cos  0  +  p2ri )  dv  =  0. 
d6  dv  de  I 

When  this  condition  is  satisfied  by  a  function  0  which  involves  an  arbitrary  con- 
stant, there  is  an  infinity  of  normal  surfaces.  In  this  case  the  curves  are  said  to 
form  a  normal  congruence. 

4.  When  the  surface  enveloped  by  the  planes  of  the  curves  of  a  normal  con- 
gruence of  plane  curves  is  deformed  in  such  a  way  that  the  curves  remain  invari- 
ably fixed  to  the  surface,  the  congruence  continues  to  be  normal. 
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175.  Cyclic  congruences.  The  axes  of  the  circles  of  a  cyclic  sys- 
tem constitute  a  rectilinear  congruence  which  Bianchi  *  has  called 
a  cyclic  congruence.  In  order  to  derive  the  properties  of  this  con- 
gruence and  further  results  concerning  cyclic  systems,  we  assume 
that  the  parametric  curves  on  S  correspond  to  the  developables  of 
the  congruence. 

The  coordinates  of  the  focal  points  of  a  line  of  the  congruence 
with  reference  to  the  corresponding  trihedral  are  of  the  form 
a,  b,  p^-,  a,  6,  p2.  On  the  hypothesis  that  the  former  are  the 
coordinates  of  the  focal  point  for  the  developable  v  =  const, 
through  the  line,  we  have,  from  (2), 

t-\  f  i 

-  +  |  +qpl  —  rb  =  Q,  -  +  rj  —  ppv  +  ra  =  0. 

Cll  CU 

Proceeding  in  like  manner  with  the  other  point,  we  obtain  a  pair 
of  similar  equations.  All  of  these  equations  may  be  written  in  the 
abbreviated  form 

(19)  A  +  qPl=Ot     B-pPl=0,     J1+<?1/>2=0,     ^-^=0, 

in  consequence  of  (5).  When  these  values  are  substituted  in  the 
last  of  equations  (13),  it  is  found  that 

(20)  *'=-/W 

Hence  the  lines  joining  a  point  on  the  circle  to  the  focal  points  are 
perpendicular.  If  we  put 


thus  indicating  by  2  p  the  distance  between  the  focal  points,  and  by 
&  the  distance  between  the  center  of  the  circle  and  the  mid-point 
of  the  line  of  the  congruence,  we  find  that 

We  replace  this  equation  by  the  two 

(21)  8  =  p  cos  <r,          R  —  p  sin  <r, 
thus  defining  a  function  a-.    Now  we  have 

/9j  = /j(cos  <r -f-1),          p0=p(costr — 1), 
so  that  equations  (19)  may  be  written 

(22)  \A  =  —  qp(cos<r  +  I),         B  =  pp(cos  a-  +  1), 

•Vol.  II,  p.  161. 
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By  means  of  (5)  equation  (15)  can  be  put  in  the  form 


When  the  values  (22)  are  substituted  in  this  equation,  it  becomes 

-  q^)  =  0. 


Since  by  (3)  the  expression  in  the  first  parenthesis  is  zero,  the  same 
is  true  of  the  second,  and  so  we  have 


But  these  are  the  conditions  (V,  67)  that  the  parametric  curves 
on  S  form  a  conjugate  system.  Hence  we  have  the  theorem  of 
Ribaucour  : 

On  the  envelope  of  the  planes  of  the  circles  of  a  cyclic  system  the 
curves  corresponding  to  the  developables  of  the  associated  cyclic  con- 
gruence form  a  conjugate  system. 

176.  Spherical  representation  of  cyclic  congruences.  When  the 
expressions  (22)  are  substituted  in  (6),  we  obtain 

o  o 


a<?  + 

a' 

*[' 

^  ,  tyi 


Since  pql  —  plq  =£  0  unless  $is  developable,  the  preceding  equations 
may  be  replaced  by 

12V 


3 


where  the  Christoffel  symbols  are  formed  with  respect  to 

(24)  (p  du  +Pldv)2+(q  du  +  qidv)2, 

the  linear  element  of  the  spherical  representation  of  S. 
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When  in  like  manner  we  substitute  in  the  first  two  of  equations 
(13),  taking  ^.2=   2sina          2M  — cosM 

we  obtain 

/-i  \  CP       P cos  °"     c  i 

(1  —  cos  o)-*- !  —  cos  a-  =pb  —  oa, 

<ht      1  +  cos  a-  cu 

cp        p  cos  <T     d  ,   , 

(1  +  cos <r)  —  —  -^  —  coso-  =  —  » ,6  +  0  a. 

^v      1—  cos  a-  cv 

From  these  equations  and  (23)  we  find 

—  coso-  =  2(coso-+l)  j       >•, 

CU  ^-  £  J 

f!2V 
cos  o-  =  2  (cos  o-  —  1)  -<       >•, 


(25) 


_a_ 

and 

S~  f  1  O"\' 

/  -i\  CP  n  J 1*  I  r 

(cos  &  —  L)  —  =—  2 p  cos  o-  -s        >  -f  qa  —  pb, 
^  '  cu  I  2  J       *        r 


(26) 


(cos  o-  +  1  )  TT-  =  —  2/3  cos  cr  j    "  >  4-  qra  — 
The  condition  of  integrability  of  equations  (25)  is  reducible  to 


If  the  expression  for  cos  cr  obtained  from  this  equation  be  substi- 
tuted in  (25),  we  find  two  conditions  upon  the  curves  on  the  sphere 
in  order  that  they  may  represent  the  developables  of  a  cyclic  con- 
gruence. A  particular  case  is  that  in  which  (27)  is  identically  sat- 
isfied, when  the  two  conditions  are 

I^ 

It  is  now  our  purpose  to  show  that  if  any  system  of  curves  on 
the  sphere  satisfies  either  set  of  conditions,  all  the  congruences 
whose  developables  are  thus  represented  on  the  sphere  are  cyclic. 

We  assume  that  the  sphere  is  referred  to  such  a  system  and  that 
we  have  a  solution  p  of 
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By  the  method  of  §  167,  or  that  hereinafter  explained,  we  find  the 
middle  surface  of  the  congruence.  Then  we  take  the  point  on  each 
line  at  the  distance  —  p  cos  a-  from  the  mid-point  as  the  center  of  the 
circle  of  radius  p  sin  a-  and  for  which  the  line  is  the  axis.  These  cir- 
cles form  a  cyclic  system,  as  we  shall  show. 

In  the  first  place  we  determine  the  middle  surface  with  reference 
to  a  trihedral  of  fixed  vertex,  whose  z-axis  coincides  with  the  radius 
of  the  sphere  parallel  to  the  line  of  the  congruence  and  whose  x- 
and  ^-axes  are  any  whatever.  If  #0,  j/0,  ZQ  denote  the  coordinates 
of  the  mid-point  of  a  line  with  reference  to  the  corresponding  tri- 
hedral, the  coordinates  of  the  focal  points  are 


From  (2)  it  is  seen  that  if  these  points  correspond  to  the  develop- 
ables  v  =  const,  and  u  =  const,  respectively,  we  must  have 


dx 


Since  p<J1  —  pi<J  =£  0,  the  conditions  of  integrability  of  these  equa- 
tions can  be  put  in  the  form 


It  is  readily  found  that  the  condition  of  integrability  of  these  equa- 
tions is  reducible  to  (29). 

It  will  be  to  our  advantage  to  have  also  the  coordinates  of  the 
point  of  contact  of  the  plane  of  the  circle  with  its  envelope  $.  If 
x,  y,  z0  —  p  cos  a-  denote  these  coordinates  with  reference  to  the 
above  trihedral,  it  follows  from  (2)  that 

o 

-  (20—  p  cos  a)  +  py  —  qx  =  0, 
cu 

o 

—  (z0  -  p  cos  <r)+ply  -  q,x  =  0. 
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If  these  equations  be  subtracted  from  the  respective  ones  of  (30), 
the  results  are  reducible,  by  means  of  (25),  to 

-y}-  q(x0-x)  =  0, 


(cos  a-  +  1)  -£  +  2  p  cos  o-  1  ^  j  +  pl(y*-  y)-  ft(*0-  *)  =  0, 

which  are  the  same  as  (26).  For,  the  quantities  z0—  z,  y<)—y  are 
the  coordinates  of  the  center  of  the  circle  with  reference  to  the  tri- 
hedral parallel  to  the  preceding  one  and  with  the  corresponding 
point  on  S  for  vertex. 

If,  then,  we  have  a  solution  tr  of  (25)  and  p  of  (29),  the  corre- 
sponding values  of  a  and  b  given  by  (26)  satisfy  (22),  since  the 
latter  are  the  conditions  that  the  parametric  curves  on  the  sphere 
represent  the  developables  of  the  congruence.  However,  we  have 
seen  that  when  the  values  (22)  are  substituted  in  (12),  we  obtain 
equations  reducible  to  (25)  and  (26).  Hence  the  circles  constructed 
as  indicated  above  form  a  cyclic  system. 

Since  equations  (25)  admit  only  one  solution  (27)  unless  the  con- 
dition (28)  is  satisfied,  we  have  the  theorem  : 

With  each  cyclic  congruence  there  is  associated  a  unique  cyclic  sys- 
tem unless  it  is  at  the  same  time  a  congruence  of  Ribaucour,  in  which 
case  there  is  an  infinity  of  associated  cyclic  systems. 

Recalling  the  results  of  §  141,  we  have  the  theorem  of  Bianchi  *  : 

When  the  total  curvature  of  a  surface  referred  to  its  asymptotic 
lines  is  of  the  form  -, 

~  [*<«)+  twr' 

it  is  the  surface  generatrix  of  a  congruence  of  Ribaucour  which  is 
cyclic  in  an  infinity  of  ways,  and  these  are  the  only  cyclic  congru- 
ences with  an  infinity  of  associated  cyclic  systems. 

In  this  case  the  general  solution  of  equations  (25)  is 

ilr  —  <£  +  a 

(31)  cos  <r  =  -I  -  -  -  , 

4>  +  -»/r 

where  a  is  an  arbitrary  constant. 

»  Vol.  H,  p.  165. 
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177.  Surfaces  orthogonal  to  a  cyclic  system.  In  this  section  we 
consider  the  surfaces  *S'1  orthogonal  to  the  circles  of  a  cyclic  sys- 
tem. Since  the  direction-cosines  of  the  normals  to  the  surfaces 
with  reference  to  the  moving  trihedral  in  §  174  are  —  sin  0,  cos  6,  0, 
the  spherical  representation  of  these  surfaces  is  given  by  the  point 
whose  coordinates  are  these  with  respect  to  a  trihedral  of  fixed 
vertex  parallel  to  the  above  trihedral.  From  (2)  we  find  that  the 
expressions  for  the  projections  of  a  displacement  of  this  point  are 

—  cos  6  (dd  +  rdu  +  r^v), 

—  sin  6  (dd  +  rdu  +  rl  dv}, 

(p  du  +  p^dv)  cos  6  +  (q  du  +  q^dv]  sin  0. 

Moreover,  by  means  of  (8),  (21),  (22),  we  obtain  the  identity 

(32)  sin  a- (dd  +  rdu  +  r^dv)  —  —  (1  +  cos  a] ( p  cos  0  +  q  sin  0)  du 

+  (1  —  cos  <r)  ( pl  cos  d  +  ql  sin  6}  dv. 

Hence  the  linear  element  of  the  spherical  representation  of  Sl  is 

(33)  fo*  =  —         -(pcos0  +  q  sin  0)2  du* 

_L  —""  COS  cr 

2 

+  -  —  ( p.  cos  6  +  q.  sin  0f  dv*. 

1-f  coscr 

Since  the  parametric  curves  on  the  sphere  form  an  orthogonal 
system,  the  parametric  curves  on  the  surface  are  the  lines  of 
curvature,  if  they  form  an  orthogonal  system.  In  order  to  show 
that  this  condition  is  satisfied,  we  first  reduce  the  expressions  (4) 
for  the  projections  of  a  displacement  of  a  point  on  S^  by  means 
of  (21),  (22),  (25),  (26),  and  (32),  to 

/     Cdu  Ddv    \ 

cos  asm  o-l-  -}•> 

\1  —  cos  a-      1  +  cos  cr/ 

(34)  {  /Cdu  Ddv    \ 

sm  a  sin  cr  I-  -  '• 


—  COS  cr        1  +  COS  cr/ 

Cdu  +  D  dv, 
where  we  have  put 

0)  —  q  (a  +  R  cos 


C35) 

\  ^      ..  ,i  ,  ^B\ne)—ql(a+Scoaff). 
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Hence  the  linear  element  of  St  is 

(36)  ds?  =  2 ,  C*du*    +  2  t  D  dv    , 

1  —  cos  o-         1  +  cos  <r 

from  which  it  is  seen  that  the  parametric  curves  on  St  form  an 
orthogonal  system,  and  consequently  are  the  lines  of  curvature. 

Furthermore,  it  is  seen  from  (34)  that  the  tangents  to  the  curves 
v  =  const.,  u  =  const,  make  with  the  plane  of  the  circle  the  respec- 
tive angles 

/OTV  i/1— cosoA  J     1  +  coso-X 

(30  tan"1  -)»         tan  M —      -  )• 

\    sino-    /  \        sin<r    / 

But  it  follows  from  (21)  that  the  lines  joining  a  point  on  the  cir- 
cumference of  a  circle  to  the  focal  points  of  its  axis  make  the 
angles  (37)  with  the  radius  to  the  point.  Hence  we  have: 

The  lines  of  curvature  on  a  surface  orthogonal  to  a  cyclic  system 
correspond  to  the  developables  of  the  congruence  of  axes  of  the  circles, 
and  the  tangents  to  the  two  lines  of  curvature  through  a  point  of  the 
surface  meet  the  corresponding  axis  in  its  focal  points. 

178.  Normal  cyclic  congruences.  Since  the  developables  of  a 
cyclic  congruence  correspond  to  a  conjugate  system  on  the  enve- 
lope S  of  the  planes  of  the  circles,  this  system  consists  of  the 
lines  of  curvature  when  the  congruence  is  normal,  and  only  in 
this  case  (cf.  §  83).  If,  under  these  conditions,  we  take  two  of  the 
edges  of  the  trihedral  tangent  to  the  lines  of  curvature,  we  have 

(38)  f  t  =  77  =  0,         p  =  ql  =  0, 
and  equations  (25)  become 

-  log  cos  °-  =  ^-  log/v          -  log  sin  |  =  ±-  log  q. 

OU  —         CUi  OV  -.         CV 

By  a  suitable  choice  of  parameters  we  have 

so  that  if  we  put  to  =  —  <r/'2,  the  linear  element  of  the  sphere  is 

(39)  d<r-  =  sin-o)  du3  +  cos2a>  dv>. 
Comparing  this  result  with  (§  119),  we  have  the  theorem: 

The  normals  to  a  surface  2  with  the  same  spherical  representation 
of  its  lines  of  curvature  as  a  pseudospherical  surface  constitute  the 
only  kind  of  normal  cyclic  congruences. 
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Since  the  surface  £  and  the  envelope  S  of  the  planes  of  the 
circles  have  the  same  representation  of  their  lines  of  curvature, 
the  tangents  to  the  latter  at  corresponding  points  on  the  two 
surfaces  are  parallel.  Hence  with  reference  to  a  trihedral  for  2 
parallel  to  the  trihedral  for  S  the  coordinates  of  a  point  on  the 
circle  are  R  cos  0,  R  sin  0,  jtt,  where  ^  remains  to  be  determined 
and  6  is  given  by  (32),  which  can  be  put  in  the  form 

dd      dm  .    a         30  ,  da) 

(40)  — =  cos  «o  sm  0, =  —  sm  o>  cos  0. 

du      dv  dv      du 

If  we  express,  by  means  of  (2),  the  condition  that  all  displace- 
ments of  this  point  be  orthogonal  to  the  line  whose  direction- 
cosines  are  —  sin  0,  cos  0,  0,  the  resulting  equation  is  reducible, 
by  means  of  (40),  to 

sin  0  (R  cos  CD  —  /*  sin  o>  —  £)  du 

—  cos  0  (R  sin  o)  -f  fji  cos  o>  —  77^  dv  .=  0. 

Hence  the  quantities  in  parentheses  are  zero,  from  which  we  obtain 

(41)  R  =  %  cos  o>  +  r]l  sin  to,         p  =  —  f  sin  to  +  ijl  cos  CD. 

When,  in  particular,  S  is  a  pseudospherical  surface  of  curvature 
-I/a2,  we  have  (VIII,  22) 

£  =  a  cos  eo,         tjl  =  a  sin  &>, 

so  that  R  =  a  and  /i  =  0.  Hence  the  circles  are1  of  constant  radius 
and  the  envelope  of  their  planes  is  the  locus  of  their  centers 
(cf.  Ex.  2,  §  174).  Conversely,  when  the  latter  condition  is  sat- 
isfied, it  follows  from  (13)  that  R  is  constant.  Moreover,  in  this 
case  pl  and  />2,  as  defined  in  §  175,  are  the  principal  radii  of  the 
surface,  which  by  (20)  is  pseudospherical.  When  these  values 
are  substituted  in  (36)  and  (33),  it  is  found  that  the  linear  ele- 
ment of  each  orthogonal  surface  is 

dsf  =  a2  (cos2  0  du2  +  sin2  0  dv2), 
and  of  its  spherical  representation 

(42)  do-2=sin20<2tt2+cos2<W. 

Hence  these  orthogonal  surfaces  are  the  transforms  of  2  by  means 
of  the  Bianchi  transformation  (§  119). 
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The  expression  (42)  is  the  linear  element  of  the  spherical  rep- 
resentation of  the  surfaces  orthogonal  to  the  circles  associated  with 
any  surface  2,  whether  it  be  pseudospherical  or  not,  whose  spherical 
representation  is  given  by  (39).  Since  these  orthogonal  surfaces 
have  this  representation  of  their  lines  of  curvature,  they  are  of  the 
same  kind  as  2.  We  have  thus  for  all  surfaces  with  the  same  rep- 
resentation of  their  lines  of  curvature  as  pseudospherical  surfaces, 
a  transformation  into  similar  surfaces  of  which  the  Bianchi  trans- 
formation is  a  particular  case  ;  we  call  it  a  generalized  Bianchi 
transformation.* 

179.  Cyclic  systems  for  which  the  envelope  of  the  planes  of  the 
circles  is  a  curve.  We  consider  now  the  particular  cases  which  have 
been  excluded  from  the  preceding  discussion,  and  begin  with  that 
for  which  the  envelope  S  of  the  planes  of  the  circles  is  a  curve  C. 

We  take  the  moving  trihedral  such  that  its  xy-plane,  as  before, 
is  that  of  the  circle,  and  take  the  a>axis  tangent  to  C.  If  *  denotes 
the  arc  of  the  latter,  we  have 

ds  =  £  du  +  £«*  i',         77  =  ijl  =  0, 
and  by  (3) 

(43)  ^.^  =  0,         ^-^  =  0. 

From  (14),  (15),  and  (16)  it  follows  that  a  and  <£  are  functions  of  *, 
so  that  these  equations  may  be  replaced  by 

(44)  tf2=a2+b'2 


If  the  parametric  curves  on  the  sphere  represent  the  developables 
of  the  congruence,  the  conditions  (19)  must  hold.    But  from  (5), 

(15),  and  (43)  we  obtain     Jt       A  t  _  n 

A£l  —  Al%  —  u. 

If  the  values  from  (19)  be  substituted  in  this  equation,  we  have, 
from  (43),  Pi_^=0. 

Hence  the  focal  surfaces  coincide.    If  we  put 

P=Pl=P». 

in  (19)  and  substitute  in  the  last  of  (12),  we  obtain 


»Cf.  American  Journal,  Vol.  XXVI  (1905),  pp.  127-132. 
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The  vanishing  of  pql  —  plq  is  the  condition  that  there  be  a  single 
infinity  of  planes,  which  case  we  exclude  for  the  present.  Hence 
p  =  ±  iR  ;  that  is,  the  developables  of  the  cyclic  congruence  are 
imaginary. 

Instead  of  retaining  as  parametric  curves  those  representing  the 
developables,  we  make  the  following  choice.  We  take  the  arc  of  C 
for  the  parameter  u\  consequently  £=1,  ^=0.  Since  rj  =  rjl=Q 
also,  we  have,  from  (3), 

dp      dp,      n 
Q,  =  r.  =  0,          -*-  --  *-l  =  0  ; 

dv     du 

hence  we  may  choose  the  parameter  v  so  that  p  =  0,  ^=1. 
From  (3)  it  follows,  furthermore,  that 

do  dr 

_4_  __  ij»  _  ___        .   /> 

0       —   '  >  0       —  -  </' 

dv  dv 

of  which  the  general  integral  is 

q  =  Ul  cos  v  +  Z72  sin  v,          r  =  —  ^  sin  v  +  ?72  cos  v, 
where  U^  and  U2  are  arbitrary  functions  of  u.    From  (5)  we  have 


so  that  the  third  of  equations  (12)  is  reducible  by  (44)  to 

- 

dv  d  U.  sin  v  —  U9  cos  v 

=  --  J  —  —  • 


Hence  if  we  take  for  a  any  function  of  u  denoted  by  </>'(M),  equation 

(45)  gives  b,  and  R  follows  directly  from  (44). 

180.  Cyclic  systems  for  which  the  planes  of  the  circles  pass 
through  a  point.  If  the  planes  of  the  circles  of  a  cyclic  system 
pass  through  a  point  0,  we  take  it  for  the  origin  and  for  the 
vertex  of  a  moving  trihedral  whose  2-axis  is  parallel  to  the  axis 
of  the  circle  under  consideration.  In  this  case  equations  (14) 
may  be  replaced  by 

(46)  A>2  =  a2  +  62-<?, 

where  c  denotes  a  constant.    But  this  is  the  condition  that  all  the 
circles  are  orthogonal  to  a  sphere  with  center  at  0,  or  cut  it  in 
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diametrically  opposite  points,  or  pass  through  0,  according  as  c  is 
positive,  negative,  or  zero.  Hence  we  have  the  theorem : 

If  the  planes  of  the  circles  of  a  cyclic  system  pass  through  a  point, 
the  circles  are  orthogonal  to  a  sphere  ivith  its  center  at  the  point,  or 
meet  the  sphere  in  opposite  points,  or  pass  through  the  center. 

From  geometrical  considerations  we  see  that  the  converse  of  this 
theorem  is  true. 

When  c  in  (46)  is  zero  all  the  circles  pass  through  0.  Then 
by  (21)  we  have 

(47)  a  =  —  p  sin  <r  cos  0,         b  =  —  p  sin  <r  sin  0, 

and  equations  (26)  become 

(coso-— 1) °^  =  _2  cos<r-|    ~  f  -f-sino-(/>sin0  —  q  cos 6), 

(48). 

'"    I  f  -4  f)~\  f 

(cos<r+l)-    ^L£  =  —  2  cose--!        f  +  sine- (jt>t  sin  0  —  ^  cos  0). 
cv  »-  1  J 

These  equations  are  obtained  likewise  when  we  substitute  the 
values  (47)  in  equations  (22)  and  reduce  by  means  of  (25)  and  (32). 
Because  of  (22)  the  function  p  given  by  (26)  is  a  solution  of  (29), 
and  therefore  p  given  by  (48)  is  a  solution.  But  the  solution  0  of 
(32)  involves  a  parameter.  Hence  we  have  the  theorem  of  Bianchi* : 
Among  all  the  cyclic  congruences  with  the  same  spherical  repre- 
sentation of  their  developables  there  are  an  infinity  for  which  the 
circles  of  the  associated  cyclic  system  pass  through  a  point. 

If  we  take  the  line  through  0  and  the  center  of  the  circle  for 
the  z-axis  of  the  trihedral,  equation  (11)  must  admit  of  the  solu- 
tion 0  =  TT,  and  consequently  must  be  of  the  form 

sin  0L  +  (cos  0  +1)M  =  0. 

In  order  that  this  equation  admit  of  a  solution  other  than  TT,  both 
L  and  M  must  be  zero  and  the  system  cyclic.  We  combine  this 
result  with  the  preceding  theorem  to  obtain  the  following : 

A  two-parameter  family  of  circles  through  a  point  and  orthogonal 
to  any  surface  constitute  a  cyclic  system,  and  the  most  general  spher- 
ical representation  of  the  developables  of  a  cyclic  congruence  is  afforded 
by  the  representation  of  the  axes  of  such  a  system  of  circles.^ 

*  Vol.  II,  p.  169.  t  Bianchi,  Vol.  II,  p.  170. 
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We  consider  finally  the  case  where  the  planes  of  the  circles 
depend  upon  a  single  parameter.  If  we  take  for  moving  axes  the 
tangent,  principal  normal,  and  binormal  of  the  edge  of  regression 
of  these  planes  and  its  arc  for  the  parameter  w,  we  have 


and  comparing  (V,  50)  with  (2),  we  see  that 

1  1 

p=  --  •>         #  =  0,         r  =  --> 

T  p 

where  p  and  T  are  the  radii  of  first  and  second  curvature  of  the 
edge  of  regression.  Now 

.      ca     1      b  da  db      a  cb 

A  =  —  +l--,        A=—  '        jB  =  ^-  +  ~'        Bi  =  T' 

cu  p  cv  cu      p  cv 

The  equations  (12)  reduce  to  two.  One  of  the  functions  a,  b  may 
be  chosen  arbitrarily  ;  then  the  other  and  R  can  be  obtained  by 
the  solution  of  partial  differential  equations  of  the  first  order. 


EXAMPLES 

1.  Show  that  a  congruence  of  Ribaucour  whose  surface  generator  is  the  right 
helicoid  is  cyclic,  and  determine  the  cyclic  systems. 

2.  A  congruence  of  Guichard  is  a  cyclic  congruence,  and  the  envelope  of  the 
planes  of  the  circles  of  each  associated  cyclic  system  is  a  surface  of  Voss. 

3.  The  surface  generator  of  a  cyclic  congruence  of  Ribaucour  is  an  associate 
surface  of  the  planes  of  the  circles  of  each  associated  cyclic  system. 

4.  If  S  is  a  surface  whose  lines  of  curvature  have  the  same  spherical  representa- 
tion as  a  pseudospherical  surface,  and  Si  is  a  transform  of  S  resulting  from  a  gen- 
eralized Bianchi  transformation  (§  178),  the  tangents  to  the  lines  of  curvature  of 
Si  pass  through  the  centers  of  principal  curvature  of  S. 

5.  When  the  focal  segment  of  each  line  of  a  cyclic  congruence  is  divided  in 
constant  ratio  by  the  center  of  the  circle,  the  envelope  of  the  planes  of  the  circles 
is  a  surface  of  Voss. 

6.  The  circles  of  the  cyclic  system  whose  axes  are  normal  to  the  surface  S, 
defined  in  Ex.  11,  p.  370,  pass  through  a  point,  and  the  surfaces  orthogonal  to  the 
circles  are  surfaces  of  Bianchi  of  the  parabolic  type. 

7.  If  the  spheres  with  the  focal  segments  of  the  lines  of  a  congruence  for 
diameters  pass  through  a  point,  the  congruence  is  cyclic,  and  the  circles  pass 
through  the  point. 

8.  Show  that  the  converse  of  Ex.  7  is  true. 
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GENERAL  EXAMPLES 

1.  Determine  the  normal  congruences  of  Ribaucour  which  are  cyclic. 

2.  If  the  envelope  of  the  planes  of  the  circles  of  a  cyclic  system  is  a  surface  of 
Voss  whose  conjugate  geodesic  system  corresponds  to  the  developables  of  the  asso- 
ciated cyclic  congruence,  any  family  of  planes  cutting  the  focal  segments  in  con- 
stant ratio  and  perpendicular  to  them  envelop  a  surface  of  Voss. 

3.  A  necessary  and  sufficient  condition  that  a  congruence  be  cyclic  is  that  the 
developables  have  the  same  spherical  representation  as  the  conjugate  lines  of  a  sur- 
face which  remain  conjugate  in  a  deformation  of  the  surface.    If  the  developables 
of  the  congruence  are  real,  the  deforms  of  the  surface  are  imaginary. 

4.  The  planes  of  the  cyclic  systems  associated  with  a  cyclic  congruence  of 
Ribaucour  touch  their  respective  envelopes  in  such  a  way  that  the  points  of  con- 
tact of  all  the  planes  corresponding  to  the  same  line  of  the  congruence  lie  on  a 
straight  line. 

5.  If  the  spheres  described  on  the  focal  segments  of  a  congruence  as  diameters 
cut  a  fixed  sphere  orthogonally  or  in  great  circles,  the  congruence  is  cyclic  and 
the  circles  cut  the  fixed  sphere  orthogonally  or  in  diametrically  opposite  points. 

6.  If  one  draws  the  circles  which  are  normal  to  a  surface  S  and  which  cut 
a  fixed  sphere  So  in  diametrically  opposite  points  or  orthogonally,  the  spheres 
described  on  the  focal  segments  of  the  congruence  of  axes  as  diameters  cut  S0  in 
great  circles  or  orthogonally. 

7.  Determine  the  cyclic  systems  of  equal  circles  whose  planes  envelop  a  devel- 
opable surface. 

8.  Let  Zi  be  the  surface  defined  in  Ex.  1-t,  p.  371,  and  let  S0be  the  sphere  with 
center  at  the  origin  and  radius  r.    Draw  the  circles  which  are  normal  to  Zi  and 
which  cut   So  orthogonally  or  in  diametrically  opposite  points.     Show  that  the 
cyclic  congruence  of  the  axes  of  these  circles  is  a  normal  congruence,  and  that  the 
coordinates  of  the  normal  surfaces  are  of  the  form 


[1  (      --  -)  1 

—  j  ate   «  -  (V  +  «)  e"  [  cos  0  +  17  sin  0  LJ"! 
2  a  (  J 

rj_ia2e-!_(,2+K)jjsin,_^cos0lj 

L2a|a  )S" 


+ 

where  K  is  equal  to  —  r2  or  +  r2,  according  as  the  circles  cut  So  orthogonally  or  in 
diametrically  opposite  points,  and  where  t  is  given  by 

[1  (      --  -)  ~] 

—  late   a  —  (ij2  +  K)  e°  >  cos  0  +  17  sin  0  I  sin  u  du 
2a(  J 

[1   (      --  -)  ~~\ 

-{ate   a  —  (ij2  -f  K)  e" }  sin  0  —  •»  cos  0   cos  w  dp. 
2o<  )  J 

9.  Show  that  the  surfaces  of  Ex.  8  are  surfaces  of  Bianchi  which  have  the 
same  spherical  representation  of  their  lines  of  curvature  as  the  pseudospherical 
surface  S  referred  to  in  Ex.  14,  p.  371. 

10.  Show  that  the  surfaces  orthogonal  to  the  cyclic  system  of  Ex.  8  are  surfaces 
of  Bianchi  of  the  parabolic  type. 
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11.  Let  S  be  a  surface  referred  to  an  orthogonal  system,  and  let  T  be  the  trihe- 
dral whose  x-axis  is  tangent  to  the  curve  v  =  const.   The  equations 


x  =  p(l  +  cos0),        y  =  0,        z 

define  a  circle  normal  to  /(?.    Show  that  the  necessary  and  sufficient  conditions  that 
the  circles  so  defined  form  a  cyclic  system  are 


=  0.         p(PTi-Pir)  -  qit  +     -    +  q-  =  0. 
cv  \       duj         cv 

12.  A  necessary  and  sufficient  condition  that  a  cyclic  system  remain  cyclic 
when  an  orthogonal  surface  S  is  deformed  is  that  S  be  applicable  to  a  surface  of 
revolution  and  that 


where  c  is  a  constant  and  the  linear  element  of  S  is  ds2  =  du2  +  02(«)  do2  (cf  .  Ex.  11). 

13.  Determine  under  what  conditions  the  lines  of  intersection  of  the  planes  of 
the  circles  of  a  cyclic  system  and  the  tangent  planes  to  an  orthogonal  surface  form 
a  normal  congruence. 

14.  Let  Si  and  S2  be  two  surfaces  orthogonal  to  a  cyclic  system,  and  let  MI  and 
MZ  be  the  points  of  intersection  of  one  of  the  circles  with  Si  and  S2.    Show  that 
the  normals  to  Si  and  S2  at  the  points  MI  and  M2  meet  in  a  point  M  equidistant 
from  these  points,  and  show  that  Si  and  S2  constitute  the  sheets  of  the  envelope  of 
a  two-parameter  family  of  spheres  such  that  the  lines  of  curvature  on  Si  and  S2 
correspond. 

15.  Let  S  be  the  surface  of  centers  of  a  two-parameter  family  of  spheres  of 
variable  radius  R,  and  let  Si  and  S2  denote  the  two  sheets  of  the  envelope  of  these 
spheres.    Show  that  the  points  of  contact  MI  and  JVf2  of  a  sphere  with  these  sheets 
are  symmetric  with  respect  to  the  tangent  plane  to  S  at  the  corresponding  point  M. 
Let  S  be  referred  to  a  moving  trihedral  whose  plane  y  =  0  is  the  plane  MiMM%,  and 
let  the  parametric  curves  be  tangent  to  the  x-  and  y-axes  respectively.    Show  that 
if  <T  denotes  the  angle  which  the  radius  MM\  makes  with  the  x-axis  of  the  trihedral, 
the  lines  of  curvature  on  Si  are  given  by 

£  sin  ff  (sin  o-p  —  r  cos  o-)  dw2  + 


Pm<7  --  -)  —  £  sin  <r  (cos  <7Ti  -f  psintr)  \dudv  =  0. 


16.  Find  the  condition  that  the  lines  of  curvature  on  Si  and  S2  of  Ex.  15  corre- 
spond, and  show  that  in  this  case  these  curves  correspond  to  a  conjugate  system  on  S. 

17.  Show  that  the  circles  orthogonal  to  two  surfaces  form  a  cyclic  system,  pro- 
vided that  the  lines  of  curvature  on  the  two  surfaces  correspond. 

18.  Let  S  be  a  pseudospherical  surface  with  the  linear  element  (VIII,  22),  the 
lines  of  curvature  being  parametric,  and  let  A  be  a  surface  with  the  same  spher- 
ical representation  of  its  lines  of  curvature  as  S  ;  furthermore,  let  A\  denote  the 
envelope  of  the  plane  which  makes  the  constant  angle  a  with  the  tangent  plane 
at  a  point  M  of  A  and  meets  this  plane  in  a  line  L,  which  forms  with  the  tangent 
to  the  curve  v  =  const,  at  M  an  angle  0  defined  by  equations  (VIII,  35).    If  MI 
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denotes  the  point  of  contact  of  this  plane,  we  drop  from  MI  a  perpendicular  on  L, 
meeting  the  latter  in  JV.  Show  that  if  X  and  ^  denote  the  lengths  MN  and  ATJM"i, 
they  are  given  by 

X  =  (\^E  cos  <a  +  VG  sin  w)  sin  a.         n  —  (  —  V^E  sin  u  +  VG  cos  w)sin  <r, 
where  JSTand  G  are  the  first  fundamental  coefficients  of  A. 

19.  Show  that  when  the  surface  A  in  Ex.  18  is  the  pseudospherical  surface  S, 
then  AI  is  the  Backlund  transform  Si  of  S  by  means  of  the  functions  (0.  <r),  and 
that  when  A  is  other  than  S  the  lines  of  curvature  on  the  four  surfaces  S,  A,  Si, 
.AI  correspond,  and  the  last  two  have  the  same  spherical  representation. 

20.  Show  that  as  9  is  given  all  values  satisfying  equations  (V11I,  35)  for  a  given 
<r,  the  locus  of  the  point  Jkfi,  defined  in  Ex.  18,  is  a  circle  whose  axis  is  normal  to 
the  surface  A  at  3f. 

21.  Show  that  when  A  in  Ex.  18  is  a  surface  of  Bianchi  of  the  parabolic  type 
(Ex.  11,  p.  370)  the  surfaces  AI  are  of  the  same  kind,  whatever  be  <r. 


CHAPTER  XIV 

TRIPLY  ORTHOGONAL  SYSTEMS  OF  SURFACES 

181.  Triple  system  of  surfaces  associated  with  a  cyclic  system. 
Let  Sl  be  one  of  the  surfaces  orthogonal  to  a  cyclic  system,  and 
let  its  lines  of  curvature  be  parametric.  The  locus  2^  of  the 
circles  which  meet  Sl  in  the  line  of  curvature  v  =  const,  through 
a  point  M  is  a  surface  Avhich  cuts  S^  orthogonally.  Hence,  by 
Joachimsthal's  theorem  (§  59),  the  line  of  intersection  is  a  line  of 
curvature  for  2t.  In  like  manner,  the  locus  20  of  the  circles 
which  meet  S^  in  the  line  of  curvature  u  =  const,  through  M  cuts 
Sl  orthogonally,  and  the  curve  of  intersection  is  a  line  of  curva- 
ture on  2  2  also.  Since  the  developables  of  the  associated  cyclic 
congruence  correspond  to  the  lines  of  curvature  on  all  of  the 
orthogonal  surfaces,  each  of  the  latter  is  met  by  21  and  2.,  in  a 
line  of  curvature  of  both  surfaces.  At  each  point  of  the  circle 
through  M  the  tangent  to  the  circle  is  perpendicular  to  the  line 
of  curvature  v  =  const,  on  Sj  through  the  point  and  to  u  =  const, 
on  22.  Hence  the  circle  is  a  line  of  curvature  for  both  2j  and  22, 
and  these  surfaces  cut  one  another  orthogonally  along  the  circle. 

Since  there  is  a  surface  Sx  for  each  curve  v  =  const,  on  Sl  and  a 
surface  22  for  each  u  =  const.,  the  circles  of  a  cyclic  system  and 
the  orthogonal  surfaces  may  be  looked  upon  as  a  system  of  three 
families  of  surfaces  such  that  through  each  point  in  space  there 
passes  a  surface  of  each  family.  Moreover,  each  of  these  three  sur- 
faces meets  the  other  two  orthogonally,  and  each  curve  of  intersec- 
tion is  a  line  of  curvature  on  both  surfaces.  We  have  seen  (§  96) 
that  the  confocal  quadrics  form  such  a  system  of  surfaces,  and 
another  example  is  afforded  by  a  family  of  parallel  surfaces  and 
the  developables  of  the  congruence  of  normals  to  these  surfaces. 

When  three  families  of  surfaces  are  so  constituted  that  through 
each  point  of  space  there  passes  a  surface  of  each  family  and  each 
of  the  three  surfaces  meets  the  other  two  orthogonally,  they  are 
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said  to  form  a  triply  orthogonal  system.  In  the  preceding  examples 
the  curve  of  intersection  of  any  two  surfaces  is  a  line  of  curvature 
for  both.  Dupin  showed  that  this  is  a  property  of  all  triply  orthog- 
onal systems.  We  shall  prove  this  theorem  in  the  next  section. 

182.  General  equations.  Theorem  of  Dupin.  The  simplest  exam- 
ple of  an  orthogonal  system  is  afforded  by  the  planes  parallel  to 
the  coordinate  planes.  The  equations  of  the  system  are 

x  =  WP       y  =  «2'       z  =  ws' 

where  u^  u^  us  are  parameters.  Evidently  the  values  of  these 
parameters  corresponding  to  the  planes  through  a  point  are  the 
rectangular  coordinates  of  the  point.  In  like  manner,  the  surfaces 
of  each  family  of  any  triply  orthogonal  system  may  be  determined 
by  a  parameter,  and  the  values  of  the  three  parameters  for  the 
three  surfaces  through  a  point  constitute  the  curvilinear  coordi- 
nates of  the  point.  Between  the  latter  and  the  rectangular  coor- 
dinates there  obtain  equations  of  the  form 

(!)      x  =/i(*n  w*>  M»)»      y  =/«(Mn  M2>  «»)»      z  =/,(»<!»  «2i  Ms)» 
where  the  functions/  are  analytic  in  the  domain  considered.    An 
example  of  this  is  afforded  by  formulas  (VII,  8),  which  define  space 
referred  to  a  system  of  confocal  quadrics. 

In  order  that  the  system  be  orthogonal  it  is  necessary  and  suffi- 
cient that  these  functions  satisfy  the  three  conditions 

2|£|£  =  0)        y«l|£.  =  o,        2^-  =  0. 

r  ?<!  £U2  w  cit.2  cus  *»  cv3  ci^ 

Any  one  of  the  surfaces  w,=  const,  is  defined  by  (1)  when  «,  is 
given  this  constant  value. 

By  the  linear  element  of  space  at  a  point  we  mean  the  linear  ele- 
ment at  the  point  of  any  curve  through  it.  This  is 


which,  in  consequence  of  (2),  may  be  written  in  the  parametric  form 
(3) 

\VM  PT*P 


As  thus  defined,  the  functions  Hr  H^  H3  are  real  and  we  shall 
assume  that  they  are  positive. 
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From  (3)  we  have  at  once  the  linear  element  of  any  of  the  sur- 
faces of  the  system.  For  instance,  the  linear  element  of  a  surface 
u  =  const,  is  t  i 


Now  we  shall  find  that  the  second  quadratic  forms  of  these  surfaces 
are  expressible  in  terms  of  the  functions  If  and  their  derivatives. 

If  Xi,  F.,  Zi  denote  the  direction-cosines  of  the  normals  to  the 
surfaces  ui  =  const.,  we  have 


(5) 


1    dx 


1    dz 


We  choose  the  axes  such  that 


(6) 


X.     Y. 


=  +1. 


In  consequence  of  (5)  the  second  fundamental  coefficients  of  a  sur- 
face MJ  =  const,  are  denned  by 


D  = —  >  — 

^        " 


cu 


where  t,  «,  I  take  the  values  1,  2,  3  in  cyclic  order,  and  the  sign  S 
refers  to  the  summation  of  terms  in  #,  «/,  2,  as  formerly.  In  order 
to  evaluate  these  expressions  we  differentiate  equations  (2)  with 
respect  to  w8,  uv  u2  respectively.  This  gives 


dx 


dx      d*x    _  0 


dttt  dw, 

da:      ^2x        -^\  ^x      d2x 

duz  dul  duz     ^  dus  duv  du2 


=  0, 


>p  dx 

2-i  ^7 


d*x 


+Va- 
+^^. 


d*x 


dua  dul  du2     **  du^  cu2  dua 


=  0. 


If  each  of  these  equations  be  subtracted  from  one  half  of  the  sum 
of  the  three,  we  have 


dx      d*x     _  .       ^\  ^ 

/^•JA      /5l/.     ^J/.  ^^   ^1/ 


duz  du. 


d*x 
du,du 


=  0, 


dx 


=  0; 


consequently  D-  =  0. 
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If  the  first  and  third  of  (2)  be  differentiated  with  respect  to 
u.,  and  ?/3  respectively,  and  the  second  and  third  of  (4)  with 
respect  to  wt,  we  have 

•^  ex  c2x  _      ^-\  cz      c*x 


Cll^  CU*              ^  CU.,  ClllCll.,  2  dWj 

Q-*«      ^-2  .—                             ~  „           ^.'2  „  "~  Tf 

^— \    CZ     <7  JT              ^-v    CX        CX  Gil, 

^  cu.  cul         **  cu.  cu.  cu,  3  cu. 

1              »                                                u               1            *  1 

Hence  we  have                TT  -,u  TT  -,TT 


Proceeding  in  like  manner,  we  find  the  expressions  for  the  other 
.D's,  which  we  write  as  follows  : 

(7)  Di  =  -^^,      ^=0,        ZX'=-^^', 


where  i,  AC,  /  take  the  values  1,  2,  3  in  cyclic  order.  From  the  sec- 
ond of  these  equations  and  the  fact  that  the  parametric  system  on 
each  surface  is  orthogonal,  follows  the  theorem  of  Dupin  : 

The  surfaces  of  a  triply  orthogonal  system  meet  one  another  in 
lines  of  curvature  of  each. 

183.  Equations  of  Lame.  By  means  of  these  results  we  find  the 
conditions  to  be  satisfied  by  H^  Ha,  H^  in  order  that  (3)  may  be 
the  linear  element  of  space  referred  to  a  triply  orthogonal  system 
of  surfaces.  For  each  surface  the  Codazzi  and  Gauss  equations 
must  be  satisfied.  When  the  above  values  are  substituted  in  these 
equations,  we  find  the  following  six  equations  which  it  is  necessary 
and  sufficient  that  the  functions  H  satisfy  : 


/8)  ,        1    dH.Sffj      1  dffjcJI 

cuKcut      HK  oul  duf      JftcuK  ciif 

(9)          A/JL  ^V  A/JL  ?* 


_  , 

i  cuj     cu,\HK  cuj     Hf  cul   cu, 

where  i,  /c,  I  take  the  values  1,  2,  3  in  cyclic  order.  These  are 
the  equations  of  Lam£,  being  named  for  the  geometer  who  first 
deduced  them.* 

*  Ler;oii9  sur  les  coordonntes  curvilignes  et  leurs  diverges  applications,  pp.  75-79. 
Paris,  1859. 
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For  each  of  the  surfaces  there  is  a  system  of  equations  of  the 
form  (V,  16).  When  the  values  from  (7)  are  substituted  in  these 
equations  we  have 


(10) 


=  -  —  - 

8uf          HK  duK     *     fft  du,     " 


H 


Recalling  the  results  of  §  65,  we  have  that  each  set  of  solutions 
of  equations  (8),  (9)  determine  a  triply  orthogonal  system,  unique 
to  within  a  motion  in  space.  In  order  to  obtain  the  coordinates 
of  space  referred  to  this  system,  we  must  find  nine  functions 
JST,,  Y;,  Zi  which  satisfy  (10)  and 


=  0.  (i  =£  K) 

Then  the  coordinates  of  space  are  given  by  quadratures  of  the  form 

J 

If  piK  denotes  the  principal  radius  of  a  surface  w,=  const,  in  the 
direction  of  the  curve  of  parameter  WK,  we  have,  from  (7), 

(11)  l     dH~ 


p./K          H.HK  du{ 

Let  pl  denote  the  radius  of  first  curvature  of  a  curve  of  param- 
eter Mt.  In  accordance  with  §  49  we  let  a>j  and  wt—  ?r/2  denote  the 
angles  wh,ich  the  tangents  to  the  curves  of  parameter  u3  and  w2 
respectively  through  the  given  point  make,  in  the  positive  sense, 
with  the  positive  direction  of  the  principal  normal  of  the  curve 
of  parameter  ur  Hence,  by  (IV,  16),  we  have 

/1  o\  cos  ®i       1  sm  ®        1 

(12)  -  =  —  > 


Pi  P*i  Pi  Pn 

From  these  equations  and  similar  ones  for  curves  of  parameter 
and  w3,  we  deduce  the  relations 

(13)  I  =  ^  +  J_,  tan5,  =  &, 

Pf     Pli     Pfi  P« 
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where  /,  K,  I  take  the  values  1,  2,  3  in  cyclic  order.  Moreover,  since 
the  parametric  curves  are  lines  of  curvature,  it  follows  from  (§59) 
that  the  torsion  of  a  curve  of  parameter  «,  is 


ri        Hi  CUi 

184.  Triple  systems  containing  one  family  of  surfaces  of  revolution. 
Given  a  family  of  plane  curves  and  their  orthogonal  trajectories  ; 
if  the  plane  be  revolved  about  a  line  of  the  plane  as  an  axis,  the 
two  families  of  surfaces  of  revolution  thus  generated,  and  the  planes 
through  the  axis,  form  a  triply  orthogonal  system.  We  inquire 
whether  there  are  any  other  triple  systems  containing  a  family  of 
surfaces  of  revolution. 

Suppose  that  the  surfaces  w3  =  const,  of  a  triple  system  are  sur- 
faces of  revolution,  and  that  the  curves  ?<.,  =  const,  upon  them  are 
the  meridians.  Since  the  latter  are  geodesies,  we  must  have 

(16,  g-0. 

From  (8)  it  follows  that  either 

cH       A  cff,      A 

-1  =  0,      or         -  =  0. 
cu3  cu., 

In  the  first  case  it  follows  from  (11)  that  1//>31  =  0.  Consequently, 
the  surfaces  of  revolution  u3  =  const,  are  developables,  that  is,  either 
circular  cylinders  or  circular  cones.  Furthermore,  from  (15)  and 
(11),  we  have  1//321=0,  so  that  the  surfaces  ».,  =  const,  also  are 
developables,  and  in  addition  we  have,  from  (13),  that  l//^  =  0,  that 
is,  the  curves  of  parameter  ul  are  straight  lines  and  consequently 
the  surfaces  ul=  const,  are  parallel.  The  latter  are  planes  when 
the  surfaces  «3  =  const,  are  cylinders,  and  surfaces  with  circular 
lines  of  curvature  when  uz  =  const,  are  circular  cones.  Conversely, 
from  the  theorem  of  Darboux  (§  187)  and  from  §  132,  it  follows 
that  any  system  of  circular  cylinders  with  parallel  generators,  or 
any  family  of  circular  cones  whose  axes  are  tangent  to  the  locus 
of  the  vertex,  leads  to  a  triple  system  of  the  kind  sought. 

We  consider  now  the  second  case,  namely 
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From  (11)  we  find  that  l/p21=0,  and  l//323=  0;  consequently  the 
surfaces  w2=  const,  are  planes.  Since  these  are  the  planes  of  the 
meridians,  it  follows  that  the  axes  of  the  surfaces  coincide,  and 
consequently  the  case  cited  at  the  beginning  of  this  section  is  the 
only  one  for  uondevelopable  surfaces. 

185.  Triple  systems  of  Bianchi  and  of  Wemgarten.  In  §  119 
it  was  found  that  all  the  Bianchi  transforms  of  a  given  pseudo- 
spherical  surface  are  pseudospherical  surfaces  of  the  same  total 
curvature,  and  that  they  are  the  orthogonal  surfaces  of  a  cyclic 
system  of  circles  of  constant  radius.  Hence  the  totality  of  these 
circles  and  surfaces  constitutes  a  triply  orthogonal  system,  such 
that  the  surfaces  in  one  family  are  pseudospherical.  As  systems 
of  this  sort  were  first  considered  by  Ribaucour  (cf.  §  119),  they 
are  called  the  triple  systems  of  Ribaucour.  We  proceed  to  the 
consideration  of  all  triple  systems  such  that  the  surfaces  of  one 
family  are  pseudospherical.  These  systems  were  first  studied  by 
Bianchi,  *  and  consequently  Darboux  f  has  called  them  the  systems 
of  BiancJii. 

From  §  119  it  follows  that  the  parameters  of  the  lines  of  curva- 
ture of  a  pseudospherical  surface  of  curvature  —I/a2  can  be  so 
chosen  that  the  linear  element  takes  the  form 

(1 6)  ds1  =  cos2  ft)  du~  +  sin2  &>  cfo2, 
where  &>  is  a  solution  of  the  equation 

d2&)      02&)      sin  a)  cos  a) 

(17)  — 5- i  =  -    — 

In  this  case  the  principal  radii  are  given  by 

1           tan  &)  1       cot  &) 

(IS)  —  = —  >  —  • 

Pi  a  P*  a 

In  general  the  total  curvature  of  the  pseudospherical  surfaces 
of  a  system  of  Bianchi  varies  with  the  surfaces.  If  the  surfaces 
us  =  const,  are  the  pseudospherical  surfaces,  we  may  write  the 
curvature  in  the  form  —  l/tf2,  where  U3  is  a  function  of  u3  alone. 

*Annall,  Ser.  2,  Vol.  XIII  (1885),  pp.  177-234;  Vol.  XIV  (1886),  pp.  115-130;  Lezioni, 
Vol.  II,  chap,  xxvii. 

t  Le<;ons  sur  les  systemes  orthogonaux  et  les  coordonne'es  curvilignes,  pp.  308-323. 
Paris,  1898. 
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In  accordance  with  (11)  and  (18)  we  put 
1  1      cff,      tan  o) 


(19) 


1     cff.2  _      cot  CD 


r  ff  r  ff 

If  these  values  of  -—^  and  ^— -  be  substituted  in  equations  (8)  for  t 

en,  cu3 

equal  to  1  and  2  respectively,  we  obtain 

1     dff.  CO)  1     Cff.,  CO) 

— »  =  —  tan  &>  - — »         —  - — =  =  cot  G)  - — 

From  these  equations  we  have,  by  integration, 

(20)  ffl  =  <£13  •  cos  to,         ff.,  =  </>.,3  •  sin  ta, 

where  <£13  and  $23  are  functions  independent  of  u.,  and  ?<t  respectively. 
We  shall  show  that  both  of  them  are  independent  of  u3. 

When  the  values  of  Hl  and  H2  from  (20)  are  substituted  in  (19), 
we  have  respectively 

/.           co)       c  log  <b. 
^C^cottu/tanft): 

(21)  J  V  ^3          CU3 

\  I  /  r.  r- 

I  CO)          C 

r3  =  U3  tan  co  [  cot  a) 1- 


CU,  CU~         I 

o  3  / 

From  these  equations  it  follows  that 

cn3  cu3 

Hence,  unless  </>13  and  </>.13  are  independent  of  M3,  tan  <w  is  equal  to 
the  ratio  of  a  function  of  vl  and  u3  and  of  a  function  of  ?/.,  and  u.,. 
We  consider  the  latter  case  and  study  for  the  moment  a  partic- 
ular surface  u3  =  c.    By  the  change  of  parameters 

the  linear  element  of  the  surface  reduces  to  (16),  and  (22)  becomes 

tana)  =  -, 

where  U  and  V  are  functions  of  u  and  v  respectively.    When  this 
value  is  substituted  in  (17),  we  obtain 


(7T"  V" 

—  +  ^r 
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If  this  equation  be  differentiated  successively  with  respect  to  u 

and  v,  we  find         /TT"\'  1          /v"\'   1 
__\_ 
U  )UU' 


/ 

/___        i 

\U     UU'         V     V 


—  Q 


unless  U'  or  V  is  equal  to  zero.    From  this  it  follows  that 

V"' 


where  K  denotes  a  constant.    Integrating,  we  have 

U"  =  2  tell*  +  all,  V"=-2ic 

a  and  /3  being  constants,  and  another  integration  gives 


When  these  expressions  are  substituted  in  (28),  we  find 


_  £  _       r2-  2  7  -  2  8  =  0. 
a* 


This  condition  can  be  satisfied  only  when  the  curvature  is  zero. 
Hence  U'  or  V  must  be  zero,  that  is,  o>  must  be  a  function  of  u  or  v 
alone.  In  this  case  the  surface  is  a  surface  of  revolution.  In  accord- 
ance with  §  184  a  triple  system  of  Bianchi  arises  from  an  infinity 
of  pseudospherical  surfaces  of  revolution  with  the  same  axis. 

When  exception  is  made  of  this  case,  the  functions  <f)l3  and  <j>.,3 
in  (20)  are  independent  of  us.  Hence  the  parameters  of  the  sys- 
tems may  be  chosen  so  that  we  have 

(24)  JJ 


When  these  values  are  substituted  in  the  six  equations  (8),  (9), 
they  reduce  to  the  four  equations 


(25) 


tfO) 


du 


sin  «o  cos  to 


—  cotto  — • 


=  0, 


tan  a)  — 


=  0, 


1     d   /sin  ft>\  _      1      &»     a2ft>     _  Q 
^cos  ft)  culduj      U3  du3\  U3  /      sin  &>  ^M2  Su2du3 


sin  CD  aM2  aw,/      £/,  aw,  V 

.  -  o/  a  o    \ 


+ 


i   a  /cos  tax      1 


=  o. 


COS  O)  0M. 
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Darboux  has  inquired  into  the  generality  of  the  solution  of  this 
system  of  equations,  and  he  has  found  that  the  general  solution 
involves  five  arbitrary  functions  of  a  single  variable.  We  shall 
not  give  a  proof  of  this  fact,  but  refer  the  reader  to  the  investi- 
gation of  Darboux.* 

We  turn  to  the  consideration  of  the  particular  case  where  the 
total  curvature  of  all  the  pseudospherical  surfaces  is  the  same, 
which  may  be  taken  to  be  —1  without  any  loss  of  generality. 
As  triple  systems  of  this  sort  were  first  discussed  by  Weingarten, 
we  follow  Bianchi  in  calling  them  systems  of  Weingarten.  Of  this 
kind  are  the  triple  systems  of  Ribaucour. 

For  this  case  we  have  L\  =  1,  so  that  the  linear  element  of  space  is 


(26)  d*2=  cos2o>  du*+  sin2o> 

Since  the  second  of  equations  (25)  may  be  written  in  either  of 
the  forms 


cWj^sin  ca  cu.,cus/         cos  o>  cu.,  cii^cu^ 
d   I    1        c2o)    \_     1      co)     c'o) 
du9  \cos  to  CM.  cw,/     sin  &>  CM,  cz<a  ^«, 

Z      \  1  O/  1  .  O 

O          Q  )   "'"I    ~  :;  ^  )  I    ^  )  ' 

cu.cu,/      \sin  tu  cuacu. I     \cu.l 

1  o/  \  -  o  /  \  o  / 


(27) 

if  we  put 


it  follows  from  the  last  two  of  (25)  and  from  (27)  that 

^  =  0,         »*-0. 

diii  cu2 

Hence  <I>  is  a  function  of  w3  alone.  But  by  changing  the  param- 
eter M3,  an  operation  which  will  not  affect  the  form  of  (26),  we  can 
give  <I>  a  constant  value,  say  c.  Consequently  we  have 

(28) 


cos  co   ul  cu         \sm  &>  cuz  c 

Bianchi  has  shown  f  that  equation  (28)  and  the  first  of  (25)  are 
equivalent  to  the  system  (25),  when  ?73  =  1.  Consequently  the 
problem  of  the  determination  of  triple  systems  of  Weingarten  is 
the  problem  of  finding  common  solutions  of  these  two  equations. 

•i.e.,  pp.  313,  314;  Bianchi,  Vol.  II,  pp.  531,  532.  t  Vol.  II,  p.  550. 
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EXAMPLES 

1.  Show  that  the  equations 

x  =  r  cos  u  cos  t),        y  —  r  cos  u  sin  »,        z  =  r  sin  u 
define  space  referred  to  a  triply  orthogonal  system. 

2.  A  necessary  and  sufficient  condition  that  the  surfaces  u3  =  const,  of  a  triply 
orthogonal  system  be  parallel  is  that  II3  be  a  function  of  u3  alone.    What  are  the 
other  surfaces  MI  —  const.,  «2  =  const.? 

8.  Two  near-by  surfaces  us  =  const,  intercept  equal  segments  on  those  orthog- 
onal trajectories  of  the  surfaces  MS  =  const,  which  pass  through  a  curve  H3  —  const, 
on  the  former ;  on  this  account  the  curves  H3  =  const,  on  the  surfaces  u3  =  const. 
are  called  curves  of  equidistance. 

4.  Let  the  surfaces  u3  =  const,  of  a  triple  system  be  different  positions  of.  the 
same  pseudosphere,  obtained  by  translating  the  surface  in  the  direction  of  its  axis. 
Determine  the  character  of  the  other  surfaces  of  the  system. 

5.  Derive  the  following  results  for  a  triple  system  of  Weingarten  : 


AI =  C  +  I  •  I  »  Pg  = 

CM3  \CM3/ 

where  the  differential  parameter  is  formed  with  respect  to  the  linear  element  of  a 
surface  u3  =  const.,  and  pa  is  the  radius  of  geodesic  curvature  of  a  curve  —  =  const. 

on  this  surface.   Show  that  the  curves  of  equidistance  on  the  surfaces  us  =  const, 
are  geodesic  parallels  of  constant  geodesic  curvature. 

6.  Show  that  when  c  in  (28)  is  equal  to  zero,  the  first  curvature  1/P«  of  the 
curves  of  parameter  u3  is  constant  and  equal  to  unity;  that  equations  similar 
to  (12)  become 

—  =  —  sin  w  cos  w3  — .  —  =  —  cos  w  sin  w$  —  ; 

that  if  we  put  0  = w3,  the  last  two  of  equations  (25),  where  U3  =  1,  may  be 

written 


cd        du  d&        du 

---  1  --  —  sin  6  cos  w,  --  1  ----  =  —  cos  6  sin  w  ; 


and  that 


V 

—  =  sin  0  cos  8.         I  —  ]  + 

cos0 


When  c  =  0  in  (28)  the  system  is  said  to  be  of  constant  curvature. 

7.  A  necessary  and  sufficient  condition  that  the  curves  of  parameter  us  of  a 
system  of  Weingarten  be  circles  is  that  u>3  be  independent  of  u3.  In  this  case 
(cf.  Ex.  6)  the  surfaces  ws  =  const,  are  the  Bianchi  transforms  of  the  pseudo- 
spherical  surface  with  the  linear  element 

da2  =  cos20du2  +  sin20du2. 
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186.  Theorem  of  Ribaucour.  The  following  theorem  is  due  to 
Ribaucour  *  : 

Given  a  family  of  surfaces  of  a  triply  orthogonal  system  and  their 
orthogonal  trajectories;  the  osculating  circles  to  the  latter  at  their 
points  of  meeting  with  any  surface  of  the  family  form  a  cyclic  system. 

In  proving  this  theorem  we  first  derive  the  conditions  to  be  satis- 
fied by  a  system  of  circles  orthogonal  to  a  surface  S  so  that  they  may 
form  a  cyclic  system.  Let  the  lines  of  curvature  on  £be  parametric 
and  refer  the  surface  to  the  moving  trihedral  whose  x-  and  y-axes 
are  tangent  to  the  curves  v  =  const.,  u  =  const.  We  have  (V,  63) 

(29)  Et-,-J»-flk-0. 

If  <f>  denotes  the  angle  which  the  plane  of  the  circle  through  a 
point  makes  with  the  corresponding  .rz-plane,  6  the  angle  which 
the  radius  to  a  point  P  of  the  circle  makes  with  its  projection  in 
the  .ry-plane,  and  R  the  radius  of  the  circle,  the  coordinates  of  P 
with  reference  to  the  moving  axes  are 


s)cos<,     y  = 

Moreover,  the  direction-cosines  of  the  tangent  to  the  circle  at  P  are 
—  sin  0  cos  <£,         —  sin  6  sin  </>,         cos  6. 

If  we  express  the  condition  that  every  displacement  of  P  must  be 
at  right  angles  to  this  line,  we  have,  from  (29)  and  (V,  51), 

d0  -  [sin  d(\  ~  +  i^\+    cos  £(1  +  cos 
\_         \R  cu  R     / 


«*  R 

The  condition  that  this  equation  admit  an  integral  is  reducible  to 


du     R       cv\   R  R 


Hence,  as  remarked  before  (§  174),  if  there  are  three  surfaces  orthog- 
onal to  a  system  of  circles,  the  system  is  cyclic. 

*  Compte*  Rendus,  Vol.  LXX  (1870),  pp.  330-333. 
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The  condition  that  it  be  cyclic  is 

d  /ijl  sin  (ft\      d  /f  cos  <ft\_  n 

(so,  ,*A  *  /  *A  *  r 

sin  (ft  cos  d>.  3  /sin  6     \      d  /cos  A 

—  l£n  A-  n  a) I —  n    I I  — 


Since  the  principal  radii  of  S  are  given  by 
(31)  i=-|,        !  =  &, 

the  second  of  equations  (30)  reduces  to  the  first  when  S  is  a  sphere 
or  a  plane.    Hence  we  have  incidentally  the  theorem : 

A  two-parameter  system  of  circles  orthogonal  to  a  sphere  and  to 
any  other  surface  constitute  a  cyclic  system. 

We  return  to  the  proof  of  the  theorem  of  Ribaucour  and  apply 
the  foregoing  results  to  the  system  of  osculating  circles  of  the 
curves  of  parameter  u3  of  an  orthogonal  system  at  their  points  of 
intersection  with  a  surface  us=  const. 

From  equations  similar  to  (12)  we  have,  by  (11), 

cos  (ft  1     dH^          sin  (ft  _          1      dffz 

'  R         ~  fflHa~8u^'  R 

and  the  equations  analogous  to  (31)  are 


When  these  values  are  substituted  in  equations  (30)  the  first 
vanishes  identically,  likewise  the  second,  in  consequence  of  equa- 
tions (8).  Hence  the  theorem  of  Ribaucour  is  proved.* 

187.  Theorems  of  Darboux.  The  question  naturally  arises 
whether  any  family  of  surfaces  whatever  forms  part  of  a  triply 
orthogonal  system.  This  question  will  be  answered  with  the  aid 
of  the  following  theorem  of  Darboux,f  which  we  establish  by  his 
methods : 

A  necessary  and  sufficient  condition  that  two  families  of  surfaces 
orthogonal  to  one  another  admit  of  a  third  family  orthogonal  to  both 
is  that  the  first  two  meet  one  another  in  lines  of  curvature. 

*  For  a  geometrical  proof  the  reader  is  referred  to  Darboux,  I.e.,  p.  77.     t  L.c.,  pp.  6-8. 
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Let  the  two  families  of  surfaces  be  defined  by 
(32)  a  (x,  y,  z)  =  a,         ft  (x,  y,  z)  =  6, 

where  a  and  b  are  the  parameters.    The  condition  of  orthogonality  is 

(33) 


cacfi      dadft  t  cad  ft      n 
1 1 =  u. 

ex  ex      cy  cy      cz  cz 


In  order  that  a  third  family  of  surfaces  exist  orthogonal  to  the 
surfaces  of  the  other  families,  there  must  be  a  function  7(2-,  y,  z) 
satisfying  the  equations 


cz  cz 


ex  ex      cy  cy      cz  cz  ex  ex      cy  ()y 

If  dx,  dy,  dz  denote  the  projections  on  the  axes  of  a  displace- 
ment of  a  point  on  one  of  the  surfaces  7  =  const.,  we  must  have 

dx     dy     dz 
da     da     da 

dx      dy     dz 

dx     dy     dz 

This  equation  is  of  the  form  (XIII,  9).    The  condition  (XIII,  10) 
that  it  admit  of  an  integral  involving  a  parameter  is 


=  0. 


z)  [c.r 


eft  c'oc      ca  c'ft       ca  c^ft      eft   c~a 


CZ  CXCZ         CX  CZ 


cz  cxcz 


c&  ]h*_  _  da  c*0      ca  <?&_ 
cy  cxcy      ex  cy2      cy  cxcy 


dfttra 


ex  cy 


where  2  indicates  the  sum  of  the  three  terms  obtained  by  permut- 
ing x,  y,  z  in  this  expression.    If  we  add  to  this  equation  the  identity 

^\  c (a,  ft)  Tea  ^  c'ft      eft  ^  (?a\  _  » 
^  d(y,  z)  \_cx  ^  ex*      dx  ^  cjf\ 

the  resulting  equation  may  be  written  in  the  form 


(34) 


dx      ex 


cz      cz 


dx 


cz 


dx 


cy 


cz 


=  0, 
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where,  for  the  sake  of  brevity,  we  have  introduced  the  symbol 
8(6,  <£),  defined  by 


dx  dx      dy  dy      dz  dz 

If  equation  (33)  be  differentiated  with  respect  to  #,  the  result  may 
be  written 


Consequently  equation  (34)  is  reducible  to 

t  a/3 

dx  dx 

da_  a/3 

dy  dy 

da  d/3     s/     8/3 

Yz  Tz      8K^ 


(35) 


=  0, 


which  is  therefore  the  condition  upon  a  and  /3  in  order  that  the 
desired  function  7  exist. 

A  displacement  along  a  curve  orthogonal  to  the  surfaces  a = const, 
is  given  by  dx=dy==dz^ 

da      da      da ' 
dx      dy      dz 

Such  a  curve  lies  upon  a  surface  /3  =  const.,  and  since,  by  (35), 
it  satisfies  the  condition 


,       a/3  ,  a/8 

ax  a  — 

dx  dx 

d/3  .80 
dy  ti- 
dy dy 

dz  d  — 

dz  dz 


=  0, 


it  is  a  line  of  curvature  on  the  surface  (cf.  Ex.  3,  p.  247).  Hence 
the  curves  of  intersection  of  the  surfaces  a  =  const,  &  =  const., 
being  the  orthogonal  trajectories  of  the  above  curves,  are  lines  of 
curvature  on  the  surfaces  /3  =  const.  And  by  Joachimsthal's  theo- 
rem (§  59)  they  are  lines  of  curvature  on  the  surfaces  a  =  const, 
also.  Having  thus  established  the  theorem  of  Darboux,  we  are  in 
a  position  to  answer  the  question  at  the  beginning  of  this  section. 
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Given  a  family  of  surfaces  a  =  const.  ;  the  lines  of  curvature  in 
one  family  form  a  congruence  of  curves  which  must  admit  a  family 
of  orthogonal  surfaces,  if  the  surfaces  a  =  const,  are  to  form  part 
of  an  orthogonal  system.  If  this  condition  is  satisfied,  then,  accord- 
ing to  the  theorem  of  Darboux,  there  is  a  third  family  of  surfaces 
which  together  with  the  other  two  form  an  orthogonal  system. 

If  X^  Ylt  Z1  denote  the  direction-cosines  of  the  tangents  to  the 
lines  of  curvature  in  one  family  on  the  surfaces  a  =  const.,  the  ana- 
lytical condition  that  there  be  a  family  of  surfaces  orthogonal  to 
these  curves  is  that  the  equation 


admit  an  integral  involving  a  parameter.    The  condition  for  this  is 


,       -          z       -       =  o. 

cy        cz  j         \cz        ex  /          \cx        cy  j 

In  order  to  find  Xv  Ft,  Z^  we  remark  that  since  they  are  the  direc- 
tion-cosines of  the  tangents  to  a  line  of  curvature  we  must  have 

d—A\+^Yl+^Zl=\A' 
ex     l      cy     l      cz     l 

and  similar  equations  in  F,  Z,  where  the  function  X  is  a  factor  of 
proportionality  to  be  determined  and  A',  I",  Z  are  the  direction- 
cosines  of  the  normal  to  the  surface  a  =  const.  Hence,  if  the 
surfaces  are  defined  by  a  =  const.,  the  functions  Xv  Yv  Zl  are 
expressible  in  terms  of  the  first  and  second  derivatives  of  a,  and 
so  equation  (36)  is  of  the  third  order  in  these  derivatives.  There- 
fore we  have  the  theorem  of  Darboux  *  : 

TJie  determination  of  all  triply  orthogonal  systems  requires  the 
integration  of  a  partial  differential  equation  of  the  third  order. 

Darboux  has  given  the  name  family  of  Lame  to  a  family  of 
surfaces  which  forms  part  of  a  triply  orthogonal  system. 

188.  Transformation  of  Combescure.  We  close  our  study  of  triply 
orthogonal  surfaces  with  an  exposition  of  the  transformation  of 
Combescure^  by  means  of  which  from  a  given  orthogonal  system 
others  can  be  obtained  such  that  the  normals  to  the  surfaces  of 
one  system  are  parallel  to  the  normals  to  the  corresponding  sur- 
faces of  the  other  system  at  corresponding  points. 

*  L.c.,  p.  12.        t  Annales  de  I'Ecole  Normale  Superieure,  Vol.  IV  (1867),  pp.  102-122. 
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We  make  use  of  a  set  of  functions  ySu,  introduced  by  Dar- 
boux  *  in  his  development  of  a  similar  transformation  in  space  of 
n  dimensions.  By  definition 


In  terms  of  these  functions  equations  (8),  (9)  are  expressible  in 
the  form 

<8T>         £-**•    frtft+vt-* 

and  formulas  (10)  become 

(38)  g~&A-aA        g  =  AA. 

Equations  (37),  (38)  are  the  necessary  and  sufficient  conditions  that 
the  expression        xdu      XHdu  +  XHdu 


333 

be  an  exact  differential.    From  their  form  it  is  seen  that  if  we  have 
another  set  of  functions  H{,  H^,  H3  satisfying  the  six  conditions 

(39)  /8te  =  J_£S, 

Hi  8ut 

where  the  functions  /3IK  have  the  same  values  as  for  the  given 
system,  the  expression 

XJJ[  du^  +  X2//2'  du2  +  X3H3  du3, 

and  similar  ones  in  Y",  Z,  are  exact  differentials,  and  so  by  quadra- 
tures we  obtain  an  orthogonal  system  possessing  the  desired  property. 
In  order  to  ascertain  the  analytical  character  of  this  problem, 
we  eliminate  H[  and  H3  from  equations  (39)  and  obtain  the  three 
equations  #H 


du, 
adffl  { 


, 

4 


aM.au,    ^au,  au, 

The  general  integral  of  a  system  of  equations  of  this  kind  involves 
three  arbitrary  functions  each  of  a  single  parameter  u(.  When  one 

*L.c.,  p.  161. 
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has  an  integral,  the  corresponding  values  of  H^  H'z  are  given  directly 
by  (39).    Hence  we  have  the  theorem  : 

With  every  triply  orthogonal  system  there  is  associated  an  infinity 
of  others,  depending  upon  three  arbitrary  functions,  such  that  the 
normals  to  the  surfaces  of  any  tico  systems  at  corresponding  points 

are  parallel.* 

EXAMPLES 

1.  In  every  system  of  Weingarten  for  which  c  in  (28)  is  zero,  the  system  of  cir- 
cles osculating  the  curves  of  parameter  u3  at  points  of  a  surface  Us  =  const,  form  a 
system  of  Ribaucour  (§  185). 

2.  If  the  orthogonal  trajectories  of  a  family  of  Lamg  are  twisted  curves  of 
the  same  constant  first  curvature,  the  surfaces  of  the  family  are  pseudospherical 
surfaces  of  equal  curvature. 

3.  Every  triply  orthogonal  system  which  is  derived  from  a  cyclic  system  by  a 
transformation  of  Combescure  possesses  one  family  of  plane  orthogonal  trajectories. 

4.  If  the  orthogonal  trajectories  of  a  family  of  Lam£  are  plane  curves,  the  cyclic 
system  of  circles  osculating  these  trajectories  at  the  points  of  any  surface  of  the 
family  may  be  obtained  from  the  given  system  by  a  transformation  of  Combescure. 

5.  Determine  the  triply  orthogonal  systems  which  result  from  the  application  of 
the  transformation  of  Combescure  to  a  system  of  Ribaucour  (§  185). 

GENERAL  EXAMPLES 

1.  If  an  inversion  by  reciprocal  radii  (§  80)  be  effected  upon  a  triply  orthogonal 
system,  the  resulting  system  will  be  of  the  same  kind. 

2.  Determine  the  character  of  the  surfaces  of  the  system  obtained  by  an  inversion 
from  the  system  of  Ex.  1,  §  185,  and  show  that  all  the  curves  of  intersection  are  circles. 

3.  Establish  the  existence  of  a  triply  orthogonal  system  of  spheres. 

4.  A  necessary  and  sufficient  condition  that  the  asymptotic  lines  correspond  on 
the  surfaces  u3  =  const,  of  a  triply  orthogonal  system  is  that  there  exist  a  relation 
of  the  form 


^  =  0, 

where  tf>i,  #j,  fa  are  functions  independent  of  «». 

5.  When  the  condition  of  Ex.  4  is  satisfied,  those  orthogonal  trajectories  of  the 
surfaces  «3  =  const,  which  pass  through  points  of  an  asymptotic  line  on  a  sur- 
face «3  =  const,  constitute  a  surface  S  which  meets  the  surfaces  «j  =  const,  in 
asymptotic  lines  of  the  latter  and  geodesies  on  S. 

6.  Show  that  the  asymptotic  lines  correspond  on  the  pseudospherical  surfaces 
of  a  triple  system  of  Bianchi. 

7.  Show  that  there  exist  triply  orthogonal  systems  for  which  the  surfaces  in  one 
family,  say  u3  =  const.,  are  spherical,  and  that  the  parameters  can  be  chosen  so  that 

HI  =  cosh  0,        H«  =  sinh  0,         H3  =  Us  -- 

CUj 

Find  the  equations  of  Lam6  for  this  case. 

8.  Every  one-parameter  family  of  spheres  or  planes  is  a  family  of  Lame'. 

*Cf.  Bianchi,  Vol.  II,  p.  494. 


9.  In  order  to  obtain  the  most  general  triply  orthogonal  system  for  which  the 
surfaces  in  one  family  are  planes,  one  need  construct  an  orthogonal  system  of 
curves  in  a  plane  and  allow  the  latter  to  roll  over  a  developable  surface,  in  which 
case  the  curves  generate  the  other  surfaces.  When  the  developable  is  given,  the 
determination  of  the  system  reduces  to  quadratures. 

10.  Show  that  the  most  general  triply  orthogonal  system  for  which  one  family 
of  Lame"  consists  of  spheres  passing  through  a  point  can  be  found  by  quadratures. 

11.  Show  that  a  family  of  parallel  surfaces  is  a  family  of  Lame'. 

12.  Show  that  the  triply  orthogonal  systems  for  which  the  curves  of  parameter 
u3  are  circles  passing  through  a  point  can  be  found  without  quadrature. 

13.  By  means  of  Ex.  6,  §  185,  show  that  for  a  system  of  Weingarten  of  constant 
curvature  the  principal  normals  to  the  curves  of  parameter  us  at  the  points  of  meet- 
ing with  a  surface  u3  =  const,  form  a  normal  pseudospherical  congruence,  and  that 
the  surfaces  complementary  to  the  surfaces  u3  =  const,  and  their  orthogonal  tra- 
jectories constitute  a  system  of  Weingarten  of  constant  curvature. 

14.  By  means  of  Ex.  13  show  that  for  a  triple  system  arising  from  a  system  of 
Weingarten  of  constant  curvature  by  a  transformation  of  Combescure  the  osculat- 
ing planes  of  the  curves  u3  =  const.,  at  points  of  a  surface  w3  =  const.,  envelop  a 
surface  S  of  the  same  kind  as  this  surface  «3  =  const.  ;  and  these  surfaces  S  and 
their  orthogonal  trajectories  constitute  a  system  of  the  same  kind  as  the  one  result- 
ing from  the  Combescure  transformation  of  the  given  system  of  Weingarten. 

15.  Show  that  a  necessary  condition  that  the  curves  of  parameter  MI  of  a  triple 
system  of  Bianchi  be  plane  is  that  w  satisfy  also  the  conditions 

fu>  ru 

-  =  023  8in  w>         -  =  013  sin  w, 

duz  dui 

where  02s  and  0i8  are  independent  of  MI  and  u2  respectively  (cf.  Ex.  6,  p.  317). 
Show  that  if  #13  and  023  satisfy  the  conditions 


where  a  and  b  are  constants  and  U3  is  an  arbitrary  function  of  u3,  the  function  w, 
given  by  g023      d<f>u 


cos  w  = 


U3 

determines  a  triply  orthogonal  system  of  Bianchi  of  the  kind  sought. 

16.  When  Z78  =  1  and  w  is  independent  of  u2,  the  first  and  fourth  of  equations 
(25)  may  be  replaced  by  gw 

—  =  sin  w. 
dui 

Show  that  for  a  value  of  w  satisfying  this  condition  and  the  other  equations  (26) 

the  expressions  f  ffrdu,  ,  ^\      /-^coso, 

HI  =  cos  u  {  I          -  +  fa  ]  —  I  —  du3  +  0i, 

\J    sin  w  /     J     sin  w 


du. 
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where  0i,  <£2,  <j>3  are  functions  of  «i,  u»,  u3  respectively,  and  the  accent  indicates 
differentiation,  define  a  triply  orthogonal  system  for  which  the  surfaces  u3  =  const, 
are  molding  surfaces. 

17.  Under  what  conditions  do  the  functions 


cit-2  cw  smw  cu2cu3 

CM2 

where  U»  and  Us  are  functions  of  «2  and  u3  respectively,  determine  a  triply  orthog- 
onal system  arising  from  a  triple  system  of  Bianchi  by  a  transformation  of  Combes- 
cure  ?  Show  that  in  this  case  the  surfaces  u2  =  const,  are  spheres  of  radius  J72,  and 
that  the  curves  of  parameter  u2  in  the  system  of  Bianchi  are  plane  or  spherical. 

18.  Prove  that  the  equations 

x  =  A(UI  —  a)mi  (u2  —  a)mi  (u3  —  a)"1*, 
y  —  B(UI  —  6)mt  (w2  —  &)m»(us  —  6)ms, 
z  =  C(«i  —  c)mi(«2  —  c)"»i(i/j  —  c)™3, 

where  A,  B,  (7,  a,  6,  c,  m,-  are  constants,  define  space  referred  to  a  triple  system  of 
surfaces,  such  that  each  surface  is  cut  by  the  surfaces  of  the  other  two  families  in 
a  conjugate  system. 

19.  Given  a  surface  S  and  a  sphere  2;  the  circles  orthogonal  to  both  constitute 
a  cyclic  system  ;  hence  the  locus  of  a  point  upon  these  circles  which  is  in  constant 
cross-ratio  with  the  points  of  intersection  with  S  and  2  is  a  surface  Si  orthogonal 
to  the  circles  ;  Si  may  be  looked  upon  as  derived  from  S  by  a  contact  transformation 
which  preserves  lines  of  curvature  ;  such  a  transformation  preserves  planes  and 
spheres. 

20.  When  S  of  Ex.  19  is  a  cyclide  of  Dupin.  so  are  the  surfaces  Si,  and  also  the 
surface  which  is  the  locus  of  the  circles  which  meet  S  in  any  line  of  curvature  ; 
hence  all  of  these  surfaces  form  a  triple  system  of  cyclides  of  Dupin. 

21.  Given  three  functions  Lr,  defined  by 

Ui  =  nun?  +  2  TIM  +  pit  (i  =  1,  2,  3) 

where  HI,-,  n,,  pt  are  constants  satisfying  the  conditions 

2m,-  =  0,         2n,-  =  0,         2p,-  =  0  ; 
and  given  also  the  function 

N=  cri(u2  —  u3)  T/UI  +  a2  (us 

+  /32m,-ut- 
where  nr,-,  /3,  7  are  constants  ;  determine  under  what  condition  the  functions 

-  rr  ~  ~ 

H»  = 


-  - 

NVUS 

determine  a  triply  orthogonal  system.    Show  that  all  of  the  surfaces  are  isothermic, 
and  that  they  are  cyclides  of  Dupin. 

22.  Determine  whether  there  exist  triply  orthogonal  systems  of  minimal  surfaces. 
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Acceleration,  15,  50 
Angle  between  curves,  74,  200 
Angle  of  geodesic  contingence,  212 
Applicable  surfaces,  definition,  100  ;  to 
the  plane,   101,    156 ;    invariance  of 
geodesic  curvature,  135 ;    invariance 
of  total  curvature,   156 ;   solution  of 
the  problem  of  determining  whether 
two   given   surfaces   are   applicable, 
321-326 ;    pairs  of,   derived    from   a 
given  pair,  349.    See  Deformation  of 
surfaces 

Area,  element  of,  75.  145 
Area  of  a  portion  of  a  surface,  145,  250 ; 

minimum,  222 

Associate  surfaces,  definition,  378  ;  de- 
termination, 378-381;  of  a  ruled 
surface,  381 ;  of  the  sphere,  381;  ap- 
plicable, 381 ;  of  the  right  helicoid, 
381 ;  of  an  isothermic  surface,  388  ; 
of  pseudospherical  surfaces,  390 ;  of 
quadrics,  390,  391 ;  characteristic 
property,  -i'2't 

Asymptotic  directions,  definition,  128 
•Asymptotic  lines,  definition,  128  ;  para- 
metric, 129. 189-194  ;  orthogonal,  12H  ; 
straight.  140.  '234  ;  spherical  represen- 
tation, 144.  191-193;  preserved  by 
projective  transformation,  202  ;  pre- 
served in  a  deformation,  342-347 

Backlund,  transformation  of,  284-290 

Beltrami  (differential  parameters),  88, 
90 ;  (geodesic  curvature),  183 ;  (ruled 
M'-surfaces),  299 ;  (applicable  ruled 
surfaces),  345 ;  (normal  congruences), 
403 

Bertram!  curves,  definition,  39 ;  proper- 
ties, 39-41  ;  parametric  equations,  51 ; 
on  a  ruled  surface,  250  ;  deformation, 
348 

Bianchi  (theorem  of  permutability), 
286-288  ;  (surfaces  with  circular  lines 
of  curvature),  311 ;  (surfaces  with 


spherical  lines  of  curvature).  31-3 ; 
(associate  surfaces),  378  ;  (cyclic  con- 
gruences of  Ribaucour),  435  ;  (cyclic 
systems),  441 

Bianchi,  transformation  of,  280-283, 
290,  318,  320,  370,  456 ;  surfaces  of, 
370,  371,  442.  443.  440;  generalized 
transformation  of,  439  ;  triply  orthog- 
onal systems  of.  4o2-4-j4.  4ii4.  4tl"> 

Binormal  to  a  curve,  definition.  12  ; 
spherical  indicatrix,  60 

Binormals  which  are  the  principal  nor- 
mals to  another  curve,  51 

Bonnet  (formula  of  geodesic  curvature), 
136;  (surfaces  of  constant  curvature), 
179;  (lines  of  curvature  of  Liouville 
type),  232  ;  (ruled  surfaces),  248 ;  (sur- 
faces of  constant  mean  curvature), 
298 

Bour  (helicoids),  147;  (associate  isother- 
mic surfaces),  388 

Canal  surfaces,  definition,  68  ;  surfaces 
of  center,  186 

Catenoid,  definition,  150  ;  adjoint  sur- 
face of,  267 ;  surfaces  applicable  to,  318 

Cauchy,  problem  of,  265,  335 

Central  point,  243 

Central  plane,  244 

Cesaro  (moving  trihedral).  32 

Characteristic  equation,  375 

Characteristic  function,  374  577 

Characteristic  lines,  130,  131 ;  paramet- 
ric, 203 

Characteristics,  of  a  family  ot  surfaces, 
59-61 ;  of  the  tangent  planes  to  a  sur- 
face, 126 

Christoffel  (associate  isothermic  sur- 
faces), 388 

Christoffel  symbols,  definition,  152, 153  ; 
relations  between,  for  a  surface  and 
its  spherical  representation,  162,  193, 
201 

Circle,  of  curvature,  14  ;  osculating,  14 


*  References  to  asymptotic  lines,  geodesies,  lines  of  curvature,  etc.,  on  particular  kinds  of 
surfaces  are  listed  under  the  latter. 
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Circles,  orthogonal  system  of,  in  the 
plane,  80,  97 ;  on  the  sphere,  301 

Circular  lines  of  curvature,  149,  310, 
316,  423,  446 

Circular  point  on  a  surface,  124 

Codazzi,  equations  of,  155-157,  161,  168, 
170,  189,  200 

Combescure  transformation,  of  curves, 
50  ;  of  triple  systems,  401-465 

Complementary  surface,  184,  185,  283, 
290,  370,  464 

Conforinal  representation,  of  two  sur- 
faces, 98-100,  391;  of  a  surface  and 
its  spherical  representation,  143 ;  of 
a  surface  upon  itself,  101-103  ;  of  a 
plane  upon  itself,  104, 112  ;  of  a  sphere 
upon  the  plane,  109  ;  of  a  sphere  upon 
itself,  110,  111;  of  a  pseudospherical 
surface  upon  the  plane,  317 

Conformal-con jugate  representation  of 
two  surfaces,  224 

Congruence  of  curves,  426  ;  normal,  430 

Congruence  of  straight  lines  (rectilinear), 
definition,  392  ;  normal,  393,  398,  401, 
402,  403,  412,  422,  423,  437;  associate 
normal,  401-403,411;  ruled1  surf  aces, 
393,  398,  401 ;  limit  points,  396  ;  prin- 
cipal surfaces,  390-398,  408 ;  principal 
planes,  396,  397;  developables,  398, 
409,  414,  421,  432,  437;  focal  points, 
398,  399,  425;  middle  point,  399; 
middle  surface,  399,  401,  408,  413, 
421-424  ;  middle  envelope,  413,  415  ; 
focal  planes,  400,  401,  409,  416  ;  focal 
surfaces,  400,  406,  409-411,  412,  414, 
416,  420  ;  derived,  403-405,  411,  412  ; 
isotropic,  412,  413,  416;  of  Guichard, 
414,415,417,422,442 ;  pseudospherical, 
184,  415,  416,  464  ;  W-,  417-420,  422, 
424  ;  of  Ribaucour,  420-422,  424,  425, 
435,  442,  443  ;  mean  ruled  surfaces, 
422,  423,  425  ;  cyclic,  431-445  ;  spher- 
ical representation  of  cyclic,  432-433  ; 
cyclic  of  Ribaucour,  435,  442,  443  ; 
developables  of  cyclic,  437,  441 ; 
normal  cyclic,  437 

Conjugate  directions,  126,  173  ;  normal 
radii  in,  131 

Conjugate  system,  definition,  127,  223  ; 
parametric,  195,  203,  223,  224  ;  spher- 
ical representation  of,  200;  of  plane 
curves,  224  ;  preserved  by  projective 
transformation,  202  ;  preserved  in  a 
deformation,  338-342,  348,  349 

Conjugate  systems  in  correspondence,  130 

Conoid,  right,  56,  68,  59,  68,  82,  98,  112, 
120,  195,  347 

Coordinates,  curvilinear,  on  a  surface, 
65 ;  curvilinear,  in  space,  447 ;  sym- 
metric, 91-93;  tangential,  163,  194, 
201;  elliptic,  227 


Correspondence  with  orthogonality  of 
linear  elements,  374-377,  390 

Corresponding  conjugate  systems,  130 

Cosserat  (infinitesimal  deformation) 
380,  385 

Cross-ratio,  of  four  solutions  of  aRiccati 
equation,  20;  of  points  of  intersection 
of  four-curved  asymptotic  lines  on  a 
ruled  surface,  249 ;  of  the  points  in 
which  four  surfaces  orthogonal  to  a 
cyclic  system  meet  the  circles,  429 

Cubic,  twisted,  4,  8,  11,  12,  15,  269 

Curvature,  first,  of  a  curve,  9;  radius 
of,  9;  center  of,  14;  circle  of,  14; 
constant,  22,  38,  51 

Curvature,  Gaussian,  123 ;  geodesic  (see 
Geodesic) 

Curvature,  mean,  of  a  surface,  123,  126, 
145 ;  surfaces  of  constant  (see  Sur- 
face) 

Curvature,  normal,  of  a  surface,  radius 
of,  118,  120,  130,  131,  150;  principal 
radii  of,  119,  120,  291,  450 ;  center  of, 
118,  150;  principal  centers  of,  122 

Curvature,  second,  of  a  curve,  16  ;  con- 
stant, 50.  See  Torsion 

Curvature,  total,  of  a  surface,  123,  126, 
145,  155,  156,  160,  172,  186,  194,  208, 
211  ;  radius  of,  189  ;  surfaces  of  con- 
stant (see  Surface) 

Curve,  definition,  2 ;  of  constant  first 
curvature,  22,  38,  51 ;  of  constant 
torsion,  50  ;  form  of  a,  18 

Cyclic  congruences.    See  Congruences 

Cyclic  system,  426-445  ;  definition,  426  ; 
of  equal   circles,   430,  443  ;   surfaces 
orthogonal    to,    436,   437,   444,   457 
planes    envelop   a   curve,    439,  440 
planes    through    a  point,   440,   441 
planes  depend  on  one  parameter,  442 
triple  system  associated  with  a,  446 
associated  with  a  triple  system,  457 
458 

Cyclides  of  Dupin,  188,  312-314,  412, 
422,  465 

J»,  ZX,  7)",  definition,  115  ;  for  the  mov- 
ing trihedral,  174 

A  ^',  „&",  definition,  386 

Darboux  (moving  trihedral),  168,  169, 
170 ;  (asymptotic  lines  parametric), 
191  ;  (conjugate  lines  parametric), 
195  ;  (lines  of  curvature  preserved  by 
an  inversion),  196  ;  (asymptotic  lines 
and  conjugate  systems  preserved  by 
projective  transformation),  202 ;  (geo- 
desic parallels),  216,  217  ;  (genera- 
tion of  new  surfaces  of  Weingarten), 
298 ;  (generation  of  surfaces  with 
plane  lines  of  curvature  in  both  .sys- 
tems), 304 ;  (general  problem  of 
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deformation),  332 ;  (surfaces  appli- 
cable to  paraboloids),  367 ;  (triply 
orthogonal  systems),  458-461 

Darboux,  twelve  surfaces  of,  391;  de- 
rived congruences  of,  404,  405 

Deformation  of  surfaces  (see  Applicable 
surfaces) ;  of  surfaces  of  revolution 
(see  Surfaces  of  revolution) ;  of  mini- 
mal surfaces,  264,  269,  327-330  ;  of 
surfaces  of  constant  curvature,  321- 
323 ;  general  problem,  331-333 ;  which 
changes  a  curve  on  the  surface  into  a 
given  curve  in  space,  333-336  ;  which 
preserves  asymptotic  lines,  336,  342, 
343  ;  which  preserves  lines  of  curva- 
ture, 336-338,  341 ;  which  preserves 
conjugate  systems,  338-342,  349,  350, 
443 ;  of  ruled  surfaces,  343-348,  350, 
367;  method  of  Weingarten.  353-369 ; 
of  paraboloids,  348,  368,  369  ;  of  the 
envelope  of  the  planes  of  a  cyclic 
system,  429,  430 

Developable  surface,  definition,  61 ; 
equation,  64  ;  particular  kinds,  69  ; 
rectifying.  62,  64,  112,  209  ;  polar,  64, 
65.  112.  209  ;  applicable  to  the  plane. 
101, 156,  219, 321, 322 ;  formed  by  nor- 
mals to  a  surface  at  points  of  a  line  of 
curvature,  122  ;  principal  radii,  149 ; 
total  curvature,  156,  250  ;  geodesies 
on  a,  224,  268,  318,  322  ;  fundamental 
property,  244;  of  a  congruence  (see 
Congruence) 

Dextrorsum,  19 

Differential  parameters,  of  the  first  order, 
84-88,  90,  91,  120,  160,  166,  186  ;  of 
the  second  order,  88-91, 160,  165, 166, 
186 

Dini  (spherical  representation  of  asymp- 
totic lines),  192;  (surfaces of  Liouville), 
214  ;  (ruled  TF-surfaces),  299 

Dini,  surface  of,  291,  318 

Director-cone  of  a  ruled  surface,  141 

Director-developable  of  a  surface  of 
Monge,  305 

Directrix  of  a  ruled  surface,  241 

Dobriner  (surfaces  with  spherical  lines 
of  curvature),  315 

Dupin  (triply  orthogonal  systems),  449 

Dupin,  indicatrix  of,  124-126,  129,  150  ; 
cyclkle  of  (see  Cyclide) ;  theorem  of 
Malus  and,  403 

E.  F,  G,  definition,  70  ;  for  the  moving 

trihedral.  174 

^  definition,  141 ;  for  the  moving 

trihedral,  174 
e,  f.  f,  9,  definition,  393 
Edge  of  regression,  43,  60,  69 


Element,  of  area,  75,  145 ;  linear  (see 
Linear  element) 

Ellipsoid,  equations,  228 ;  normal  sec- 
tion, 234 ;  polar  geodesic  system, 
236-238;  umbilical  geodesies,  236, 
267 ;  surface  corresponding  with  par- 
allelism of  tangent  plane,  269.  See 
Quadrics 

Elliptic  coordinates,  227 

Elliptic  point  of  a  surface,  125,  200 

Elliptic  type,  of  pseudospherical  sur- 
faces, 274 ;  of  surfaces  of  Bianchi, 
370,  371 

Enneper  (torsion  of  asymptotic  lines), 
140 ;  (equations  of  a  minimal  surface), 
256 

Enneper,  minimal  surface  of,  269;  sur- 
faces of  constant  curvature  of ,  317,  320 

Envelope,  definition,  59,  60;  of  a  one- 
parameter  family  of  planes,  61-63, 
64,  69,  442  ;  of  a  one-parameter  fam- 
ily of  spheres,  66-69 ;  of  a  two-param- 
eter family  of  planes,  162,  224,  426, 
439;  of  geodesies,  221;  of  a  two- 
parameter  family  of  spheres,  391,  444 

*  Equations,  parametric,  1,  2,  62,  53; 
of  a  curve,  1,  2,  3,  21;  of  a  surface, 
52,  53,  54 

Equidistance,  curves  of,  456 

Equidistantial  system,  187,  203 

Equivalent  representation  of  two  sur- 
faces, 113,  188 

Euler,  equation  of,  124,  221 

Evolute,  of  a  curve,  43,  45-47 ;  of  a 
surface,  180,  415  (see  Surface  of 
center) ;  of  the  quadrics,  234 ;  mean, 
of  a  surface,  165,  166,  372 

F.    See  E 

&   See£ 

//'.    Seee 

Family,  one-parameter,  of  surfaces,  59, 
446,  447,  451,  452,  457-461 ;  of  planes, 
61-64,  69,  442,  463  ;  of  spheres,  66-69, 
309,  319,  463 ;  of  curves,  78-80 ;  of  geo- 
desies, 216,  221 

Family,  two-parameter,  of  planes,  162, 
224.  426.  439 ;  of  spheres,  391,  444 

Family  of  Lame",  461,  463,  464 

Focal  conic,  226,  234.  313,  314 

Focal  planes,  400,  401,  409,  416 

Focal  points,  398,  399,  425 

Focal  surface,  of  a  congruence,  400  ; 
reduces  to  a  curve,  406,  412  ;  funda- 
mental quantities,  409-411 ;  develop- 
able, 412 ;  met  by  developables  in 
lines  of  curvature,  414 ;  of  a  pseudo- 
spherical  congruence,  416 ;  infinitesi- 
mal deformation  of,  420 ;  intersect,  423 


*  For  references  such  as  Equations  of  Codazzi,  see  Codazzi. 
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Form  of  a  curve,  18 

Frenet-Serret  formulas,  17 

Fundamental  equations  of  a  congruence, 
406,  407 

Fundamental  quadratic  form,  of  a  sur- 
face, first,  71;  of  a  surface,  second, 
115 ;  of  a  congruence,  393 

Fundamental  quantities,  of  the  first 
order,  71;  of  the  second  order,  115 

Fundamental  theorem,  of  the  theory  of 
curves,  24  ;  of  the  theory  of  surfaces, 
159 

G.    See  E 

&    8ee£ 

g.    See  e 

Gauss  (parametric  form  of  equations), 
50 ;  (spherical  representation),  141  ; 
(total  curvature  of  a  surface),  155  ; 
(geodesic  parallels),  206;  (geodesic  cir- 
cles) 207  ;  (area  of  geodesic  triangle) 
200 

Gauss,  equations  of,  154,  155,  187 

Generators,  of  a  developable  surface, 
41 ;  of  a  surface  of  translation,  198  ; 
of  a  ruled  surface,  241 

Geodesic  circles,  207 

Geodesic  contingence,  angle  of,  212 

Geodesic  curvature,  132/134,  135,  13(5, 
140,  213,  223  ;  radius  of,  132,  150, 151, 
174, 170, 209, 411 ;  center  of,  132,  225, 
423 ;  invariance  of,  135 ;  curves  of 
constant,  137,  140,  187,  223,  319 

Geodesic  ellipses  and  hyperbolas,  213- 
215,  225 

Geodesic  parallels,  207 

Geodesic  parameters,  207 

Geodesic  polar  coordinates,  207-209, 
236,  276 

Geodesic  representation,  225,  317 

Geodesic  torsion,  137-140,  174,  176 ; 
radius  of,  138,  174,  176 

Geodesic  triangle,  209,  210 

*  Geodesies,  definition,  133  ;  plane,  140; 
equations  of,  204,  205,  215-219  ;  on 
surfaces  of  negative  curvature,  211  ; 
on  surfaces  of  Liouville,  218,  219 

Goursat,  surfaces  of,  366,  372 

Guichard  (spherical  representation  of 
l  In-  developables  of  a  congruence), 
lo'.i;  (congruences  of  Hibaucour),  421 

Guicliard.  congruences  of,  414,  415,  417, 
122,  442 

77,  definition,  71 
//',  definition,  142 
Hamilton,  equation  of,  397 
Hazzidakis,  transformation  of,  278,  279, 
338 


Helicoid,  general,  146-148  ;  parameter 
of,  146  ;  meridian  of,  146  ;  geodesies, 
149,  151,  209;  surfaces  of  center  of, 
186  ;  pseudospherical,  291 ;  is  a  W-sur- 
face,  300 ;  minimal,  329,  331 ;  appli- 
cable to  a  hyperboloid,  347 

Helicoid,  right,  146,  148,  203,  247,  250, 
260,  267,  330,  347,  381,  422 

Helix,  circular,  2,  41,  45,  203  ;  cylindri- 
cal, 20,  21,  29,  30,  47,  64 

Henneberg,  surface  of,  267 

Hyperbolic  point,  125,  200 

Hyperbolic  type,  of  pseudospherical  sur- 
face, 273 ;  of  surface  of  Bianchi,  37 1, 379 

Hyperboloid,  equations,  228;  fundamen- 
tal quantities,  228-230;  evolute  of', 
234;  of  revolution,  247,  348;  lines  of 
striction,  268 ;  deformation  of,  347, 
348.  See  Quadrics 

Indicatrix,  of  Dupin  (seeDupin);  spheri- 
cal (see  Spherical) 

Infinitesimal  deformation  of  a  surface, 

/  373,  385-387 ;  generatrices,  373,  420  ; 
/  of  a  right  helicoid,  381  ;  of  ruled  sur- 
faces, 381  ;  in  which  lines  of  curva- 
ture are  preserved,  387,  391 ;  of  the 
focal  surfaces  of  a  W-congruence,  420 

Intrinsic  equations  of  a  curve,  23,  29, 
30,  36 

Invariants,  differential,  85-90  ;  of  a  dif- 
ferential equation,  380,  385,  406 

Inversion,  definition,  196 ;  preserves 
lines  of  curvature,  196  ;  preserves  an 
isothermic  system  of  lines  of  curva- 
ture, 391  ;  preserves  a  triply  orthog- 
onal system,  463.  See  Transformation 
by  reciprocal  radii 

Involute,  of  a  curve,  43-45,  311 ;  of  a 
surface,  180,  184,  300 

Isometric  parameters.  See  Isothermic 
parameters 

Isometric  representation,  100,  113 

Isothermal-conjugate  systems  of  curves, 
198-200 ;  spherical  representation,  202 ; 
formed  of  lines  of  curvature,  147.  •_'(»:!, 
233,  278  ;  on  associate  surfaces,  3'.M» 

Isothermal-orthogonal  system.  See  Iso- 
thermic  orthogonal  system 

Isotlicrmic  orthogonal  systems,  !'.'!  US, 
209,  252,  25 1 ;  formed  of  lines  of  curva- 
ture (see  Isothermic  surface) 

Isothermic  parameters.  93-97,  102 

Isothermic  surface,  108,  159,  232,  253, 
269,  297,  387-389,  391,  425,  465 

Isotropic  congruence,  412,  413,  416,  422- 
424 

Isotropic  developable,  72,  171,  412,  424 

Isotropic  plane,  49 


*  See  footnote,  p.  467. 
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Jacob!  (geodesic  lines),  217 
Joachimsthal    (geodesies   and    lines  of 

curvature  on  central  quadrics),  240 
Joachimsthal,  theorem  of,  140  ;  surfaces 

of,  308,  309,  319 

Kummer  "(rectilinear  congruences),  392 

Lagrange  (minimal  surfaces),  251 

Lam£  (differential  parameters),  85 

Lame",  equations  of,  449  ;  family  of,  461, 
463,  464 

Lelieuvre,  formulas  of,  193,  195,  417, 
419,  420,  422 

Lie  (surfaces  of  translation),  197,  198  ; 
(double  minimal  surfaces),  259 ;  (lines 
of  curvature  of  JF-surfaces),  293 

Lie,  transformation  of,  28!'. 

Limit  point,  396,  399 

Limit  surface,  389 

Line,  singular,  71 

*Line  of  curvature,  definition,  121,  122. 
128;  equation  of,  121.  171.  247;  par- 
ametric, 122,  151,  186  ;  normal  cur- 
vature of,  121, 131 ;  geodesic  torsion  of, 
139;  geodesic,  140;  two  surfaces  inter- 
secting in,  140  ;  spherical  representa- 
tion of,  143, 148. 150;  osculating  plane, 
148;  plane,  149,  150,  201,  305-314, 
319,  320,  463 ;  plane  in  both  systems, 
269,300-304,  319,  320;  spherical,  149, 
314-317,  319,  320,  465  ;  circular,  149, 
310-314,  316,  446  ;  on  an  isothermic 
surface,  389, 

Line  of  strlction,  243,  244,  248,  268,  348, 
351,352,369,401,422 

Linear  element,  of  a  curve.  4,  5  ;  ef  a 
surface.  42.  71,  171;  of  the  spherical 
representation,  141,  173,  393;  reduced 
form,  353  ;  of  space,  447 

Lines  of  length  zero.    See  Minimal  lines 

Lines  of  shortest  length,  212,  220 

Liouville  (form  of  Gauss  equation),  187 ; 
(angle  of  geodesic  contingence),  212 

Liouville.  surfaces  of,  214,  215,  218,  232 

Loxodromic  curve,  78, 108, 112, 120, 131, 
140,  209 

Mainardi,  equations  of,  156 

Mains  and  Dupin,  theorem  of,  403 

v.   Mangoldt  (geodesies  on  surfaces  of 

positive  curvature),  212 
Mean  curvature,  123,  1  -jr..  14"> 
Mean  evolute,  165,  166,  372 
Mean  ruled  surfaces  .of  a  congruence, 

422,  423,  425 
Mercator  chart,  109 
Meridian,   of  a  surface  of   revolution, 

107;  of  a  helicoid,  146 


Meridian  curve  on  a  surface,  260 

Meusnier,  theorem  of,  118 

Middle  envelope  of  a  congruence,  413, 
415 

Middle  point  of  a  line  of  a  congruence, 
399 

Middle  surface  of  a  congruence,  399, 
401.  408,  413,  421-424 

Minding  (geodesic  curvature),  222,  223 

Minding,  problem  of,  321,  323,  326  ; 
method  of,  344 

Minimal  curves,  6,  47,  49,  255,  257 ; 
on  a  surface,  81,  82,  85,  91.  2.'.4-26.\ 
318,391;  on  a  sphere,  81,  257,  364-366, 
390 

Minimal  straight  lines,  48,  49,  260 

Minimal  surface,  definition,  129,  251; 
asymptotic  lines,  129,  186,  195,  254, 
257,  269 ;  spherical  representation, 
143.  251-254;  ruled,  148;  helicoidal. 
149,  330,  331 ;  of  revolution,  160 ; 
parallel  plane  sections  of,  160;  mini- 
mal lines.  177.  186,  254-265;  lines  of 
curvature,  186.  253,  257,  264,  269; 
double,  258-260  ;  algebraic,  260-262  ; 
evolute,  260,  372  ;  adjoint,  254,  263, 
267,  377;  associate,  263,  267,  269,  330, 
381;  of  Scherk,  260;  of  Henneberg, 
267 ;  of  Enneper,  269 ;  deformation 
of,  264,  327-31'!'.  349,  381;  determi- 
nation of,  265,  266  ;  geodesies,  267 

Molding  surface,  definition,  302  ;  equa- 
tions of,  307,  308;  lines  of  curvature, 
307,  308,  320;  applicable,  319,  338; 
associate  to  right  helicoid,  381 ;  nor- 
mal to  a  congruence  of  Ribaucour, 
422 

Molding  surfaces,  a  family  of  Lame"  of, 
465 

Monge  (equations  of  a  surface),  64 ; 
(molding  surfaces),  302 

Monge,  surfaces  of,  305-308,  319 

Moving  trihedral  for  a  curve,  30-33  ; 
applications  of,  33-36,  39,  40,  64-68 

Moving  trihedral  for  a  surface,  166-170 ; 
rotationsof,  169;  applications  of.  171- 
183,281-288,336-338,352-364,426-442 

Normal,  principal,  definition,  12 ;  par- 
allel to  a  plane,  16,  21 

Normal  congruence  of  lines  {see  Con- 
gruence) ;  of  curves  (sec  Congruence) 

Normal  curvature  of  a  surface.  See 
Curvature 

Normal  plane  to  a  curve,  8.  15.  65 

Normal  section  of  a  surface,  118.  iM  t 

Normal  to  a  curve,  12 

Normal  to  a  surface,  57,  114,  117,  120, 
121,  141,  195 


*  See  footnote,  p.  467. 
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Normals,  principal,  which  are  principal 
normals  of  another  curve,  41 ;  which 
are  binormals  of  another  curve,  51 

Order  of  contact,  8,  21 

( )rthogonal  system  of  curves,  75,  77, 
80-82,  91,  119,  129,  177,  187;  par- 
ametric, 75,  93,  122,  134  ;  geodesies, 
187  ;  isothermic  (see  Isothermic) 

Orthogonal  trajectories,  of  a  one-param- 
eter family  of  planes,  35,  451 ;  of  a 
family  of  curves,  50,  79,  95,  112,  147, 
149,  150 ;  of  a  family  of  geodesies, 
216  ;  of  a  family  of  surfaces,  446,  451, 
452,  466,  457,  460,  463,  464 

Osculating  circle,  14,  21,  65 

Osculating  plane,  definition,  10 ;  equa- 
tion of,  11  ;  stationary,  18  ;  meets  the 
curve,  19 ;  passes  through  a  fixed  point, 
22 ;  orthogonal  trajectories  of,  35 ;  of 
edge  of  regression,  57 ;  of  an  asymp- 
totic line,  128  ;  of  a  geodesic,  133 

Osculating  planes  of  two  curves  parallel, 
60 

Osculating  sphere,  37,  38,  47,  61,  65 

Parabolic  point  on  a  surface,  125 

Parabolic  type,  of  pseud ospherical  sur- 
faces, 274  ;  of  surfaces  of  Bianchi, 
370,  371,  442,  443,  445 

Paraboloid,  a  right  conoid,  66  ;  tangent 
plane,  112  ;  asymptotic  lines,  191,  233 ; 
a  surface  of  translation,  203 ;  equa- 
tions, 230,  330  ;  fundamental  quanti- 
ties, 231 ;  lines  of  curvature,  232,  240  ; 
evolute  of,  234  ;  of  normals  to  a  ruled 
surface,  247 ;  line  of  striction,  268  ; 
deformation  of,  348,  349,  367-369, 
372 ;  congruence  of  tangents,  401. 
See  Quadrics 

Parallel,  geodesic,  86,  207  ;  on  a  surface 
of  revolution,  107 

Parallel  curves,  44 

Parallel  surface,  definition,  177  ;  lines 
of  curvature,  178  ;  fundamental  quan- 
tities, 178;  of  surface  of  constant  cur- 
vature, 179 ;  of  surface  of  revolution, 
185 

Parallel  surfaces,  a  family  of  Larn£  of, 
446 

Parameter,  definition,  1 ;  of  distribution, 
245,  247,  268,  348,  424,  425 

Parametric  curves,  54,  65 

Parametric  equations.    See  Equations 

Plane  curve,  condition  for,  2,  16 ;  curv- 
ature, 15  ;  equations,  28,  49 ;  intrinsic 
equations,  36 

Plane  curves  forming  a  conjugate  sys- 
tem, 224 

Plane  lines  of  curvature.  See  Lines  of 
curvature 


Point  of  a  surface,  singular,  71 ;  elliptic, 
125,  200 ;  hyperbolic,  125,  200  ;  para- 
bolic, 125 ;  focal  (see  Focal) ;  middle 
(see  Middle);  limit  (see  Limit) 
Polar  developable,  64,  65,  112,  209 
Polar  line  of  a  curve,  15,  38,  46 
Principal  directions  at  a  point,  121 
Principal  normal  to  a  curve.  See  Normal 
Principal  planes  of  a  congruence,  396, 397 
Principal  radii  of  normal  curvature,  119, 

120,  291,  450 
Principal  surfaces  of  a  congruence,  396- 

398,  408 

Projective  transformation,  preserves  os- 
culating planes,  49  ;  preserves  asymp- 
totic lines  and  conjugate  systems,  202 
Pseudosphere,  274,  290 
Pseudospherical   congruence,  415,  416, 

464  ;  normal,  184 

Pseudospherical  surface,  definition,  270  ; 
asymptotic  lines,  190,  290,  414  ;  lines 
of  curvature,  190,  203,  280,  320 ;  geo- 
desies, 275-277,  283,  317,  318  ;  defor- 
mation, 277,  323  ;  transformations  of, 
280-290,  318,  320,  370,  456 ;  of  Dini, 
291,  318;  of  Enneper,  317,  320;  evo- 
lute, 318  ;  involute,  318  ;  surfaces  with 
the  same  spherical  representation  of 
their  lines  of  curvature  as,  320,  371, 
437,  439,  443,  444.  See  Surface  of 
constant  total  curvature 
Pseudospherical  surface  of  revolution, 
of  hyperbolic  type,  273  ;  of  elliptic 
type,  274  ;  of  parabolic  type,  274 
Pseudospherical  surfaces,  a  family  of 
Lara6  of,  452-456,  464 

Quadratic  form.  See  Fundamental 
Quadrics,  confocal,  226,401 ;  fundamen- 
tal quantities,  229  ;  lines  of  curvature, 
233,  239,  240  ;  asymptotic  lines,  2&3  ; 
geodesies,  234-236,  239,  240  ;  associate 
surfaces,  390,  391 ;  normals  to,  422. 
See  Ellipsoid,  Hyperboloid,  Paraboloid 

Representation,  conformal  (see  Con- 
formal);  isometric,  100,  113;  equiv- 
alent, 113,  188;  Gaussian,  141; 
conformal-conjugate,  224  ;  geodesic, 
225,  317  ;  spherical  (see  Spherical) 
Revolution,  surfaces  of.  See  Surface 
Ribaucour  (asymptotic  lines  on  surfaces 
of  center),  184;  (cyclic  systems  of 
equal  circles),  280;  (limit,  surfaces), 
389 ;  (middle  envelope  of  an  isotropic 
congruence),  413 ;  (cyclic  systems), 
42(5,  428,  432  ;  (deformation  of  the 
envelope  of  the  planes  of  a  cyclic 
system),  429,  430 ;  (cyclic  systems 
associated  with  a  triply  orthogonal 
system),  467 
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Ribaucour,  congruence  of,  420-422,  424, 
425,  435,  442,  443  ;  triple  systems  of, 
4-32,  455,  463 

Riccati  equation,  25,  26,  50,  248,  429 

Rodrigues,  equations  of,  122 

*  Ruled  surface,  definition,  241 ;  of  tan- 
gents to  a  surface,  188  ;  generators, 
241;  directrix,  241;  linear  element, 
241,  247  ;  director-cone,  241 ;  line  of 
striction,  243,  244,  248,  268,  348,  351, 
352,  369,  401,  422  ;  central  point,  243 ; 
central  plane,  244  ;  parameter  of  dis- 
tribution, 245.  247,  208,  348,  424,  425 ; 
doubly,  234 ;  normals  to,  195,  247 ; 
tangent  plane,  246,  247,  268;  total 
curvature,  247 ;  asymptotic  lines,  248- 
250  ;  mean  curvature,  249  ;  lines  of 
curvature,  250,  268  ;  conjugate,  268 ; 
deformation,  343-348,  350,  367;  spher- 
ical indicatrix  of,  351 ;  infinitesimal 
deformation,  381 ;  of  a  congruence, 
393-395,  398,  401,  422,  423.  See  Right 
conoid,  Hyperboloid,  Paraboloid 

Scheffers  (equations  of  a  curve),  28  ' 

Scherk,  surface  of,  260 

Schwarz,  formulas  of.  264-267,  269 

Singular  line  of  a  surface,  71 

Singular  point  of  a  surface.  7 1 

Sinistrorsum,  19 

Sphere,  equations,  52,  77,  81  ;  minimal 
lines.  81 ;  conformal  representation, 
109-111;  equivalent  representation, 
113 ;  fundamental  quantities,  116, 
171;  principal  radii,  120;  asymptotic 
lines,  223,  422 

Spheres,  family  of.    See  Family 

Spherical  curve,  36,  38,  47,  50,  149, 
314-316,  317,  319,  320,  465 

Spherical  indicatrix,  of  the  tangents  to 
a  curve,  9, 13,  50, 177 ;  of  the  binormals 
to  a  curve,  50,  177 ;  of  a  ruled  surface, 
351 

Spherical  representation  of  a  congruence, 
definition,  393 :  principal  surfaces,  397, 
408  ;  developables,  409,  412-414.  422. 
432-435,  437.  441 

Spherical  representation  of  a  surface, 
definition,  141 ;  fundamental  quan- 
tities, 141-143,  160-165,  173 ;  lines 
of  curvature,  143,  148.  150,  151,  188, 

201,  253,  279,  280,  292,  296,  301,  302, 
308,  314,  315,  320,  371,  387,  437.  442- 
445  ;  asymptotic  lines,  144,  148,  191- 
195,  254,  340,  390,  414  ;  area  of  closed 
portion,  145 ;  conjugate  system,  200- 

202,  257,  385 


Spherical  representation  of  an  axis  of 
a  moving  trihedral,  354 

Spherical  surface,  definition,  270 ;  par- 
allels to,  179 ;  of  revolution,  270-272  ; 
geodesies,  275-279,  318 ;  deformation, 
276,  323;  lines  of  curvature,  278; 
transformation,  278-280,  297 ;  invo- 
lute, 300  ;  of  Enneper,  317  ;  surface 
with  the  same  spherical  representation 
of  its  lines  of  curvature  as,  338.  See 
Surface  of  constant  total  curvature 

Spherical  surfaces,  a  family  of  Lame"  of, 
463 

Spiral  surface,  definition,  151 ;  gener- 
ation, 151 ;  lines  of  curvature,  161 ; 
minimal  lines,  151  ;  asymptotic  lines, 
151 ;  geodesies.  219  ;  deformation,  349 

Stereographic  projection,  110, '112 

Superosculating  circle,  21 

Superosculating  lines  on  a  surface, 
187 

t  Surface,  definition,  53 

Surface,  limit,  389 

t  Surface  of  center,  definition,  179 ;  met 
by  developables  in  a  conjugate  sys- 
tem, 180, 181 ;  fundamental  quantities, 
181. 182  ;  total  curvature,  183  ;  asymp- 
totic lines,  183,  184  ;  lines  of  curva- 
ture, 183,  184  ;  a  curve,  186,  188,  308- 
314  ;  developable,  186,  305-308 

Surface  of  constant  mean  curvature, 
definition,  179 ;  parallels  to,  179  ;  lines 
of  curvature,  296-298 ;  transforma- 
tion, 297  ;  deformation,  298  ;  minimal 
curves,  318 

Surface  of  constant  total  curvature, 
definition,  179  ;  area  of  geodesic  tri- 
angle, 219  ;  geodesies,  224  ;  lines  of 
curvature,  317;  asymptotic  lines,  317; 
spherical  representation,  372.  See 
Pseudospherical  surface  and  Spheri- 
cal surface 

Surface  of  reference,  392 

Surface  of  revolution,  definition,  107  ; 
fundamental  quantities,  107,  147 ; 
loxodromic  curve  ~\see  Loxodromic) ; 
deformation,  108,  112.  147,  149,  260, 
276,  277,  283,  326-331,  341,  349-350. 
362-364,  369,  370,  372,  444;  partic- 
ular, 111,  160,  320  ;  equivalent  repre- 
sentation. 113  ;  lines  of  curvature,  126; 
asymptotic  lines,  131 ;  parallel  sur- 
faces, 185  ;  geodesies,  205,  209,  224 

Surface  of  translation,  definition,  197, 
198  ;  equations,  197;  asymptotic  lines, 
198;  generators,  198,203;  deformation, 
349,  350;  associate  surface,  381,  390; 


*  This  reference  is  to  nondevelopable  ruled  surfaces.    For  developable  ruled  surfaces,  see 
Derelopables. 

t  For  references  such  as  Surface  of  Bianchi.  see  Bianchi. 

$  Surfaces  of  center  of  certain  surfaces  are  referred  to  under  these  surfaces. 
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congruence  of  tangents,  406  ;  middle 
surface  of  a  TF-congruence,  422,  4'24 

Surface  with  plane  lines  of  curvature. 
See  Lines  of  curvature 

Surface  with  spherical  lines  of  curvature. 
See  Lines  of  curvature 

Surface  with  the  same  spherical  repre- 
sentation of  its  lines  of  curvature  as  a 
pseudospherical  surface.  See  Pseudo- 
spherical  surface 

Surface  with  the  same  spherical  repre- 
sentation of  its  lines  of  curvature  as 
a  spherical  surface.  See  Spherical  sur- 
face 

Surfaces  of  revolution,  a  family  of  Lame" 
of,  461 

Tangent  plane  to  a  surface,  definition, 
56, 114;  equation,  57;  developable  sur- 
face, 67  ;  distance  to,  114  ;  meets  the 
surface,  123  ;  characteristic  of,  126 ; 
is  the  osculating  plane  of  asymptotic 
line,  128 

Tangent  surface  of  a  curve,  41-44,  57; 
applicable  to  the  plane,  101,  156 

Tangent  to  a  curve,  6,  7,  49,  50,  59  ; 
spherical  indicatrix  of,  9,  13,  50,  177 

Tangent  to  a  surface,  112 

Tangential  coordinates,  163,  194,  201 

Tetrahedral  surface,  definition,  267 ; 
asymptotic  lines,  267 ;  deformation, 
341 

Tetrahedral  surfaces,  triple  system  of, 
466 

Tore,  124 

Torsion,  geodesic,  137-140,  174,  176 

Torsion  of  a  curve,  definition,  16  ;  radius 
of,  16,  17,  21 ;  of  a  plane  curve,  16  ; 
sign  of,  19 ;  constant,  50 ;  of  asymp- 
totic line,  140 

Tractrix,  equations,  35 ;  surface  of  revo- 
lution of,  274,  290  ;  helicoid  whose 
meridian  is  a,  291 


*  Transformation,  of  curvilinear  coordi- 
nates, 53-55,  73,  74  ;  of  rectangular 
coordinates,  72  ;  by  reciprocal  radii, 
104,  196,  203  (.see  Inversion) ;  project- 
ive  (see  Projective) 

Triply  orthogonal  system  of  surfaces, 
definition,  447;  associated  with  a  cyc- 
lic system,  446  ;  fundamental  quan- 
tities, 447-451  ;  with  one  family  of 
surfaces  of  revolution,  451,  452  ;  of 
Ribaucour,  452,  463  ;  of  Bianchi,  452- 
464,  464,  466;  of  Weingarten,  455, 
456,  463,  464  ;  transformation  of,  462, 
463  ;  with  one  family  of  molding  sur- 
faces, 465  ;  of  cyclides  of  Dupin,  465  ; 
of  isothermic  surfaces,  465 

Umbilical  point  of  a  surface,  definition, 
120  ;  of  quadrics,  230,  232,  234,  236- 
238,  240,  267 

Variation  of  a  function,  82,  83 

Voss,  surface  of,  341,  390,  415,  442,  443 

JF-congruence,  417-420,  422,  424 

ir-surface,  definition,  291 ;  fundamental 
quantities,  291-293  ;  particular,  291, 
300, 318, 319;  spherical  representation, 
292 ;  lines  of  curvature,  293 ;  evolute, 
294,  295,  318,  319;  of  Weingarten, 
298,  424;  ruled,  299,  319 

Weierstrass  (equations  of  a  minimal  sur- 
face), 260  ;  (algebraic  minimal  sur- 
faces), 261 

Weingarten  (tangential  coordinates), 
163  ;  (geodesic  ellipses  and  hyperbo- 
las), 214;  (W-surfaces),  291,  292,  294  ; 
(infinitesimal  deformation),  374,  387  ; 
(lines  of  curvature  on  an  isothermic 
surface),  389 

Weingarten,  surface  of,  298, 424 ;  method 
of,  353-372  ;  triple  system  of,  455,  456, 
463,  464 


*  For  references  such  as  Transformation  of  Backlund,  see  Biicklund. 
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